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1. PREFACE v

1. Preface

Real Analysis is based on the real numbers, and it is naturally
involved in practical mathematics. On the other hand, it has taken on
subject matter from set theory, harmonic analysis, integration theory,
probability theory, theory of partial differential equations, etc., and
has provided these areas with important ideas and basic concepts. This
relationship continues even today. This book, contains the basic matter
of “real analysis” and an introduction to “wavelet analysis,” a popular
topic in “applied real analysis.”

Nowadays, students studying real analysis come from different back-
grounds and have diverse objectives. A course in this subject may serve
both undergraduates and graduates, students not only in mathematics
but also in statistics, engineering, etc., and students who are seek-
ing master’s degrees and those who plan to pursue doctoral degrees in
the sciences. Written with the student in mind, this book is suitable
for students with a minimal background. In particular, this book is
written as a textbook for the course usually called Real Analysis as
presently offered to first or second year graduate students in American
universities with a master’s degree program in mathematics.

The subject matter of the book focuses on measure theory, the
Lebesgue integral, topics in probability, LP spaces, Fourier analysis,
and wavelet theory as well as on applications. It contains many fea-
tures that are unique for a real analysis text. This one-year course
provides students the material in Fourier analysis, wavelet theory and
applications and makes a very natural connection between classical
pure analysis and the applied topic — wavelet theory and applications.
The text can also be used for a one-semester course only on Real Analy-
sis (I) by covering Chapters 1-3 and selected material in Chapters 4
and 5 or a one-semester course on Applied Analysis or Introduction to
Wawvelets using material in Chapters 5-9. Here are a few other features:

e The text is relatively elementary at the start, but the level of
difficulty increases steadily.

e The book includes many examples and exercises. Some exercises
form a supplementary part of the text.

e Different from the classical real analysis books, this text covers
a number of applied topics related to measure theory and pure analy-
sis. Some topics in basic probability theory, the Fourier transform,
and wavelets provide interesting subjects in applied analysis. Many
projects can be developed which could lead to qualitative undergradu-
ate/graduate research theses.
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e The text is intended mainly for graduates pursuing a master’s
degree, so only a basic background in linear algebra and analysis is
assumed. Wavelet theory is also introduced at an elementary level,
but it leads to some updated research topics. We provide relatively
complete references on relevant topics in the bibliography at the end
of the text.

This text is based on our classnotes and a primary version of this
text has been tested in the classrooms of our universities on several oc-
casions in the courses of Real Analysis, Topics in Applied Mathematics,
and Special Topics on Wavelets.

Though the text is basically selfcontained, it will be very helpful
for the reader to have some knowledge of elementary analysis — for
example, the material in Walter Rudin’s Principal of Mathematical
Analysis [25].

The Outline of the book is as follows.

Chapter 1 is intended as reference material. Many readers and
instructors will be able to quickly review much of the material. This
chapter is intended to make the text as self-contained as possible and
also to provide a logically ordered context for the subject matter and
to motivate later development.

Chapter 2 presents the elements of measure theory by first dis-
cussing measure on rings of sets and then the Lebesgue theory on the
line.

Chapter 3 discusses Lebesgue integration and its fundamental prop-
erties. This material is prerequisite to subsequent chapters.

Chapter 4 explores the relationship of differentiation and integra-
tion and presents some of the main theorems in probability which are
closely related to measure theory and Lebesgue integration.

Chapters 5 and 6 provide the fundamentals of Hilbert spaces and
Fourier analysis. These two chapters become a natural extention of the
Lebesgue theory and also a preparation for the later wavelet analysis.

Chapters 7 and 8 include basic wavelet theory by starting with the
Haar basis and multiresolution analysis and then discussing orthog-
onal wavelets and the construction of compactly supported wavelets.
Smoothness, convergence, and approximation properties of wavelets are
also discussed.

Chapter 9 provides applications of wavelets. We examine digital sig-
nals and filters, multi-channel coding using wavelets, and filter banks.

A website is available which contains a list of known errors and
updates for this text:

http://www.etsu.edu/math/real-analysis/updates.htm.
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CHAPTER 1

Fundamentals

The concepts of real analysis rest on the system of real numbers and
on such notions as sets, relations, and functions. In this chapter we
introduce some elementary facts from set theory, topology of the real
numbers, and the theory of real functions that are used frequently
in the main theme of this text. The style here is deliberately terse,
since this chapter is intended as a reference rather than a systematic

exposition. For a more detailed study of these topics, see such texts as
[16] and [25].

1. Elementary Set Theory

We start with the assumption that the reader has an intuitive feel
for the concept of a “set.” In fact, we have no other choice! Since
we can only define objects or concepts in terms of other objects and
concepts, we must draw the line somewhere and take some ideas as
fundamental, intuitive starting blocks (almost atomic in the classical
Greek sense). In fact, one of the founders of set theory, Georg Cantor
(1845-1918), in the late 1800’s wrote: “A set is a collection into a whole
of definite, distinct objects of our intuition or our thought” [13]. With
this said, we begin ...

A set is a well-defined collection of objects. The objects in the
collection will be called elements of the set. For example, A = {z, vy, z}
is a set with three elements z,y, and z. We use the notation z € A
to denote that x belongs to A or equivalently, z is in A. The set A,
in turn, will be said to contain the element x. By convention, a set
contains each of its elements exactly once (as opposed to a multiset
which can contain multiple copies of an element).

Sets will usually be denoted by capital letters: A, B,C,... and
elements by lower-case letters: a,b,c,.... If a does not belong to A, we
write a ¢ A. We sometimes designate sets by displaying the elements
in braces. For example, A = {2,4,8 16}. If A is the collection of
all x which satisfy a property P, we indicate this briefly by writing
A ={z | z satisfies P}. A set containing no elements, denoted by 0, is

1



2 1. FUNDAMENTALS

called an empty set. For example, {z | z is real and 22 +1 =0} = 0.
We say that two sets are equal if they have the same elements.

Usually, we use R to denote the set of real numbers, i.e. R = {z |
—00 < x < oo}. Using the interval notation, we have the real line
R = (—00,0), the closed interval [a,b] = {z | a < x < b}, open
interval (a,b) = {z | a < x < b), and half-open and half-closed
intervals [a,b) = {z | a <x < b} and (a,b] = {z | a <z < b}.

As usual, the set of natural numbers is denoted by N, the set of
integers by Z, the set of rational numbers by Q, and the set of complex
numbers by C:

N={1,2,3,...},

Z=1{.  -2,-1012,.. .1}
m

@:{— ‘ m,nEZ,m;«éO},
n

and
C={z|z=x+yiforz,y € Rand i’ = —1}.

Given two sets A and B, we say A is a subset of B, denoted by
A C B, if every element of A is also an element of B. That is, A C B
means that if a € A then a € B. We say A is a proper subset of B if
A C Band A # B. Notice that A = Bifandonlyif A C Band B C A.
The empty set () is a subset of any set. The union of two sets A and B is
defined as the set of all elements that are in A or in B, and it is denoted
by AUB. Thus, AUB ={z | =z € Aorz € B}. The intersection
of two sets A and B is the set of all elements that are in both A and
B, denoted by AN B. That is, ANB = {z | x € A and x € B}.
If AN B = (), then A and B are called disjoint. We can generalize
the ideas of unions and intersections of sets from a pair of sets to an
arbitrary collection of sets. For a family of infinitely many sets Aj,

A € A (A is called the indexing set), union and intersection are
defined as:

UA,\:{:E|:E€A,\forsome)\€A}and
AeA

ﬂA,\:{x\xeA,\forall)\eA}.
AEA
We define the relative complement of B in A, also called the
difference set and denoted A\ B,tobe A\B={z|z€ Aand z ¢
B}. The symmetric difference of A and B, denoted by AAB, is
defined as AAB = (A\ B)U(B\ A). The following properties are easy
to prove.

THEOREM 1.1.1. Let A, B, and C be subsets of X. Then
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(i) AUB=BUA, ANB=BnNA;
(ii) (AUB)UC =AU (BUCQC), (ANB)NC=ANn(BNQC);
(iii) (AUB)NC = (ANC)U(BNC), (ANB)UC = (AUC)N(BUC);
When it is clearly understood that all sets in question are subsets
of a fixed set (called a universal set) X, we define the complement

A° of a set A (in X) as A° = X \ A. In this situation we have de
Morgan’s Laws:

(AUB) = A°NB°and (AN B)° = A°U B°.
In general, we have the following.

THEOREM 1.1.2. For any collection of sets Ay, A € A, we have:

(U AA> = () 45 and (1.1)

AEA AEA

<ﬂ&):U£. (1.2)
AEA AEA

Proof. We only show (1.1). The proof of (1.2) is similar. Let
P = (Uxeady) and Q = Nyea AS.

For x € P, we have that © ¢ UycpAy. Thus, for every A € A,
x ¢ Ay and so x € AS. Therefore, x € (). This implies that P C Q.

On the other hand, for z € @, we have that for any A € A, x ¢ A,.
Thus, = ¢ UyepAx. Therefore, © € (UyepAx)© = P. This means that
@ C P. Hence, P = Q. [ |

Let (A,) = {A.}nen be a sequence of subsets of X. (A,,) is said to
be increasing if
A1CA2CA3C"'.

(Ay) is called decreasing if
AL DA D A3 D -

For a given sequence (A,,) of subsets of X, we construct two new se-
quences (B,) and (C,,) of sets as follows:

k=n k=n
Clearly, (B,) is decreasing and (C,,) is increasing. The set of intersec-

tion of B, n € N is called the 1limit superior of (4,) and is denoted
by lim, _..A, or lim sup,_, . A,. The set of union of C,, n € N is
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called the 1limit inferior of (A,) and is denoted by lim, A, or
lim inf,,_ . A,. Therefore,
limy, oo dn = ) (U Ak) and lim, . A, = (ﬂ Ak> .
n=1 \k=n n=1 \k=n

It can be seen that the limit superior is the set of those members that
belong to A, for infinitely many values of n, while the limit inferior is
the set of those members that belong to A, for all but a finite number
of subscripts. For this description it can be seen that lim, A, C
lim,, oo A,. If lim A, = lim, o A,, then we say the limit of (A,)

————n—00 n

exists and is denoted by lim A,.

n—oo

EXAMPLE 1.1.1. Let E and F be any two sets. Define a sequence

(Ag) of sets by
A — E, if k is odd,
7\ F, if k is even.

Then, B, = Uy, Ax = EUF, so limj_oAy = [ | By = EUF.

n=1

From the fact that C,, = Ny, Ax = ENF, n=1,2,3,..., we oblain
lim, A= J (ﬂ Ak) —ENF.
n=1 \k=n

For a given set A, the power set of A, denoted by P(A) or 24, is
the collection of all subsets of A. For example, if A = {1,2,3}, then
P(A) = {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. There are 8
distinct elements in the power set of A = {1,2,3}. In general, for
any finite set A containing n distinct elements, we find that A has 2"
subsets and therefore, P(A) has 2" elements in it.

Exercises

1. Prove Theorem 1.1.1.
. Show that S and T are disjoint if and only if SUT = SAT.
3. Prove that AA(BAC) = (AAB)AC and AN (BAC) = (AN
B)A(ANC).
4. For any sets A, B, and C, prove that
(a) AAB C (AAC) U (BAC), and show by an example that
the inclusion may be proper.
(b) (A\ B)UB = (AUB)\ B if and only if B = 0.

5. For a given integer n > 1, let A, = {@ )m € Z}. Show
n

[\]

lim,, oA, = Q, the set of rational numbers and lim, .__ A, = Z,
the set of integers.
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6. Let (A,) be a sequence of sets. Prove the following properties.
(a) € lim, oA, if and only if for any N € N, there exists
n > N such that x € A,,.
(b)x € lim, A, if and only if there exists N, € N, such

that for all n > N,, we have z € A,,.
(c) If (A,) is increasing, then lim A, exists and

lim A, = U A,
n=1
(d)If (A,) is decreasing, then lim A, exists and

lim A, = ﬁ A,.
n=1

n—~o0

7. IfA= Ln;mAn and B = lim,_,A,. Show that B¢ = lim _,__A®

and A° = lim,, . AS.
8. Let (A,) be a sequence of sets defined as follows:

1
Agpr1 = 10,2— ———|  k=0,1,2, -
2k+1 |i7 2k+1:|7 ) Ly 4y

1
Ay = {0,1+%},k_1,2,~--

Show that lim, . A, = [0,1] and lim,, o4, = [0,2).
9. Let (A,) be a sequence of sets which are mutually disjoint, i.e.
A, NA; =0 for k# ¢. Then lim A, = lim A, = 0.

n—oo n—oo

10. Let A be a nonempty finite set with n elements. Show that there
are 2" elements in its power set P(A).

2. Relations and Orderings

Let X and Y be two sets. The Cartesian product, or cross
product of X and Y, denoted by X x Y, is the set given by

XxY={(z,y) |z e X,ye Y}

The elements of X XY are called ordered pairs. For (z1,11), (2,92) €
X XY, we have (z1,y1) = (w2, y2) if and only if 1 = x5 and y; = ys.
Any subset R of X xY is called a relation from X to Y. We also
write (z,y) € R as zRy. For nonempty sets X and Y, a function, or
mapping f from X to Y, denoted by f : X — Y, is a relation from
X to Y in which every element of X appears exactly once as the first
component of an ordered pair in the relation. We often write y = f(x)
when (z,y) is an ordered pair in the function. In this case, y is called
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the image (or the value) of x under f and z the preimage of y. We
call X the domain of f and Y the codomain of f. The subset of YV
consisting of those elements that appear as second components in the
ordered pairs of f is called the range of f and is denoted by f(X) since
it is the set of images of elements of X under f. If f : X — Y and
A C X, the image of A under f is the set

flA)={yeY | y= f(x) for some z € A}.
It BCY, the inverse image of B is the set
f'(B)={z e X | y= f(z) for some y € B}.

A real-valued function on A is a function f : A — R and a
complex-valued function on A is a function f: A +— C.

The proofs of the following properties are left to the reader as ex-
ercises.

THEOREM 1.2.1. Let f : X — Y and A a collection of subsets
from X, B a collection of subsets of Y. Then

(i) f(UscaA) =Uscaf(A);
(ii) f'(UpesB) = Upesf ' (B);
(iii) f~*(NpesB) = Npesf ' (B).

A function f : X — Y is called one-to-one, or injective, if
f(x1) = f(x2) implies that x; = xo. Therefore, by the contrapositive
of the definition, f : X — Y is one-to-one if and only if x; # w9
implies that f(z1) # f(x2). A function f : X — Y is called onto, or
surjective, if f(X) =Y. Thus, f: X — Y is onto if and only if for
any y € Y, there is © € X such that f(z) =y. f: X — Y is said to be
bijective or a one-to-one correspondence if f is both one-to-one
and onto.

Let f be a relation from a set X to a set Y and g a relation from
Y to aset Z. The composition of f and ¢ is the relation consisting
of ordered pairs (z, z), where x € X, z € Z, and for which there exists
an element y € Y such that (x,y) € f and (y,z) € g. We denote the
composition of f and g by go f. If f: X +— Y and g : Y +— Z are
functions, then go f : X +— Z is called the composite function or
composition of f and g. If f : A+ B is bijective, there is a unique
inverse function f~!: B+ A such that f~'o f(x) = x, for all z € A,
and fo f~l(y) =y for ally € B.

DEFINITION 1.2.1. For E C R, a function f : E +— R is said to
be continuous at a point xg € F, if for every € > 0, there exists a
0 > 0 such that

|f(2) = flxo)| <€
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for allx € E with |x—xo| < 0. The function f is said to be continuous
on E if and only if f is continuous at every point in E. The set of
continuous functions on E is denoted by C(F). When E = |a,b] is an
interval, we simply denote C(E) by Cla,b].

ExampLE 1.2.1. Consider the functions f : Z +— N, g: 7Z +— Z,h :
Z v~ Z, defined by f(n) = n®>+1,g9(n) = 3n,h(n) = 1 —n. Then
f s meither one-to-one nor onto, g is one-to-one but not onto, h is
bijective, h™Y(n) = 1 —n, and f o h(n) = n* — 2n + 2. All of these
functions are continuous on their domains.

EXAMPLE 1.2.2. A real-valued polynomial function of degree n
is a function p(z) of the form

p(z) = ao+ a1z + -+ a,a”

defined on R, where n is a fired nonnegative integer and the coefficients
ar € R, k=0,1,--- ,n with a, # 0. We usually denote by P,, the set
of polynomials of degree at most n. p(x) = x> € Py is bijective from
R to R. However, q(x) = 2% + x — 2 is neither one-to-one nor onto.
Polynomial functions are continuous.

DEFINITION 1.2.2. Let —c0o < a =g < x1--- < x, = b < 00.
Then the set A = {x}i_, of knots zx, k = 0,1,--- ,n is called a
partition of the interval [a,b]. A function s : [a,b] — R is called
a spline of degree d defined over the partition A if f restricted to
each subinterval (zy, xr41) is a polynomial in Py. We denote by Si(A)
the set of splines of degree d with smoothness order r defined over A.
That is, s € SL(A) if and only if s is a spline of degree d defined
over A and its rth derivative is continuous. As usual, the derivative of
f:la,bl — R at a point x € |a,b], denoted by f'(z) or % (x) is defined
as f'(x) = limy,_g w (under the restriction that x, z+h € |a, b))
and the rth derivative is defined by ) (z) = L f"=V(z) for any integer
r > 1. We denote by C"[a,b] the set of functions with continuous rth
derivatives over [a,b].

ExXAMPLE 1.2.3. Let

0, x ¢ |0,3],
s(m)* %27 nggl,
T 2?43 -3, 1<zr<2,

PR
x? 9
2 349, 2<z<3.

Then s(x) is a C? quadratic spline function.

Any subset of X x X is called a binary relation on X. Thus,
a binary relation on X is a relation from X to X. A relation R on
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X is called reflexive if for all x € X, (z,x2) € R. R is said to be
symmetric if (z,y) € R implies (y,z) € R for all z,y € X. R is
called transitive if for all z,y,z € X, (x,y), (v, 2) € R, implies that
(x,z) € R. R is called antisymmetric if for all z,y € X, (z,y) € R
and (y,x) € R implies that = = y.

DEFINITION 1.2.3. A relation R on X is called an equivalence
relation, if it is reflevive, symmetric, and transitive. A relation R
on X is called a partial ordering, denoted by <, if R is reflexive,
antisymmetric, and transitive. R is called a total ordering if R is a
partial ordering and for any x,y € X, either x <y ory < x. A well
ordering relation on X is a total ordering on X such that for any
nonempty subset A of X, there exists an element a € A such that a < x
for all x € A. Such an a is called the smallest element of A.

EXAMPLE 1.2.4. (a) For a given s € N define a relation on Z as
nRsm if n = m (mod s). Then R is an equivalence relation on Z.

(b) Define the relation on N, denoted by nRm, or (n,m) € R, if
n < m. Then R is an equivalence relation. R is also a partial ordering,
and a total ordering. In addition, R is a well ordering on N. We write
R=(N,<).

(¢) (Z,<) is a total ordering relation but it is not a well ordering.

(d) For any set X, its power set P(X) is partially ordered by inclu-
sion.

Corresponding to the notation of partial orderings <, we write z <
y to mean that z < y and = # y. Notice that a partial ordering on X
naturally induces a partial ordering on every nonempty subset of X.
If X is partially ordered by <, a maximal (minimal) element of X
is an element z € X such that + <y (y < z) implies y = . Maximal
and minimal elements may or may not exist, and they need not to be
unique unless the ordering is a total ordering. If £ C X, an upper
(lower) bound for F is an element € X such that y <z (x <y) for
all y € E. An upper bound for F need not be an element of £. Unless
E is totally ordered, a maximal element of £ need not to be an upper
bound for F.

Earlier we defined the Cartesian product of two sets. Similarly,
we can define the Cartesian product of n sets in terms of ordered n-
tuples. For infinite families of sets, { X\ }aca, we define their Cartesian
product Il ey X, to be the set of all maps f : A +— Uyea X, such that
f(\) € X, for every X\ € A. For x € Tl cp X, we write z), = f(\) and
call it the Ath coordinate of x. For a proof of the following theorem,
see [14].
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THEOREM 1.2.2. The following statements are equivalent:

(i) The Hausdorff Mazimal Principle. FEvery partially ordered set
has a maximal totally ordered subset.

(ii) Zorn’s Lemma. If X is a partially ordered set and every totally
ordered subset of X has an upper bound, then X has a mazimal
element.

(iii) The Well Ordering Principle. Every nonempty set X can be
totally ordered and every monempty subset of X has a minimal
element.

(iv) The Aziom of Choice. If {X)}ren @5 a nonempty collection of
nonempty sets, then the Cartesian product Ilycp Xy is nonempty.

The operations of addition and multiplication can be thought of as
functions from R x R to R. Addition assigns (z,y) € R to an element
in R denoted x 4 y and multiplication assigns an element of R denoted
xy. The familiar properties of these functions can be listed as follows:

Axioms of Addition: Al. (z +y)+ 2z =z + (y + 2), for any
r,y,xr € R.
A2. x+y=y+z, for any z,y € R.
A3. There is an element 0 € R such that z + 0 = z for every

r e R
A4. For each x € R, there is an element —z € R such that
r+ (—x) =0.
Axioms of Multiplication: MI1. (zy)z = z(yz), for any z,y, z €
R

M2. zy = yx, for any z,y € R.

M3. There is an element 1 € R such that x1 = x for any = € R.

M4. For every nonzero x € R, there is an element 7! € R such
that zz=! = 1.

For the addition operation, the zero element 0 is unique in R. Also, for
every x € R, the additive inverse element —xz is unique. Therefore, we
have —(—z) = z. For the multiplication operation, the unit element 1
is unique and also for every z € R, the inverse element 2! is unique.

Concerning the interaction of addition and multiplication we have:

Distribution Law: For any x,y, 2z € R, we have z(y + 2) = zy +
xz.
We also hypothesize a subset P of R, called the set of “positive”
elements satisfying the following:
Axioms of Order: Ol. If z € R, then exactly one of the follow-
ing holds: z € P, —x € P, or x = 0.
O2. If z,y € P, then x +y € P.
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03. If z,y € P, then zy € P.

O4. If we define x <y by y — z € P, then x € P if and only if
x > 0. In terms of this, we have the Archimedean Axiom:
if ,y > 0, then there is a positive integer n such that
nr > y.

We complete our list of axioms describing R with the following:

Axiom of Completeness: If A is a nonempty subset of R which
is bounded above (i.e. there is y € R such that for any x € A,
either x < y or z = y — y is called an upper bound for A), then
A has a least upper bound (z € R is said to be a least upper
bound for a nonempty set A C R, denoted by lub A, if = is an
upper bound, and any upper bound z’ of A satisfies 2’ > x. The
greatest lower bound for A, glb A, is defined similarly.).

It can be shown that any set with addition, multiplication, and a
subset of positive elements, which satisfies all the axioms above, is just
a copy of R (see, for example, [15]).

Starting from R, we can construct the set C of complex numbers.
As usual, we write the elements of C by z = x + iy and # = Re(z) and
y = Im(z), which are called the real part and imaginary part of z,
respectively. The complex conjugate of z = x + iy, denoted by Z is
defined by z = o — iy. It is easy to see that 2z = 2% + 2. We define
the modulus of z as

|2 = (22)"2 = Va2 + 32,

Exercises

1. Prove Theorem 1.2.1
2. Prove that the following are generally proper inclusions
(a) f(Naead) C Nacaf(A);
(b) fIf1(B)] C B;
(c) fTHf(A)] D A
3. Let U* be the set of all finite strings of a’s, b’s, and ¢’s, and >*
the set of all finite strings of a’s and b’s. Define f : U* — ¥* by
f of a string s € ¥* is the string in X* obtained by omitting all
the ¢’s in s (so that f(abccbea) = abba, for example).
(a) Is f one-to-one? Prove this or give a counterexample.
(b) Is f onto? Prove this or give a counterexample.
4. (a) Give an example of a function f : N +— N which is onto but
not one-to-one. Be sure to prove that your example has these
properties.
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(b) Give an example of a function ¢g : N — N which is one-to-
one but not onto. Be sure to prove that your example has these
properties.

5. Let f: A— B, g: B+~ C. Prove that

(a) if go f: A C is onto, then g : B +— C is also onto;

(b) if go f : X +— Z is one-to-one, f : X — Y is also
one-to-one.

6. Prove that if f : A+— B, g: B+ C,and h : C' — D, then
(hog)o f=ho(gof)

7.If f : A — B is bijective, then prove that there is a unique
function f~!': B — A such that f~'o f(x) = x, for all x € A,
and fo f~l(y) =y for ally € B.

8. Let (f.(z)) be a sequence of real-valued functions defined on R.
Then for real-valued function f(x) over R, prove that we have

ot o) # 561 =U N U fo o= s 1}

k=1 N=1n=N
9. Prove that, for the addition operation satisfying the axioms of
addition, the zero element 0 is unique and also for any z € R,
the additive inverse element —x is unique.

10. Prove that, for the multiplication operation satisfying the axioms
of multiplication, the unit element 1 is unique and also for any
x € R, the inverse element z~! is unique.

11. Under the axioms of addition and multiplication together with
the distribution law, prove that Ox = 0, (—1)r = —z, and
(—2)y = —ay.

12. Define addition and multiplication over a set of two elements so
that the axioms of addition and multiplication, and the distrib-
ution law are satisfied.

13. Show that Q does not satisfy the Completeness Axiom.

14. Show that Re(z+w) = Re(z)+ Re(w) and Im(z+w) = Im(z)+
Im(w) for z,w € C.

15. Show that |z + w| < |z| + |w]| for any z,w € C.

16. Define a relation R on N by nRm if n and m are relatively prime.
Is R reflexive? symmetric? transitive? Why or why not?

17. Define a relation ~ on the set of positive reals by x ~ y if either
x=yorxy=1. (Sothat 3 ~3and 3 ~ = ) Is ~ an equivalence
relation? Why or why not?

18. Let R be an equivalence relation on a set A. For each x € A,
the equivalence class of z, denoted by [z], is defined by [z]| =
{y € A | yRzx}. Show that for z,y € A, (a) x € [z]; (b) 2Ry
if and only if [z] = [y], and (c) either [z] = [y] or [z] N [y] = 0.
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19.

20.
21.

22.

23.

24.
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Therefore, any equivalence relation R on A induces a partition
of A.

Give an example of a partial ordering on a set X where neither
the maximal nor the minimal element of X is unique.

Show that if f is surjective from A — B, then f[f~!(B)] = B.
For any set X and its power set P(X), prove that there is no
surjection f : X +— P(X). (Hint. Consider the set {z € X |z ¢
f(@)}.)

For set A C X, we define the characteristic function of A
as

Xa(w) = { Ol,feefé.
Prove
(a) xaus(z) = xa(z) + xB(2) — XanB(2);
(b) xanB(7) = Xa(®) - XB(2);
(c) xa\B(7) = xa(@)[1 - x5(z)];

~—

(d) xaas(@) = |xa(x) — x5(2)].
Prove that if f : X +— Y is surjective, then the following are
equivalent:
(a) f is injective;
(b) For any sets A, B C X, f(ANB) = f(A) N f(B);
(c) For any sets A, B C X with ANB =0, f(A)n f(B) = 0.
A proof by mathematical induction that a proposition P(n)
is true for every positive integer n consists of two steps:
(i) Basic Step. P(1) is shown to be true.
(ii) Inductive Step. The implication P(k) — P(k+1) is shown
to be true for every positive integer k.
Show that the Well-Ordering Principle of N is equivalent to the
Principle of Mathematical Induction.

3. Cardinality and Countability

The cardinality of a finite set is merely the number of elements

that the set possesses. That is, for a set F with finitely many elements
the cardinal number of F, denoted by |F| or card(E), is the number
of elements in E. It is easy to see that for finite sets A and B, if f :

A — B is one-to-one, onto, or bijective, then we have |A| < |B|, |A] >
|B|, |A| = |B|, respectively. In general, if X and Y are nonempty sets,
we define the formulas

(X< Y[, [X[=[Y], [X] = ]Y]

to mean that there exists f : X — Y which is injective, bijective, or
surjective, respectively. We say X and Y have the same cardinality,
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denoted by X ~ Y if | X| = |Y| (i.e. if there is a bijection from X to
Y). If | X| < |Y], then there is a subset Y7 of ¥ such that X ~ Y;.
The reader can easily prove the following.

THEOREM 1.3.1. For sets A, B, and C, we have
(i) A~ A.
(ii) If A~ B, then B ~ A.
(ii) If A~ B and B ~ C, then A~ C.
Therefore, ~ is an equivalence relation on any collection of sets.
EXAMPLE 1.3.1. Let O = {2k —1| k € N} and E = {2k | k € N}.

Then O ~ E ~ N since fi(k) =2k+1: N+ O and fo(k) =2k : N+
E are bijective.

EXAMPLE 1.3.2. Let A={z1,- - ,xn} and B = {ay,--- ,a,}. To
define a function f : Aw— B, there are n choices from B for the value
of f(x;), i = 1,--- ,m. Therefore, there are n™ = |B|lA! functions
from A to B. For a given set A with |A| = n, we consider a set F
of functions from A to {0,1}, i.e. the set of binary functions on A.
Clearly, |F| = |P(A)|. Thus, |F| = 2". Therefore, we denote by 24
the set of all binary functions on A. For given two sets A and B, B4
denotes the set of all functions A — B.

Let {Ax | A € A} and {B, | A € A} be two families of mutually
disjoint sets. That is, for \,p € A and X\ # p, AxNA, = 0 and

By N B, = 0. If for every A € A, Ay ~ By, then | ] A\ ~ | ] Bu.

AEA AEA
The following theorem is useful to determine if two sets have the

same cardinality.

THEOREM 1.3.2. [Bernstein’s Theorem| If card(X) < card(Y') and
card(Y) < card(X), then card(X) = card(Y).

Proof. Let f; be a bijection from X to a subset Y; of Y and f; a
bijection from Y to a subset X; of X. Let Xy = fo(Y7). Then f; is a
bijection from Y; to X,. That is,

xLvi X, (X, cx).
Therefore, f = fy 0 fi is a bijection from X to X,. Let X3 = f(Xj).

Then X; £ X3, X3 C X, since X; € X and X3 = f(X1) C Xo.
Continuing this process, we obtain a sequence of decreasing sets:

XO>OX;DXyD---DX, D
and under the same bijection f,
X~Xo~n Xy~ -



14 1. FUNDAMENTALS

X1~ Xy~ Xg~enn
Let Xo =X and D =N72,X,,. Then X can be written as
X = UnZo(Xn \ Xpy) U D.
Similarly, we have a decomposition of Xj:
X1 =Up2 (X \ Xpy1) UD.

Since f is a bijection, we have

(X A (X \ Xa)oo - (X \ X) & (K \ K)o+
Rewrite the decompositions of X and X; as the following:

X=DUX\X)U X\ X2 U(X2\ X3)U(Xz\ Xy)U---,

Xi=DU(Xo\ X)) UX7\ Xo) U(Xy\ X5)U(X3\ Xy U---.

Notice that Xon \ Xops1 & Xonss \ Xonss for n = 0,1,--- and D,
Xont1 \ Xongo forn =1,2, -+ are identical to themselves in X and Xj,
we obtain that X ~ X;. Therefore, X ~ Y since X; ~ Y. [

We have shown that |P(A)| = 2" if |A| = n. In general we have the
following.

THEOREM 1.3.3. For any set X, card(X) < card(P(X)).

Proof. 1t is clear that card(X) < card(P(X)), since X can be
injectively mapped to the set of one-element sets of X, which is a
subset of P(X). We need to show there is no onto map between X and
P(X). Consider any map f : X — P(X). Let E ={z |z ¢ f(z)}.
Then E € P(X). E has no pre-image from f. In fact, if there exists
xo € X such that f(xg) = E, then there are two cases:

Case 1: xy € E. Then x4 ¢ f(x) = E, which is a contradiction.

Case 2: zg ¢ E, then zy € f(z) = E, which is again a contradiction.
Therefore, Card(X) < Card(P(X)). [ |

DEFINITION 1.3.1. A set E is called countable if card(E) < card(N).
A set E is said to be countable but not finite, also called an
infinite countable set, if card(F) = card(N). We denote Card(N) =
No (aleph zero).

Clearly, every subset of a countable set is still countable. In addi-
tion, we have the following. (Notice the use of the Axiom of Choice
and the Principle of Mathematical Induction in the proof.)

THEOREM 1.3.4. For any infinite set E, there is an infinite count-
able subset.
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Proof: Choose x; € E. Then E — {z1} is not empty. Next
choose x5 € E' — {x1}. If we have taken {z1,xs,... ,2,} from E, then
E —{zy,29,... ,2,} is not empty. Then we can choose z,,1 € E —
{1, 29,... ,x,}. Byinduction we have a sequence A = {x1,29,... ,24,... }.
Then A is an infinite countable subset of F. |

From the above theorem, we see that the smallest cardinality among
infinite sets is Ny. From Theorem 1.3.3, we have R, < 2% for X = N.
This means that an uncountable set does exist.

EXAMPLE 1.3.3. The interval [0,1] = {zx € R | 0 < o < 1} is
uncountable!

Proof. 1t suffices to show that (0, 1] is uncountable. Suppose that
(0, 1] is countable, then we can list the points in (0, 1] as a sequence
{z1,29, -+ ,x,,---}. Notice that each real number in (0, 1] can be
uniquely written as a decimal number with infinitely many non-zero
digits. For the numbers with a finite representation, we can write
them with infinitely many nines. For example, 0.1 = 0.0999999 . - -
and 1 =0.999999- - -. Express each x,, € (0, 1] in this form:

vy = 011712213214 -+
Tg = O.IE21{E22[E23$24 te
r3 = 0.231232233%34 - -
Ty = O.IE41{E42[E43$44 te

Define xg = 0.a1aza3 - -+ by 0 # aj, # g, for k= 1,2,---. Then zg is
not in the sequence, for by the definition, the kth digits of zy and x;
are different for any k£ € N. [ |

The method used above is called the Cantor diagonalization argument.

We can prove that [0, 1] and the set R of real numbers have the same
cardinality (exercise). The cardinality of R is denoted by ¢ and is called
the cardinality of the continuum. Since no bijection between N
and R exists and N C R, we can write Ny < c.

For a long time mathematicians did not know if there was a set with
cardinality strictly between Ny and c¢. The Continuum Hypothesis
states that there is no such set. In 1939 Kurt Gédel showed that the
Continuum Hypothesis does not contradict the axioms of set theory and
in 1964 by Paul Cohen showed that it also does not follow from them.
Therefore, the existence (or, as the Continuum Hypothesis states, the
nonexistence) of the set A such that 8y < |A| < ¢ can be taken as a
new and independent axiom of set theory.

We now present some facts concerning cardinality:
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1. A union of a finite set and a countable set is still countable.
Proof. We leave the proof to the reader as an exercise. W

2. If X,k € N are countable sets, then U X, is also countable.
k=1
Proof. Without loss of generality, we assume that X,k €

N are mutually disjoint. Since X,k = 1,2,---, are count-
able, we can list them as X; = {x11,%19,... ,ZT1p, ...}, Xo =
{21, %22, -+, Ton, - }, and so on. Then U2, X}, can be listed as
{21 {m2, v} (w5, 1+ = 3), {213, T2, w1 J(w5, 14+ = 4),--- }.
Therefore, it is countable. [ |

3. If X; and X5 are countable, then X; x X, is countable.
Proof. Let Xy x Xy = {(z,x) | * € Xy} for any x, € X;.

Notice that X; x X, = U X x Xo=A{(z,y) |z € X1,y € Xo},

and the conclusion follows from Fact 2 above. [ |

4. If Xy, k = 1,--- ,n are countable, then X; x Xy x --- x X, =
IT;}_, X} is countable.

THEOREM 1.3.5. Let A be a countable set. Then the set of all
finite-length strings from A is also countable.

Proof. Let A ={ay,as,...,a,, --}. There are a countable number
) Y 9 )
of 1-strings, “ai”, “as”, -+, “a,”, --. There are also a countable num-
ber of 2-sequences, “aq,ai”, “ai,as”, “ai,a3”, -, “as,ay”, “as,as”,
“ag,as” .-+, and so on. Consider an n-string: “ai,as,--- ,a,” for each
ar € A. The set of n-sequences is the same as

A" =TI, A.

This is countable by Fact 4 above. The set of all finite strings is the
union of the sets of n-string, n = 1,2,---. Therefore, it is countable
by Fact 2 above. [ |

EXAMPLE 1.3.4. The set Q of rational numbers is countable.

EXAMPLE 1.3.5. The set of disjoint intervals on R is countable.

Proof. Let E be the set of disjoint intervals. Define a map f from
E to Q for any interval I € E, ti map I to a rational number contained
in I. Then f is one-to-one since intervals in E are disjoint. Thus, E
15 countable. |

Recall that card(N) = Ny and card(N) < card(P(N)), we write
card(P(N)) = 2%. We can prove that ¢ = 2%,

THEOREM 1.3.6. Card([0, 1]) = 2™.
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Proof. Let {0,1}" be the set of maps from N to {0,1}; i.e. {0,1}" =
{(a1,a9, -+ ,ap,--+) | a, = 0 or 1foralln € N}. We claim that
card({0,1}") = 2% In fact the map f : P(N) — {0, 1}V defined on
E CcNas f(E) = (ay,a9, -+ ,ay,,- -+ ), where

_J0,ifn¢ E;
=11, ifneE,

is a one-to-one correspondence. So, it is sufficient to show that card([0, 1]) =
card({0,1}"). Let
A={(ay,a2, - ,a,, )| a,=0or1 for all n € N,

and only finitely many a,s are 1}

and
B ={(ai,as, -+ ,ap,---) | a, =0o0r 1 foralln € N,

and infinitely many a,’s are 1}.

Then {0,1}" = AU B and AN B = (. Note that card(4) = R, and
card({0,1}") = 2% Then we have card(B) = 2%.

Consider a map g from B to (0,1] defined as g : v € B —
¥(n)

Yoti——, where 1 = {¢)(n)};2; € B. Then g is a one-to-one corre-
spondence. Therefore, card((0, 1]) = card(B), so card((0, 1]) = card([0,1]) =
card(A U B) = card({0,1}") = 2%, |

Exercises

1. For any sets X and Y, prove that either card(X) < card(Y’) or
card(X) > card(Y). [Hint: consider the set J of all injections
from subsets of X into Y. The members of J can be regarded
as subsets of X x Y, and so J is partially ordered by inclusion.
Then Zorn’s Lemma can be applied.]

2. For sets A and B, if |A| = m and |B| = n, then

(a) how many relations are there from A to B?

(b) how many functions are there from A to B?

(c¢) how many one-to-one functions are there from A to B?
(d)* how many onto functions are there from A to B?

3. Let {Ay | A € A} and {B) | A € A} be two families of mutually
disjoint sets. If for every A € A, Ay ~ B,, then prove Uycp Ay ~
UxeaBa.

4. Prove that a union of two countable sets is countable.

. Prove that the set QQ of rational numbers is countable.

6. Show that the set of intervals with rational numbers as endpoints
is countable.

ot
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7. Show that the function f(z) = I is a one-to-one function from

the finite segment (0, 1] onto the infinite segment [1, 00).
8. Prove that [0,1] ~ (0,1) ~ R.
9. Prove that a nonempty set is countable if and only if it is the
range of an infinite sequence.
10. Prove that the intervals (a, b) and [a, b] have the same cardinality
for b > a.
11. Prove that A is an infinite set if and only if there is a proper
subset A; C A such that A; ~ A.
12. Show that [0, 1] x [0, 1] and [0, 1] have the same cardinality.
13. If f is a monotone function on R, then prove the set of disconti-
nuity points of f is countable.
14. Let Rla,b] be the set of all real valued functions on R. Prove
card(R[a, b]) > c.
15. Let Cla, b] denote the space of continuous functions over interval
[a, b] with a < b. Prove card(Cl[a, b]) = 2%.
16. Let E be the set of real numbers so that any two elements in F,
say = and y, satisfy dist(z,y) = |z —y| >1. Prove E is countable.

4. The Topology of R"

Without any doubt, the most important set for real analysis is the
set R of real numbers, also called the real line R = (—o00, 00). In many
situations, functions of interest depend on several variables. This puts
us into the realm of multivariate calculus, which is naturally set in R"™.

Let R™ be the set of n-vectors x = (x1, 29, ,2,) with x; € R
forv=1,2,---,n. x; is called the ith coordinate of the vector x. We
define the following operations on R™:

(i) Addition. For x = (x1, 2, ,Zp),y = (Y1,Y2, -+ ,Yn) € R", we

define
X+y: (5171+y1> axn+yn)
(ii) Scalar Multiplication. For A € R and x = (21,29, -+ ,x,) € R",
we define Ax = A(z1, 29, -+ ,x,) = (A1, AT, - -+, ATy,).
Then R™ becomes a vector space, called the Euclidean space. If
x;, i = 1,--- ,n are rationals, then x = (z1,%2, - ,x,) is called a
rational point in R™.

DEFINITION 1.4.1. For x = (z1,%2,-+ ,x,) € R", we define the
length of X as |x| = (112 + o> + - + 2,2)2.

THEOREM 1.4.1. The length |x| satisfies:
(1) |x| >0 and |x| =0 if and only if x =0 = (0,---,0).
(2) For all X € R, |Xx| = |\||x].



4. THE TOPOLOGY OF R" 19

(3) For allx,y € R", we have |x +y| < |x| + |y|. This is called the
triangle inequality.

Proof. (1) and (2) are obvious. Showing (3) is equivalent to showing
[+ y " < (x| + |y)* = [xI" + 2[x[ly] + |y[”.

i.e.
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Or equivalently,

n 2 n n
(Z xz’@/z‘) < Z z;° Z i,
i=1 i=1 i=1

This is the Schwartz Inequality! To prove it, we consider a quadratic

function of \ as follows.

JO) =2y =37 (@i M) =D a + 20w + A
1=1 1=1 1=1

i=1

Since f(A\) > 0 for all A, we have its discriminant

This gives the Cauchy-Schwartz Inequality. |
The inner product of two vectors x,y € R" is defined by

<X7 Y> - Z TilYi-
i=1

Clearly, (x,x) = |x|?. From the proof of the above property (3), we
see that for any x,y € R",

(x,y) < [x] [yl

and equality holds if and only if x and y are collinear.

DEFINITION 1.4.2. For any x,y € R", we define the distance,
d(x,y) between x andy by |x —y|. Then d(x,y) = |x — y| salisfies

(i) d(x,y) >0 and d(x,y) =0 if and only if x =y.
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(ii) d(x,y) = d(y,x).
(i) d(x,y) < d(x,z)+d(z,y).

DEFINITION 1.4.3. Let E C R". We define diam(F) = sup{|x —
vl | x,y € E} and call it the diameter of E. If diam(E) < oo, then
E is said to be a bounded set.

EXAMPLE 1.4.1. Consider the set of positive integers N. For any
two elements say © = n,y = m, we have dist(z,y) = |n —m| < oo, but
diam(N) = oo. Clearly, if E is bounded then there exist M > 0, such
that |x| < M for any x € E.

DEFINITION 1.4.4. (1) Let
mathbfry € R, and 6 > 0, we define the 6-neighborhood of
Xo as the open ball B(xp,d) = {x € R", |x —x¢| < d}.
(2) Leta;,b; € R and a; < b; fori=1,2,--- ,n. We define the open
rectangle as [ = {x € R"; x = (21,29, - ,2p),0; < x; <
bi,i=1,2,--+,n}. Thatis, I = (a1,b1) X (ag,by) X+ X (ayn,by).

The notion of distance for points in R” immediately allows us to
discuss convergence of sequences in R™.

DEFINITION 1.4.5. Forx, € R", k=1,2,---, if x € R" satisfies
that for any e-ball of x, B(x,€), there exists N € N and for any k > N,
we have xi, € B(X,€), i.e. limg_o |Xx—%| = 0, then we say the sequence
(xx) converges to x. x is called the 1imit of the sequence (Xy),
denoted by limg_, X = X.

The proof of the following result is left to the reader as an exercise.

THEOREM 1.4.2. Suppose x, € R™ and x = (T14, To g, -+ » Tnk)
then limy_,o X, = X if and only if limy_oo 2 = z; fori=1,2,---'n
where X = (L1, T, ,Xy).

DEFINITION 1.4.6. A sequence (x;) in R™ is said to be a Cauchy
sequence if for € > 0, there exists N € N such that d(xy,x¢) < € for
al 0,k > N.

Using Theorem 1.4.2 and the Cauchy criterion of the real line (see
the exercises), we obtain the following.

THEOREM 1.4.3. A sequence (xi) in R™ converges if and only if it
is a Cauchy sequence.

DEFINITION 1.4.7. For a sequence (x;) in R™ and a subsequence
(ki) of possible integers so that ki < ko < ---, the sequence (Xy,) is
called a subsequence of (Xy).
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THEOREM 1.4.4. The sequence (xi) converges if and only if any
subsequence of (xy) converges.

Proof. “=" Suppose (x;) converges to x. Then for all € > 0, there
exists N € N such that dist(xy,x) < € for £ > N. For any subsequence
of (xx), say (xg,), dist(xy,,x) < € for k; > N. So (xj,) converges to x.

“<=" (Proof of contrapositive). Suppose (xj) diverges, then we
need to show that there exists a subsequence (xj,) which diverges.
From the definition of (x;) divergent, we have that there exists ey >
0 such that for any N € N, there exists ko > k; > N such that
dist(xg, — Xg,) > €. For Ny = 1, we have ky > k; > 1 such that
diSt(sz — Xkl) > ¢y. For Ny = max{k:l,k‘g}, we have k‘4 > k’g > Ny
such that dist(xg, —Xg,) > €0, and so on. In such a way, we obtained a
subsequence (xj,) satisfying dist(xy,,, — xy,) > €. Clearly, (xz,) is not
a Cauchy sequence and thus diverges. [ |

Similar to the Bolzano-Weierstrass Theorem on R, we have the
following.

THEOREM 1.4.5. Every bounded sequence (xi) in R™ has a con-
vergent subsequence.

For a sequence (z,,) of real numbers, (z,,) is said to be nondecreasing
if 11 <@y <---. (z,) is said to be nonincreasing if z; > xo > ---. In
either case, () is called a monotone sequence.

COROLLARY 1.4.1. Any bounded monotone sequence has a limit
point.

DEFINITION 1.4.8. Let E C R" and x € R™. If there is a se-
quence (xy) of distinct points in E such that limg_, |xx — x| =0, (i.e.
limg .o X = X) then x is said to be an accumulation point of E.
The set of all accumulation points of E is denoted E'. The set EU E’
is called the closure of E and denoted by E.

EXAMPLE 1.4.2. (a) Let E = (a,b) then E' = [a,b]. So E = [a,b].
(b) Let E={1,%,--- L ...}, Then E' = {0}.

)92 )
THEOREM 1.4.6. Some basic facts of E' include:

(1) If E is a finite set, then E' is empty.

(2) If E CR™, then x € E" if and only if for § > 0, (B(z,d)\{z})N
E #10.

(3) If E C R"™ then x ¢ E' if and only if there exists 6 > 0 such
that (B(z,9) \ {z}) N E) = (. Such points are called isolated
points of E .

(4) (FEUF) =E"UF'".
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ExXAMPLE 1.4.3. If E = {\/n —v/m | m,n € N}, then E' = R.
In fact, let z, = \/[(x +n)2] — Vn? where |-] denotes the greatest
integer < x. Then \/(x +n)? — — V2 <z, <z4+n-n==z So

lim,, oo T, = .

DEFINITION 1.4.9. L is a cluster point of a sequence (xy,) if for
any given € > 0 and N € N, there exists k > N such that |vx — L| < €.

EXAMPLE 1.4.4. The cluster points of (sm(g—”)) are 1,—1, and 0.

DEFINITION 1.4.10. Let E C R™. If E' C E, then E is called a
closed set.

Similar to the definition of the real-valued continuous function f on
R, we say that f : R” — R™ is continuous at a € R" if for any ¢ > 0,
there exists § > 0 such that f(x) € B(f(a,¢) whenever x € B(a,d).

EXAMPLE 1.4.5. (i) [0,1] is a closed set of R and [0, 1]™ is closed
in R™.
(ii) R™ and 0 are closed sets.
(iii) Let f be a continuous function on R™. Then Ey = {x | f(x) < a}
and Ey = {x | f(x) > a} are closed sets of R".

Proof. We show that E; is a closed set. If Ej = (), then the
conclusion holds. Assume that xo € E’. Then there exists (x) C E
such that x, — xp as & — oo. Notice that x, € FE implies that
f(xx) < a and thus, f(x¢) = limy_ f(xx) < a. Therefore, xq € Fj.
This means that £] C E; and so, F; is closed. [ |

THEOREM 1.4.7. (1) If Fy and F, are closed sets of R™, then
Fy U F5 s closed.
(2) If {F\} is a collection of closed sets of R™, then the intersection
F =NyeaF)\ is closed.

Proof. ( ) Suppose that Fl = Fl,Fg = Fg. Then F1 U F2 = (F1 U
R)URUFER) = (FHUR)U(FTUER) = (FLUF)U(FRUEF) =
Fy U Fy, = Fy UF,. Therefore, Fy U F5 is closed.

(2) If Fy, A € A are closed, then F) = F\, A € A. Let F = Maea B
Then FF C Fy, A € A. Thus F C F)\,)\ e A So, F C m)\eAF)\ =
MxeaFy = F. Therefore, F is a closed set. [

EXAMPLE 1.4.6. The union of infinitely many closed sets may not
be a closed set. For instance, Fj, = k=1,---, then UpenF}), =
(0, 1.

DEFINITION 1.4.11. G C R" is said to be open if G¢ =R"\ G is
closed.

[k—i-l’ k]
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EXAMPLE 1.4.7. (i) For any real numbers a < b, (a,b) is an
open set of R and (a,b)" is open in R™.
(il) R™ and 0 are open sets.
(iii) Let f be a continuous function on R™. Then Gy = {x | f(x) < ¢}
and Go = {x | f(x) > ¢} are open sets of R for any c € R.

THEOREM 1.4.8. (1) If {Gr}xea is a collection of open sets of
R", then UxeaG) is open.
(2) If G1,Gy, -+ , Gy, are open sets of R, then N}_, Gy, is open.
(3) G C R™ is open if and only if for all x € G, there exists § > 0,
such that B(x,d) C G.

THEOREM 1.4.9. If (F}) is a sequence of nonempty bounded closed
sets of R™ and
FIoFRD>---DF, D,
then N2, Fy # 0.

Proof. 1If there are only finitely many different sets in (F}), then
there exists kg € N such that Fy, = Fj, for & > ko. In this case,
NEFy, = Fy, # 0.

Now, without loss of generality, we assume that for any k£ € N,
Fi \ Fry1 # 0. Then we can choose x;, € Fy \ Fyi1, k= 1,---, and
thus (x;) consists of distinct points in R” and (xj) is bounded. By the
Bolzano-Weierstrass Theorem, (x;) has a convergent subsequence, say
(xg,) and lim; ., Xz, = Xg. Since Fj is closed for any k € N, we have
Xg € Fj, for k=1,2,---, ie. xoeﬁ,;";le. |

DEFINITION 1.4.12. For E C R"™, let C be a collection of open sets
satisfying for all x € E, there exists O € C such that x € O. Then C
15 called an open covering of E. If there exists Cy C C and Cy covers
E, then Cy is called a subcovering. In particular, if Cy is finite, then
it is called a finite covering.

THEOREM 1.4.10. Let C be a collection of open sets of R™. Then
there exists a countable subcollection {O; }ier such that UpecO = Ui O;,
where I C N.

COROLLARY 1.4.2. Any open covering C of E contains a countable
subcovering.

THEOREM 1.4.11. [Heine-Borel] Let F be a closed and bounded set
of R™. Then each open covering C of F' contains a finite subcovering.

Proof. By the above corollary, we can assume C is a countable
covering. Let H, = U*_,O;, and L, = F\ Hy, k = 1,---. Then for
each k, Hy, is open and U2 Hy, = U2, 0;. For each k, Ly, is closed and
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Ly D Liyq for k =1,2,---. If there exists kg € N such that Ly, = (),
then F C Hy, = U, 0;. The conclusion holds.

If for all k € N, Ly # (0, then since Ly, is closed and bounded (L, C
F and F is bounded), by Theorem 1.4.9, we have that N2, L, # 0.
That is, there is x € F'\ Hy for k = 1,2---, and thus, x € F but
x ¢ Hy for any k € N. This is a contradiction since (Hy) is an open
covering of F. [ ]

The boundedness condition and closed condition are important in
the Heine-Borel Theorem, as the next example shows.

ExXAMPLE 1.4.8. (1) F = N is closed but not bounded. The set
of O = (k—%,k%—%), k=1,2--- is an open covering of F', but
there is no finite subcovering.

(2) F={1,5,5,---} is a bounded set but F is not closed. The set
of Ox= (3 — 35,1 +3¢), k=1,2,-- is an open covering of F,

but there is no finite subcovering.

THEOREM 1.4.12. Let E C R™. If any open covering of & contains
a finite subcovering, then E is a bounded and closed set.

Proof. Consider any given point y in E°. For all x € E we can
have a 0y > 0 such that B(y,dx) N B(z,d,) = 0. The collection of all
such d-balls is an open covering of E. By the assumption, there is a
finite subcovering, say, B(x1,d1) U---U B(x,,0,) D E. Therefore, F
must be bounded. Let § = min{dy,---,d,}. Then B(y,d) N E = 0.
Thus, E° is open and so, F is closed. [ |

DEFINITION 1.4.13. A set E s called a compact set if any open
covering of E contains a finite subcovering.

COROLLARY 1.4.3. In R", a set E is compact if and only if E is
bounded and closed.

THEOREM 1.4.13. LetC be a collection of closed sets of R™ with the
property that every finite subcollection of C has a nonempty intersection
and suppose there is at least one set in C which is bounded. Then

NrecF # 0.

Proof. Assume that Fj is bounded and C = {F\ | A € A}. Let
G, =F, e A.

If ﬂ)\eAF)\ = @, then (ﬁ)\EAF)\)C = Rn, ie. UAeAFf = U)\GAG)\ =
R™ D Fi.

Since F7 is closed and bounded, there is a finite subcovering from
{Gx | X € A}, say Gy, U---UG),, D Fy. Therefore, FNG§ N---NGS = =
0,ie. FFNF\, N---NFy, =0. This is a contradiction. [ |
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Next, we discuss the open set structure on R.

THEOREM 1.4.14. Any open set on R is a countable union of dis-
joint open intervals.

Proof. Let O be an open set on R. Then for all x € O, there exists
d > 0 such that B(z,d§) C O. For a given x € O, let b, = sup{b |
(x,b) C O} and a, = inf{a | (a,xz) C O}. Here, b, could be co and a,
could be —oo.

Let I, = (ag,b,) for x € O. Then Uyeol, = O. In fact, for all
x € 0,z € I, and thus Uzepl, D O. On the other hand, I, C O: for
any y € I, if y = z, then clearly x € O; if y € (z,b,), then by the
definition of b,, there is b such that y € (z,b) C O. Thus, [z,b,) C O
and similarly we have (a,,z] C O.

Now, we show that for any z,y € O and = # y, we have either
I.NI, =0or I, = I, Assume that x < y and I, NI, # 0. Then
a, < b,. Since a, ¢ O by the definition of a,, we must have that
a; = a,. Similarly, we have b, = b,. That is I, = I,,.

Notice that the collection {I, | = € O} is a set of disjoint open
intervals and thus it is countable. Therefore, U,col, = O shows that
the open set O is a union of countably many disjoint open intervals. Bl

DEFINITION 1.4.14. A set E is called a perfect set if E' = F.

Notice, every point in a perfect set E is a limit point of E. Any closed
interval is a perfect set.

Next, we discuss a very special subset of [0, 1] called the Cantor
set. Let Ky = [0,1]. First, we remove the segment (3,2) from Kj.
The remaining part is [0, 3] U [2, 1], denoted by Kj. Then, remove the
middle-thirds of these intervals and let K5 be the union of the remaining
intervals. So, Ko =[0,5]U[2,3JU (S, ITU %, 1]. Inductively continuing
this process, we obtain a sequence of compact sets K, satisfying (i)
Ky D Ky D Ky D -+ and (ii) K, is the union of 2" closed intervals
with the length 3% of each interval. The limit set K = N2 [, is called

the Cantor set.

THEOREM 1.4.15. The Cantor set K is nonempty but K contains
no segment. K is compact, perfect, and card(K) = c.

Proof. Obviously K is nonempty. K is closed and thus compact as
it is an intersection of closed sets and bounded. From the construction,
it is also clear that K does not contain any interval and thus it has
empty interior. Next, for any z € K, we need to show = € K’. For
each n € N we have x € K,,. Let I, ;, be the interval which contains
z where K, = U?;[n,i. For any 6 > 0, we can choose n large enough
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so that I,,;, C B(z,0). Let x,, be one of the end points of I, ;,. Then
x, € B(z,d) N K. Hence, z is a limit point of K or x € K’. This
concludes that K is perfect.

For any point x € [0, 1], we choose the ternary (base three) rep-
resentation of z: x = > 7, &, where each p; is 0, 1, or 2. Then
x € [0,1] \ K if and only if there exists k such that p = 1. So, x € K
if and only if x =23 ° | & for each a; = 0 or 1. Define ¢ : K + [0, 1]
as p(x) = (2D -0 5) = D pey 55 Then ¢ is a one-to-one correspon-
dence. So, card(K) = card2{®!} = card([0, 1]) = . |

The concept of distance in R" can be extended on any nonempty
set X, usually called a metric on X. More precisely, a metric (or a
distance) d on a nonempty set X is a function d : X x X +— R satisfying
(i) d(z,y) > 0 for all z,y € X and d(z,y) = 0 if and only if x = y; (ii)
d(z,y) = d(y,z) for all z,y € X; (iii) d(x,y) < d(z, z) + d(z,y) for all
x,y,z € X. The set X with the distance d is called a metric space.
For a metric space X with distance d, let z € X. The open ball of
x with radius r > 0 is the set B(z,r) = {y € X | d(z,y) <r}. A set
O C X is said to be an open set if for every z € O, there is some r > 0
such that B(z,r) C O. A point x is called an interior point of a set
E if there exists an open ball B(z,r) such that B(x,r) C E. Similar
to the setting of R", we can define the convergence of a sequence in a
metric space X, the accumulation points, and the closure set E of a
set E. A subset E of a metric space X is called dense in X if £ = X.
A set F C X is said to be nowhere dense if its closure has an empty
interior set. Cantor set K is nowhere dense in [0,1]. A set £ C X is
said to be first category if there exists a sequence (E,) of nowhere
dense subsets such that £ = U2 | E,,. A metric space is called a Baire
space if every nonempty open set is not first category. A set that is
not first category is said to be second category.

Exercises

1. For x,y € R™, we say x and y are orthogonal if (x,y) = 0. Prove
that for two orthogonal vectors x and y in R",

1
x +yl = (%" + ly*)z.

2. Show that |x+y|*+|x —y|* = 2(|x|? + |y|?) for any two vectors
x and y in R". This is called the parallelogram law.
3. Prove the Bolzano-Weierstrass Theoremon R: Every bounded
sequence in R contains a convergent subsequence.
4. (a) Show that a sequence (x,) in R which converges to a real
number [ is a Cauchy sequence.
(b) Show that each Cauchy sequence in R is bounded.
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(c) Show that if a Cauchy sequence in R has a subsequence
that converges to [, then the original sequence converges to .

(d) Establish the Cauchy Criterion of the real line: There is
a real number [ to which the sequence (z,,) converges if and only
if (x,) is a Cauchy sequence.

. Consider the infinite continued fraction

b
2+ ﬁ '
We have a recursion formula a,,1 = ﬁ, n>1,and a1 = % for
the following approximation sequence of the continued fraction:
1 1 1
aq :Q,CLQZE,CL:},:%,"' .

Show that (a,) is a Cauchy sequence and evaluate lim,, .., a,,
the value of the continued fraction.

. Show that a continuous function f : R™ +— R maps a compact

set to a compact set. That is, an image of a compact set under
f is also compact.

. Construct a bounded set of real numbers with exactly two limit

points.

. Show that every bounded monotone sequence has a unique limit

point.

. Give an example of an open covering of (0,1) with has no finite

subcovering.
If X is the space of all rational numbers, and F is the set of
all rational p such that 2 < p? < 3, then prove E is closed and
bounded, but not compact.
For a set A of real numbers, show that the following are equiva-
lent:

(a) A is closed and bounded.

(b) Every sequence of points in A has a limit-point.

(c) Every open cover of A has a finite subcover.
Suppose that A and B are closed (open). Show that A x B =
{(a,b) | a € A,b € B} is also closed (open).
Show that compact sets are closed under arbitrary intersections
and finite unions.
Show that if f : R” — R™ is continuous, then U C R™ is open
implies that f~1(U) is also open in R™.
Give an example of a continuous function f and open set U such
that f(U) is not open.
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Show that a function f : R” — R” is continuous if and only if
f~YE) is closed for every closed set E C R™.

Let C be a compact set of R” and f : R® — R™ a continuous
function. Then the image set f(C) is compact in R™.

A function f: E +— R™ is called a Lipschitz functionon F C
R™ if there is a constant C' such that |f(x)— f(y)| < C|x—y]| for
all x,y € E. Show that every Lipschitz function is continuous.
A function f : § — R™ on S C R” is said to be uniformly
continuous if for every € > 0, there is a positive real number
d > 0 such that | f(x) — f(y)| < € whenever [x—y| < ¢ for x,y €
S. Show that every Lipschitz function is uniformly continuous.
Let f be a differentiable real-valued function on [a, b] with bounded
derivative. Then prove f is uniformly continuous on [a, b].
Suppose that £ C R™ is compact and f : E — R™ is continuous.
Then prove f is uniformly continuous on F.

Show that the function f defined by f(z) = Lsinz for z # 0 and
f(0) =1 is uniformly continuous on R.

A sequence (fr(x)) of real-valued functions on D C R™ is said to
converge uniformly to a function f(x) if for any € > 0, there
is N € N such that fx(x) € B(f(x),¢) for all x € D whenever
k> N.

(a) (Cauchy criterion) Show that (fi(x)) converges to f(x)
uniformly if and only if for any € > 0, there is N € N such that
| frx(x) — fo(x)| < € for all x € D whenever k,¢ > N.

(b) Show that if (fx(x)) converges to f(x) uniformly on D
and all the fi(x) are continuous on D, then f(x) is continuous
on D.

(c) Give an example of a sequence of continuous functions on
a compact domain converging pointwise but not uniformly.
Prove that every continuous function on [a, b] is the uniform limit
of linear splines.

Define a step function to be a function that is piecewise con-
stant, f(z) = D pe; QkXjag.be) (€), Where [ay, by,) are disjoint inter-
vals. Show that every continuous function on [a, b] is a uniform
limit of step functions.

For a given function f defined on [0,1], define its Bernstein
polynomial

Bu(f,z) = gf (%) <Z) 2 (1 — )"k,

Show that
(a) If f is linear, then B,(f,z) = f(z).



27.

28.

29.
30.

31.

4. THE TOPOLOGY OF R" 29

(b) If f(z) = ?, then B,(f,z) = 2* + *(z — 2?).

(c) If f € C|0,1], then B,(f,x) converges to f uniformly on
0, 1].

(d) Let f € Cla,b] and p,(z) = B, (f,%2%). Then p,(z)
converges to f uniformly on [a, b].
A metric space is called separable if it contains a countable
dense subset. Show that R" is separable.
A sequence (z,) of a metric space X with distance d is called
a Cauchy sequence if for every e > 0, there is N € N such
that d(x,,z,) < € for all integers n,m > N. A metric space is
called a complete metric space if all of its Cauchy sequences
converge in the space. Show that if the monotone decreasing
sequence (F,) of closed, nonempty subsets of a complete metric
space X satisfies that the diameter of F,,, d(E,) — 0 as n — oo,
then N7, E,, consists of only one element.
Show that every complete metric space is a Baire space.
Let Bla, b] be the set of all real-valued, bounded functions defined
on [a,b]. For f,g € Bla,b], we define d(f, g) = sup{|f(y)—g(y)! |
y € [a,b]}. Then prove d is a distance function on Bla, b] and
Bla, b] becomes a complete metric space with this distance.
Prove that for a metric space X, the following statements are
equivalent: (i) X is a Baire space; (ii) Every countable inter-
section of open dense sets is also dense; (iii) If X = U2 | F, for
closed sets F,,, then the open set U, (F,)° is dense. Here F*°
denotes the set of interior points of F'.



30

1. FUNDAMENTALS



CHAPTER 2

Measure Theory

There are many cases in which we need to extend the Riemann integral.
As a simple example, let us consider the Dirichlet function

D(z) = 0, if z is an irrational in [0, 1];
)= 1, if @ is a rational in [0, 1].

Let {r}22, denote the set of all rational numbers in [0, 1]. Define

0, if :
Qork(x)_{ 1 1 x%rk

, if x =1y

Then D(z) = Y 12, ¢r(2). Clearly, (R) fol gork (z) dz = 0, where (R) [
means Riemann integral. Therefore, Zk W ( f ! ¢r, (z)dx = 0. On

the other hand, (R) fol Yo o dr = fo D(z)dx does not exist.
We would like to have a new integral so that

/0 1 kfj () = i / ()

H. Lebesgue (1875-1941) first established such an integral which is
well-known as the Lebesgue integral.
Recall that the Riemann integral

b n
R)/a f(x)de = iim(); f(zy)Axy,

A=

where A: a = 9 < 1 < -+ < x, = b and |A| = maxy Axy,
Axy =xp —xp_1 for k=1,--- ,n. fis Riemann integrable if and only
if limjaj—o Y pq wrAz, = 0 where wy = sup{|f(z) — f(y)| | =,y €
[zk—1,xx]}. We notice that wy = 1 on any small subinterval for the
function D(z). For a bounded function f (A < f(x) < B) over [a, ],
rather than using the sum Y ,_, f(zx)Axzy, the Lebesgue integral con-
siders the sum Y ,_, yxm(Ey), where A = yo < y3 < -+ < y,, = B,
Ey={z €a,b] | yr-1 < f(z) < yx}, and m(Ey) is the measure of the
set of F} which is an extension of the length of an interval.
For this application, we need to define the measure of sets first.

31
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The concept of measure is an extension of the concept of length. E.
Borel (1871-1956) in 1898 formulated several postulates which outline
essential properties of the length of an interval by defining the measure
of sets as follows:

e (Nonnegativity) A measure is always nonnegative.

e (Countable additivity) The measure of the union of a countable
number of nonoverlapping sets equals the sum of their measures.

e (Monotonicity) The measure of the difference of a set and a sub-
set is equal to the difference of their measures.

e Every set whose measure is not zero is uncountable.

H. Lebesgue presented a mathematically rigorous description of the
class of sets for which he defined a measure satisfying Borel’s postulates.
This measure is well known as Lebesgue measure and is perhaps the
most important and useful concept of a measure found on R to date.
Our approach to Lebesgue’s theory follows the elegant treatment given
by a Greek mathematician C. Carathéodory (1873-1950).

This chapter presents measure theory roughly as follows. A general
procedure is developed for constructing measures by first defining the
measure on a ring of subsets of an arbitrary abstract nonempty set, then
obtaining a measure on a o-ring using an outer measure. Throughout
this chapter, we apply this procedure to construct Lebesgue measure
on R as a concrete example.

1. Classes of Sets

In this section, we introduce the classes of sets which will be the
domains of measures.

Let X be a nonempty set. There are five types of classes of subsets
of X we wish to examine: rings, algebras, o-rings, o-algebras, and
monotone classes.

DEFINITION 2.1.1. A collection R of subsets of X is called a ring
on X if for any Ey, By € R, we have F1 U Ey € R and Ey \ Es € R.
A ring on X s called a o-ring if it is closed under countable unions,
that is, if for E, € R, k € N, then U2, E, € R.

Some basic facts of a ring/c-ring include the following:

e If R is a ring, then () € R.

e If Risaringand A,B € R, then A\ B € R and AAB € R.

o [f Risaring and £, € R for k =1,--- ,n, then U}_,E; € R
and N7_, By, € R.
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o If R is a o-ring and Ej € R for k € N, then N2, E; € R since
N2 By = E\UX (E — Ey) for E = U, Ey. That is, a o-ring
is also closed under countable intersections.

o [f R is a o-ring and Fy € R for k € N, then lim,  __F; € R and
Ek_}OOEk €R.

e Let C C 2X. Then there exists a unique ring R(C) such that
C C R(C) and for any ring R containing C, we have R(C) C R.
That is, R(C) is the smallest ring that contains C.

e Let C C 2%. Then there exists a unique o-ring o,(C) such that
C C 0,(C) and that any o-ring o, containing C, we have ,(C) C
o,. That is, 0,(C) is the smallest o-ring that contains C.

We leave the proof of these facts as exercises.

DEFINITION 2.1.2. An algebra of sets on X is a nonempty collec-
tion A of subsets of X which is closed under finite unions and comple-
ments. That is, A C 2% is called an algebra if Ey,--- , E, € A implies
that U_ E, € A and E° € A for oll E € A. An algebra is called a
o-algebra if it is closed under countable unions. That is, if Ay € A
for k € N, then U2 Ay, € A.

Similar to the facts of a ring/o-ring, the following properties of an
algebra/o-algebra are basic. We provide the verification of some facts
and leave the others as exercises.

Some basic facts of an algebra/c-algebra include the following:

e If Ais an algebra of sets on X, then X € A and () € A.

o If A is an algebra, then A is closed for finite intersections. That
is, if Ay,---, A, € A, then N7_, A, € A.
Proof: Since A is an algebra, we have that Ay, As,--- , A, € A
implies A§, A5, -+, A% € A, so Ul Af € A and then (U,
Ag) € A. By De Morgan’s Law, we have N;_; Ay, € A. [ |

e If Ais a o-algebra then A is closed under countable intersections.

e Let {A)}aca be an arbitrary collection of algebras in X. Then
Maer Ay is again an algebra in X.
Proof: Let Ay, where A € A, be an algebra. For any A € Nyecp Ay
we have A € Ay, A\ € A, and then A° € A, for each A € A. Thus,
A € Nyea Ay, i.e. Nyea Ay is closed for complements. Also, for
A, B € Nyea Ay, we have A, B € A,, for each A € A and so
AUB € A,, for each A\ € A. Therefore, AU B € NyepA, ie.
Naer Ay is an algebra. [ ]

e For any collection C of subsets of X there exists a smallest algebra
(0-algebra) containing C. Such an algebra (c-algebra) is called
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the algebra (o-algebra) generated by C and is denoted by A(C)
(0(C)).

e If A is an algebra on X and (A,) is a sequence of elements in
A, then there exists a disjoint sequence (B,) in A such that
U A, =UX B,.

Proof: Let By = A; and proceed by induction so that B, =
A1\ (Uizy Ar)- u

e For aring C on X, if X € C, then C is an algebra.
e For a o-ring C on X, if X € C, then C is a g-algebra.
e For any collection C of sets in X, we have 0,(C) = 0,(R(C)).

EXAMPLE 2.1.1. (a) Let X =R and R = {FE | E € 2% |E| <
o0}. Then R is a ring on R, but R is not a o-ring nor an
algebra.

(b) X =R, R ={FE | E € 2%, F is countable}, then R is a o-ring,
but R is not an algebra.

EXAMPLE 2.1.2.  (a) Let X be a set of infinitely many elements.
C denotes the collection of countable subsets of X. Then C is a
o-ring. If X is countable, then C becomes a o-algebra.

(b) For any set X, the power set 2% is an algebra and it is a o-
algebra.

(c) Let X # (0 and C denote the set of all single element subsets of
X. Then R(C) is the set of all finite subsets of X (including 0).

The following example is important to our later discussion since we

will use the ring Ry defined below to construct Lebesgue measure on
R.

EXAMPLE 2.1.3. Let X = R. Then the class R of all finite unions
of “half-open” bounded intervals (a,b] is a ring. In fact, it is obvious
that Ry is closed under the union operation. Let Ey and Es be two ele-
ments in Rgy. That is, let them be finite unions of “half-open” bounded
intervals. Noticing that the difference of any two “half-open” bounded
intervals satisfies

0, if (a,b] C (c,d];
(a,b], if [a,b) N (c,d) = 0;
(a,b)\ (¢,d] =< (a,d], if a <c<b<d,
(a,cU (d,b], iff a<c<d<
(d, b], if c<a<d<ob,

we have (a,b]\ (c,d] € R. Let By = U (a;, b;] and Ey = U7_,(c;, dj].
Then Eq \ (c,d] = U™ (a;,b) \ (c,d] = U™ ((a;,bi] \ (¢,d]) € Ro.
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Therefore, By \ Ey € R followed by (Ey \ (c1,d1]) \ Ul_y(c;, d;] and

math induction.

DEFINITION 2.1.3. The o-algebra generated from Ry is called the
o-algebra of Borel sets of R and denoted by Bg.

Let Z denote the set of intervals (open, closed, or half-open and half-
closed) of R. For an interval I € 7 with end points a and b (a < b),
we denote I by I(a,b) (here, a could be —oco and b could be o00). By
convention, the open interval (a,a) = () for any a € R. Then we have
0.(Z) = 0,(T) = Bg (exercise).

DEFINITION 2.1.4. For a nonempty class C of subsets of X, if for
any monotone sequence (E,) of sets, lim,, .o F, € C, then C is called
a monotone class.

EXAMPLE 2.1.4.  (a) Foranyset X, {0, X} and 2% are monotone
classes.
(b) On the real line, C = {[0,1], [3,4]} is a monotone class. Thus, it
is not necessary to be closed under the operations of unions and
set differences.

Some basic facts of monotone classes include the following:

e The intersection of any collection of monotone classes is again a
monotone class.

e Any o-ring is a monotone class. A monotone class is a o-ring if
and only if it is a ring.

e For any collection C of subsets of X there exists a smallest
monotone class containing C. Such a monotone class is called the
monotone class generated by C and is denoted by M(C).

THEOREM 2.1.1. If R is a ring on X, then M(R) = 0,(R).

Proof. Since o-ring 0,.(R) is a monotone class and M(R) is the
smallest monotone class containing R, we have M(R) C 0,(R).

On the other hand, we can verify that M(R) is a ring (exercise).
Therefore, it is a o-ring. Thus, M(R) D 0,.(R). [ |
Exercises
1. (a) f Risaring and A, B € R, then A\ B € R and AAB € R.

(b) If Risaringand Fy € Rfork=1,--- ,n, then Ul_, F} €
R and N}, B, € R.
(c) Let C C 2%. Then there exists a unique ring R(C) gener-
ated by C.
2. (a) If R is a o-ring and Ej, € R for k € N, then lim, , E; € R
and limy,_ . F) € R.
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(b) Let C C 2%. Then there exists a unique o-ring ,(C)
generated by C.
3. (a) If A is an algebra of sets on X, then X € A and () € A.
(b) If A is a o-algebra then A is closed for countable inter-
sections.
(c) For any collection C of subsets of X, there exists a unique
algebra (c-algebra) generated by C.
4. Let C be a collection of subsets of X and A C X. Denote

ANC={ANB|Bec).

Then o,(ANC) = ANa,(C).
. For C ={FEy,---,E,}, find R(C) and A(C).
. Show that 0,.(Z) = 0,(Z) = Bg.
7. Let Z, denote the class of all open intervals of R with rational
endpoints. Show that 0,(Z,) = Bg.
8. (a) The intersection of any collection of monotone classes is again
a monotone class.
(b) Any o-ring is a monotone class. A monotone class is a
o-ring if and only if it is a ring.
(c) For any collection C of subsets of X there exists a unique
monotone class generated by C.
(d) If R is a ring, then M(R) is also a ring.
9. For any collection C of sets on X, we have
(a) M(C) C a4(C).
(b) M(C) = 0,(C) if and only if

A € C impies A° € M(C) and A, B € C implies AN B € M(C).

S Ot

2. Measures on a Ring

In the following discussion, we would like to define i, a measure on a
ring R, and then to extend it to a o-ring and even a larger collection of
sets using an outer measure in the next section. As a concrete example,
we first define the Lebesgue measure on the ring R, over the real line,
and then extend it to a o-ring and an even larger collection of sets on
R. As usual, we denote by R = RU{—oc0} U {oo} the set of extended
real numbers.

Let us recall some properties of the length function of intervals
first. For an interval I € Z with end points @ and b (a < b), the
length function on Z is defined by A(I(a,b)) = b —a if a,b € R and
AI(a,b)) = oo if either a = —o0, or b = 0o, or both.

THEOREM 2.2.1. We have the following properties on the length
function AX(I) on Z:
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(a) A(0) =0.

(b) (Monotonicity) N(I) < AX(J) for I C J and I,J € T.

(¢) (Finite additivity) If I € T and I = U}_,Jy, for mutually disjoint
subintervals J, € Z, k=1,--- ,n, then \(I) =Y _;_ M(Jy).

(d) (Countable subadditivity) Let I € T satisfy I C U3 Iy, for 1), €
Z, keN. Then AN(I) <> 77, AMIy).

(e) (Countable additivity) Let I € T satisfy I = U2 Iy, for mutually
disjoint I, € T, k € N. Then A\(1) = > o, AM(x)-

(f) (Translation invariance) AX(I) = NI +y) for every I € T and
y€eR, where [ +y={x+y|zel}.

To extend the length of intervals to a larger class of subsets of R,
our first choice would be to measure all sets. However, this turns out to
be impossible if we want to retain the properties of the length function.
Let us define a measure on a ring as follows.

DEFINITION 2.2.1. Let R C 2% be a ring, the extended real valued
set function pu: R — R is called a measure on ring R if p satisfies

(i) u(@) =0,
(ii) for any E € R,u(E) >0, and
(iii) for By € R,k € N and ExNE;, =0 for k # {, if U2 | Ey € R,
then p(URZ  Ex) = 3252 n(Ex).

The extended real value u(E) is called the measure of the set E.

Except 1 = oo, any set function satisfying (ii) and (iii) implies
(i). In fact, if u(F) < oo, for some E € C, we choose £, = E,
Epy=0,k=2,---, then U2, E, = E, by (iii), we have u(E) = u(Ey) +
Yoo i(Eg). If p(E) < oo, then Y 7, u(Ex) = 0. By (ii), we have
(@) = 0. Therefore, a finite measure p on a ring R is a non-negative
and countably additive set function.

If R is an algebra, the extended real-valued set function p in this
definition defines a measure on an algebra.

ExAMPLE 2.2.1.  (a) Foraset X, let R be a ring of finite subsets
of X. Define p on R as w(E) = |E|, E € R. Then p is a
measure on R.

(b) Let X # 0 and A = 2%. For a fived element a € X and any set
E € A, we define

| o0, ifad¢FE;
“(E)_{L if a € E.

Then i is a measure on A.
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(c) Let A=2% and p be defined on A by

| |E|, if E is finite;
HE) = { 0o, if E is infinite.
Then i is a measure. This is usually called the counting measure

in X.
(d) Let X be an uncountable set and

A={FE C X | either F or X \ E is countable}.
Then A is a o-algebra. Define pn on A by

(B) 0, if E is countable;
MEI=11, it X \ E is countable.

Then p is a measure on A.

THEOREM 2.2.2. If u is the measure on a ring R, then it has the
following properties:
(i) (Finite additivity) If Ex € R,k =1,-+-,n and Exy N E, =0 for
ke # €, then (((Up_y Ei) = > 5 i(Ek).
(ii) (Monotonicity) If E,F € R and E C F, then u(E) < u(F).
(iii) (Countable subadditivity) If Ey, € R fork =1,2,---, then p(U2, Ey) <
>t M Ek).-
(iv) (Continuity from below) If E, € R and Ey C E5 C --- C E, C
ooy then p(US Ey) = limy, 00 u(Ey).
(v) (Continuity from above) If E, € R fork € N, By D Ey D E3 D
D E, D, and p(E,) < oo for some n, then pu(N2,Ey) =
limk_m N(Ek> .

Proof. (i) Let E, .y = () for k € N. Then E,NE, = () for any k # (.
By the countable additivity of p, we have p(Up2 Ey) = Y oo u(Ey).
Since p1(En4e) = p(0) = 0 for £ > 1, we have p(Up_, Ey) = > 1, p(Ex).

(i) Since F = EU(F\ E) and EN(F\ E) = 0, we have u(F) =
p(E) + p(F\ E) by (i). So, p(F) = p(E) since u(F\ E) > 0.

(iil) Let Fy = By, Fy = Ex \U}—{ E, for k > 2. Then F, N F = 0)
if k 7é k' and Uzolek = UzozlEk. Thus M(UzozlEk) = M(Uzolek) =
Y ore  i(Fy). Fi C Eg, so by (i) we have u(Fy) < u(Ey). Therefore,
(UL, By) = Z;iil p(Fy) < 22021 p(Ek).

(iv) Let Fy = Ey, Fy = Ei \ Eyx_q for k > 2, then F, N F, = ()
when ¢ # k and U2 Fy, = U Ey. Thus p(U, Er) = (U Fy) =
220:1 p(Fy) = lim, o ZZ:l p(Fy) = lim, o N(Uzlek> = limy, o0 (Er).

(v) Without loss of generality, we assume u(E;) < co. Let Fy =
E\\Ey for k € N, then (F}) is increasing. By (iv), we have p(U2 Fy) =
lim,, .o p(F},). Noticing that Ey = Ej U Fy, and then u(Fy) = pu(Ey) —
u(Ex) and (L By = By \ (Ul Fi), (O Ex) = p(Bn) = p(Ey) —



2. MEASURES ON A RING 39

w(Up_ Fy) = p(Ey) — p(F,). Therefore lim, oo u(Ey,) = p(Er) —
oo 1 Fa) = gi(Er) — (R, Fe) = (B \ U, i) = (052, E).

Let Ry ={F C R | E =U,(a;, b;] for some n € N and a;,b; € R}
be the ring discussed in Example 2.1.3. Then for any set £ € Ry, we
have always a disjoint decomposition £ = U™ (a;, b;] for some m € N.

DEFINITION 2.2.2. For interval E = (a,b|, we define the measure
m(E) =b—a. If a general element E = U™ (a;,b;] € Ro and (a;, b;] N
(aj,bj] =0 fori#j, then m(E) =" (b; — a;).

The following result and Theorem 2.2.4 show that m is an extension
of the interval length function A to Ry.

THEOREM 2.2.3. m is a well-defined set function over Ry.

Proof: Noting that for a set E € Ry, there are different decom-
positions: E = UL, (a;, bi], B = UJL,(c;, d;], it suffices to show m(E)
is independent of the decompositions. First, for any decomposition
of (a,b], (a,b] = U (a;,b;], assume a = a3 < b < ay < by <

- < a, < b, =0b Since (a;,b;] N (a;,b] = 0 if i # j, we have
m((a,b]) = >0 (bi —a;) = > m((a;,b;]) = b—a. Now consider
E € Ry, say £ = UL 1(az,bz] = UL (cj,d;] and (a;, bi] N (@i, by] = 0
for i # 4" and (c¢;,d;] N (¢, dj] = @ for J # j'. Since (a;, b;] = (a;,b;] N
E = (a;, b NUL (cj,d] = U L (ai, b N (e, dj] = UJL (€45, fij] where
eij < fijforj=1,2,--- m. We have m((a;, bi]) = 37, (fij — ei;) and
m(E) = m(UL 1(% ]) > it 2oy (fiy — e). Similarly, m(E) =
m(U;n 1(¢j,ds]) = Z; 1 2 ie meig, fig) = 2311 > i1 (fij — €5). Thus
m(E) is well defined on R,. [

Some facts of set function m on Ry include the following:

e m is finitely additive.

Proof. We need to show m(U_, E;) = """ | m(E;) for disjoint
sets Fy,i =1,---n. Let E =U" | E; and E; = U _l(a”,b”] be a
disjoint decomposmon of E; in Ry. Then E = Un L UG (agg, big)
is a disjoint decomposition of F since E;,;2 = 1,--- ,n are dis-
joint. Thus, m(E) = 377, 370, (by — aiy) = 221, m(Ez')- n

e ForEy,--- | E,,E € R, if BENE; =0 fori+# jand U E; C E,
then Y, m(E;) < m(E).

Proof. Let E,, 41 = E\U!" | E;, then E;,i =1,--- (n+1) are
disjoint sets in Ry, and U"+1E = E. By (1), we have m(E) =
Sty m(Ey) = 3L, m(E;) since m(Bns) > 0. u

o IfEy,--- ,E, E€Ropand E C U E; thenm(E) <> ", m(E;)
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Proof. Let F\ = Ey, F; = E; \ U,_\E;, then U F; = UL E;
and F;,7 = 1,--- ,n are disjoint. Slnce E C UZZIEZ-, we have
E=FEnUl B, =FEnUl F,=U'(ENFE;). Here ENF;,i =
1,---,naredisjoint sets in Rg. Thusm(E) =" , m(ENF;) <
Y m(E) < 30 m(E). u

THEOREM 2.2.4. m is a measure on Ry.

Proof: It suffices to prove m is countably additive. Let F;,i € N
be a collection of disjoint sets in Ry and £ = UX,E; € Ry. Then
Yoo, m(E;) < m(E) since UL, E; C E for any n € N (monotonicity of
m). On the other hand, let £ = U}_, (ag, bg] be a disjoint decomposi-
tion of £/ in Ry and E; = U}, (a5, B;;] be the disjoint decomposition of
E;in Ry,i € N. Then UP, E; = U°O1U 1 (vij, B;;]. For convenience, we
relabel (v, B8], =1, ,ni, i =1,2,--+ as (o, B, £ =1,2,---. For
any € > 0 (assume € < n(by—ax), k =1, 2, .-+, n). We construct closed
intervals [a + <, 0],k = 1,2,--- ,n and open intervals (ay, 3,4 57),¢ =
1,2,---. Noticing that (o, B, +5),f = 1,2,--- form an open covering
of £, and so it covers every [aj + <,b;]. There exists a finite open
covering for each of [a; + £,b;], k = 1,--- ,n. Putting all these finite
subcoverings together, we obtain a set of open intervals (o, (,, +
2%1)7 T (anwﬁns + 255) such that UZ:I[ak + %7 bk] - Uf:l(anmﬁni +
sir)- 90, Up_y(ag + £, bp] C UL (an,, B, + 5w). Since [ag + <, b), k =
1,2, nare disjoint, we have m(Up_, (ar+5, b)) < m(Ui_, (an,, B, +
so]). That is, Y70 (b —ar — £) < 327 (8, + 557 — @n,), and so,
Yoo —a) — e <307 (B + & — ;). Therefore,

Z(bk—ak —€<Z —al

Since € is arbitrary, we have Zkzl(bk —ay) < Y2, (B; — ;). That is,
m(E) =37, m(E). m

Exercises

1. Prove Theorem 2.2.1.
2. If ;1 is a measure on a ring R, then prove that for F, Fs € R
and Ey C Ey, we have u(Ey — Ey) = p(Er) — u(Ey).
3. If 14 is a measure on a ring ¥, then prove that for Ey, Es, - -+ € X,
we have
(b) if there is some k € N such that p(U, E,) < oo, then
N(mn—onrJ > mn—wo,“(En)Q

(c) if there is some k € Nsuch that >0 u(E,) < oo, then pu(lim,, oo E,)

0.
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. Show by a counterexample that the condition p(E,) < oo for

some n € N in Theorem 2.2.2 (v) is necessary.

. Let u be a measure on a o-algebra ¥ and F' a set in 3. Define

the restriction of p to F', denoted by p|r, by u|r(A) = un(ANFE).
Prove that u|r is a measure on .

. Let u be a measure on a g-algebra ¥ and ay,a, - - - ,a, € [0, 00).

Then prove p = >_" | a;u; is a measure on X.

. If p, is a sequence of measures on a ring R satisfying the condi-

tion that for any F € R, the limit lim,, . p,(F) exists, denoted
by pu(E). Show that u is a nonnegative and finite additive set
function satisfying (@) = 0. Give a counterexample to show
that © may not be a measure on R.

. Let (u,) be a sequence of measures on a ring R such that for

all E € R and any n € N, p,(F) < 1. Show that u(E) =
> %un(E), i € R is also a measure on R satisfying pu(E) <
1 for F € R.

. Let X be any infinite set and (xz,,) a sequence of distinct elements

in X. Let (p,) be a sequence of nonnegative real numbers. For

E C X, define
n(E) = Z Dk-
{k|zr€E}

(a) Prove p is a measure on 2%. p is called a discrete
measure with ‘mass’ p, at xy.

(b) Prove the measure p is finite (i.e. p(X) < 00) if and only
if >0 o < oo If 707 pr = 1, the measure p is called a
discrete probability measure.
Let Cy be the collection of rectangles of the form (a,b] x (¢, d] =
{(z,y) | a <z < b,c <y < d} and define a set function m on C
by

m((a,b] x (¢,d]) = (b—a)(d —c).
Show that m can be uniquely extended to be a measure on
R(Co).
Let g(x) be a monotone increasing function on R satisfying for

each z € R g(z) =limy — 27 g(y). For interval (a, 3], define its
length by

9((a, 8]) = 9(B) — g(a).

Show that this set function g can be uniquely extended to be a
measure on Ry.
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3. Outer Measures and Lebesgue Measure

In the previous section, we have defined a measure m on the ring
Ry on R as

n

m(E) = (b - a)

i=1

if £ =U",(a;,b;] for some n € N and (a;, b;] N (a;,b;] = 0, for i # j.
Next, we would like to extend m to a larger class of subsets of R (e.g.,
at least on a o—ring such as Bg). This is usually done through the
introduction of outer measures, a concept due to C. Carathéodory. Let
us briefly explain the idea as follows.

Suppose that a set E is covered by a countable union of elements
of Ry, E C U2, B, for E}, € Ry. Then if E would be measurable, the
countable subadditivity would yield m(E) < > m(Ey). Therefore,
any countable covering of a set gives some information of the measure of
the set. Observe that the information from countable coverings is much
more precise than that obtained from finite coverings. For example, let
E be the set of rationals on [0, 1]. Then any finite covering from Ry
should cover [0, 1] entirely. Thus, the measures of these finite sets of R,
should add up to at least one. However, using the countable covering,
we can show that m(E) can be as small as any given € > 0. In fact, let
E={ry,---,r,, -} be the set of all rational numbers on [0, 1]. Then
{(rk — 557,76 + 557) | k € N} will be a countable covering of £ from
Ryo. Therefore, m(E) < »7° | 5% = €. Since this is true for any e > 0.
We have m(FE) = 0. Based on this discussion, for any “measurable”
set F, it is natural to define

m(FE) = inf { Z m(Ey)

k=1

E, € Rypand E C UzozlEk} .

In general, let R be a ring on X and p a measure on R. We
introduce a o-ring S(R) containing R defined by

S(R)={F €2 | ECU2,E;and E; € R,i € N}.

LEMMA 2.3.1. For any ring R, S(R) D R is a o-ring. Also, for
any E € R, its power set 2F C S(R).
Proof. We leave the proof as an exercise. |

It is clear that on the real line R, S(Ry) = P(R), the entire power
set of R.
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DEFINITION 2.3.1. For any set E € S(R), we define

= inf{z,u(E

w*(E) is called an outer measure of E.

ECUXE;, E; € 72} .

Clearly, if we restrict u* on R, we have p*|g = p. That is, u*(F) =
w(E) for E € R. The following properties can be easily verified.

LEMMA 2.3.2. u* on S(R) has the following properties.

(1) p=(0) = 0.

(2) p*(E) >0 for any E € S(R).
(3) p*(Ey) < m*(Ey) if By C Ey.
(4) w(E)=m(E) if E € R.

In addition, we have the countable subadditivity property of p*:

THEOREM 2.3.1. Let (E;) be a sequence of sets in S(R). Then
pr(UE Ey) < 377 1 (Ey)

Proof. Clearly, the theorem holds if u*(E;) = oo for some i. We
assume that p*(E;) < oo for all ¢ € N.

For a fixed ¢ and for all ¢ > 0, by the definition of u*, we have
(E;9)) such that

Ez(j) & Ro, U;ilEi(j) D F;
with

> uED) < w(E) + 5
j=1

Thus,

> uED) <Y (E

i=1 j=1

Noticing that u;?;lu;?‘;IEi(j) D UX, E;, we have

w(UR, By <Zu EY) <§:u*(E)+e
j=1

The conclusion follows by lettmg e — 0. |

So far we have seen that p* is a set function extended to S(R)
from R. A question arises naturally: is p* a measure on S(R)? The
following example shows that p* is not, in general, a measure on S(R).
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EXAMPLE 2.3.1. Let X = (0,1], R = {0, X}. Define n on R by
w(@) =0 and (X) =1. Then S(R) is the power set of X. Obviously,
for any nonempty set E € S(R), u*(E) = 1. Therefore, u* is not finite
additive and so, p* is not a measure on S(R).

It seems that we have to adjust our goal and hope to find a class, say
R*, in S(R), which is a o-ring containing R, and p* will be a measure
on R*. The following theorem provides a characteristic to identify the
sets in the class R* and is usually call the splitting condition of a
measurable set.

THEOREM 2.3.2. Let E € R and F be any set of S(R), then
p(F) = (FNE)+p (F\ E).

Proof. Since F = (FNE)U (F\ E), we have
pr(F) < p (FNE)+p (F\E).

If u*(F) = oo, then we are done.
Assume p*(F) < oo. For all € > 0, there exists (£;) such that
FE; € R, UE; D F and

Zu(Ei) <pIF) Fe

Let B,V = ENE;, B = E;\ E. Then BV, E,® € R, and E;Y N
E® = 0. So, u(E;) = w(E;M U E®) = n(BY) + u(E;®). Thus,

S () = 2 w(BY) + 02 w(EP).
Noticing that

Uy (BY) = U2y (E;NE) = (U2 EB)NEDFNE

and
U2, (EP) = U2 (B \ B) = (UX,E))\ E > F\ E,

we have,

S H(E) = S w(ENE)+ Y (BN E) 2 (FOE) + i (F\ E)

— i=1 i=1
Therefore, p*(F) +¢ > p*(FNE)+ p*(F\ E). Letting e — 0, we
obtain p*(F) > p*(FNE)+ p*(F\ E). [ |
The equation
P (F) = p (FNE)+p*(F\ E)

is also called the Carathéodory condition. It is used to characterize
measurable sets.
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DEFINITION 2.3.2. For E C S(R), if for any set F' € S(R), we
have u*(F') = p*(FNE)+u*(F\E), then E is said to be * -measurable.
The set of all p*-measurable sets is denoted by R*.

It can be proved that such an extension of pg-measure on R to p*-
measure on R* is unique. The following result meets our expectation.

THEOREM 2.3.3. The class R* of all p*-measurable sets is a o-
Ting.

Proof. We leave the proof as an exercise. [ |

In the following, we restrict our study to Lebesgue measure on the
real line.

DEFINITION 2.3.3. Based on the ring Ry on the real line R and
the measure m on Ry, the extended measure m* on Ry is called the
Lebesgue measure and is still denoted by m. The collection of all
Lebesgue measurable sets is denoted by M.

Though most of the following properties are also true for a general
measure [, we state them only for Lebesgue measure m.

THEOREM 2.3.4. The set E is Lebesque measurable if and only if
for any A C E and B C E°,

m* (AU B) = m*(A) + m*(B).

Proof. Let F = AUB. Then FNE =Aand F\ E = B. Fis
measurable implies that m*(AUB) = m*(F) = m*(FNE)+m*(F\FE) =
m*(A) +m*(B).

On the other hand, for any FF C R, let A= FNFEand B=F\E.
Then A C F and B C E°. Therefore, m*(F) = m*(A+ B) = m*(A) +
m*(B) =m*(FNE)+m*(F\E). [ |

THEOREM 2.3.5. On M, we have the following properties.
(1) E € M if and only if E€ € M.
(2) If m*(FE) =0, then E € M.
(3) If Ey and Ey are in M, then Ey U Ey € M. In particular, if
E\NEy, =0, then for any set F' C R,

(4) If Ey and Ey are measurable, so are Ey N FEy and By \ Fs.
(5) If B, € M for k € N, then U2 Ey, € M.

Proof. (1) This is obvious from the definition.
(2) For any F' C R, we have 0 < m*(E N F) < m*(E) = 0. There-
fore, m*(F) > m*(F\ E) = m*"(FNE)+m*(F \ E). On the other
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hand, we always have m*(F) < m*(FNE)+m*(F\ E) and thus, E is
measurable.
(3) For any set F', we have the decomposition
F = (FNE\Ey))U(FNE)\E)U(FNEINEy)U(F\E1\ Ey) := AUBUCUD.
Noticing that AUC C Ey, BUD C EY, and E; is measurable, by
Theorem 2.3.4 we have
m* (AUC)+m*"(BUD)=m"(F).
Similarly, we have
m*(B)+m"(AuC)=m"(AUBUC).
Since FE5 is measurable, we obtain
m*(BU D) =m"(B) +m*(D).
Combining the above three equalities, we have
m*(F) = m*(AUBUC)+m*(D) = m* (FN(E{UE,) ) +m* (F\(E1UE)).

Thus, F; U F5 is measurable.
If E\NE; = () and E is measurable, then for any set F', FNE, C E,
and F'N Ey C EY. The equality

m*(FN(EyUEy) =m*(FNE)+m"(FnN Ey)
follows from Theorem 2.3.4.

(4) Noticing that Ey N Ey = (Ef U ES)¢, we know that £y N Ey is
measurable from facts (1) and (3). The fact that E; \ E, is measurable
can be seen from F; \ By = E; N ES.

(5) Without loss any generality, we can assume that (Ej) is the
sequence of pairwise disjoint measurable sets because of the decompo-
sition formula

UiozlEk:E1U(E1\E2)U(E1\E2\E3)U
and fact (3).

Let S = U2 Ey and S,, = Up_ Ey. From fact (3) and math induc-
tion, we know that S,, is measurable for any n € N and also that for
any F' C R,

m (FNS,) =Y m"(FNEy).
k=1
Therefore,

m*(F) = m*(F 0 S,) +m*(F\ Sy) > m*(FNS,) +m*(F\ S)

= zn:m*(F NEg) +m*(F\S).

k=1
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Letting n — oo, we obtain

m*(F) >y m*(FNE) +m*(F\S)>m"(FNS)+m*(F\S)
k=1
by the countable subadditivity of m*, and thus S is measurable. |

COROLLARY 2.3.1. (1) If Ex, k=1,2,--- . n are measurable, then
so are Up_Ey and N}_, E.

(2) If (Ex) is a sequence of measurable sets, then

m(U, By) <> m(Ey).

k=1

If (Ey) is a sequence of pairwise disjoint measurable sets, then

m(U By) = Y m(Ey).

(3) If Ej is measurable for every k € N, then so is N3, Ej.

THEOREM 2.3.6. Let (Ey) be an increasing sequence of measur-
able sets. That is, By, C Eyiq for each k € N and E = U2 | By, =
limg_ .o Ex. Then for any set F C R, we have

m*(FNE)= klim m*(F N Ey).
In particular, we have
m(E) = lim m(Ey).

k—oo

Proof. We leave the proof as an exercise. |

THEOREM 2.3.7. Let (E}) be a decreasing sequence of measurable
sets. That s, Ey, D Eyyy for each k € N and E = U2 | E, =
limg .o Ex. Then for any set F' C R with m*(F') < oo, we have

m*(FNE)= klim m*(F N Ey).
In particular, if m(E,) < oo for some n € N, we have
m(E) = klim m(Ey).

Proof. We leave the proof as an exercise. |

Recall that Bg denotes the collection of Borel sets, which is the
smallest o-algebra generated by Ry. Thus, Bg C M. Therefore, all
open sets and closed sets are in M. In fact, we can see that M is a o-
algebra. Noticing that the Cantor set K has cardinality ¢ and measure
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zero, we see that P(K) C M. On the other hand, obviously, we have
M C P(R). Therefore, the cardinality of M is 2¢.

Noticing that Bg = 0,(Ro) = 04(Z), the following result is not
unexpected.

LEMMA 2.3.3. For any E € 2%, the outer measure m* can also be
defined as m*(E) = inf{m(O) | O D E, O is open }.

Proof. By the monotonicity of m*, we have m*(E) < m*(O) if
O D E. Noticing that O € M, we have m*(E) < inf{m(O) | O D
E;Ois open }. If m*(E) = oo, then we are done. Therefore, we assume
m*(E) < oco. For any € > 0, by definition there exists a sequence (E;)
of sets in Ry, such that E C U, E; and m*(E) + ¢ > .2, m(E;).
Let E; = U?;lEZ-(] ) be a disjoint decomposition of E; in Ry. EZ-(] ) =
(af 0], B c Uz, Ui, BY and m(E) = Y0 m(EY),i= 1,2,

Since {EZ-(J) | 7 =1,2,--- n;, i = 1,2,---} is countable, we can
relabel the collection as {(a,,b,] | n=1,2,---}. Then E C UmEi(j) =
U (an, by

Define O,, = (an,bn + 57). Then the open set O = Uy2,0,, D E
and

m(0) =m*(0) <Y m*(0,) = 3 (ba + 2i ~an)

= Z(bn —a,) +e<m*(E)+ 2e.
n=1
So, inf{m(O) | O D E,O is open } < m*(E) + 2e.
Let € — 0. We have inf{m(O) | E C O,0 is open} < m*(E). N
We also have the following results on approximating Lebesgue mea-
surable sets using open sets or closed sets.

THEOREM 2.3.8. The following are equivalent:

(1) Ee M.

(2) For all e > 0, there exists an open set O D E, such that m*(O \
E) <e.

(3) For all € > 0, there exists a closed set F' C E, such that m*(E \
F)<e.

(4) For all € > 0, there exists an open set O and a closed set F' such
that F C E C O, and m*(O\ F) < e.

Proof. We leave the proof as an exercise. |

If E can be expressed as an intersection of countably many open
sets, then F is called a G5 set. Similarly, if F'is a union of countably
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many closed sets, then F' is called an F, set. Therefore, we obtain
the following.

COROLLARY 2.3.2. If E € M then there exists a Gs set G and
an F, set F' such that F C E C G, and m(G\ E) = m(E\ F) =
m(G\ F) = 0.

Proof. Let E be a measurable set. Then by Theorem 2.3.8, for all
€n = %, there exists an open set O,, D F and a closed set F,, C F, such
that m*(0, \ F) < e and m*(E'\ F,,) < e.

Now let G =N ,0,, and F' = U2 F,. Then G is a G set and F'
is an F), set.

Now m(G \ E) <m(O, \ E) < % for all n and thus m(G \ E) = 0.
Similarly, m(E \ F') = 0. Also, m(G\ F) <m(G\ E)+m(E\F)=0.
|

Since any subset of a measure zero set is measurable, we obtain the
following.

COROLLARY 2.3.3. For any E € M, E is a union of a Borel set
and a set of Lebesgue measure zero.

For E C Rand y € R, we define £, = {x +y | v € E}. E, is
called the y-translation of E. For Lebesgue measure m, we can show
that m(E) = m(E,) if E is measurable. That is, m is a translation
invariant measure. Using this property, we can show that there is a
non-measurable set P C [0,1) and thus a nonmearsurable set in any
interval of positive length. See for example, the book by Royden [23]
for details.

Are there Lebesgue measurable sets that are not Borel sets? The
answer to this question is “yes.” In fact, we can use the Cantor function
to construct such a set. As a reference, see [23] Problem 2.48 and
Problem 3.28.

Exercises

Show that the class R* is a o-ring.

If m*(E) = 0, then prove any subset of E is measurable.

Show that the Cantor set K on [0, 1] has measure zero.

Define the distance between two set as d(E;, Es) = inf{|z; —

xo| | x1 € Ey,x9 € Es}. Prove that if d(Ey, Ey) > 0, then

5. For 0 < m*(E) < oo and f(x) = (—o0,z) N E, show that f(x) is
a continuous function on R.

6. If both AU B and A are measurable, can you conclude that

B is also measurable? Discuss the cases when m(A) = 0 and

AN B = (), respectively.

Ll o
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7. For a set A C R, m*A is the outer measure of A. Prove that if
m*A =0, then m*(AU B) = m*B.

8. Let A and E be subsets of R and let £ be measurable. Prove
that

m*(A) +m*(E) =m"(AUE)+m*(ANE).

9. Let £ C R and m*(E) > 0. Prove that for any 0 < a < m*(E),

there is a subset A of E such that m*(A) = a.

10. If A € M and m(AAB) = 0, then prove B is also measurable.

11. Show that QQ is an F, set and therefore, Q¢ is a G set.

12. Prove Theorem 2.3.9 and Theorem 2.3.10.

13. Let m*(F) < oo. Show that there is a G set H such that H D F
and m*(E) = m(H).

14. f AUB € M and m(AUB) = m*(A) + m*(B) < oo, then both
A and B are measurable.

15. Prove Theorem 2.3.12.

16. For £ € M, if m(E) < oo, then prove that for all € > 0, there
are open intervals I,/ = 1,--- , k with rational end-points such
that m(EAG) < ¢, where G = U}_, I.

4. Measurable Functions

In the previous sections, we have extended the concept of length
of intervals to measure of Lebesgue measurable sets. Consequently, we
are now able to generalize Riemann integrals to Lebesgue integrals. For
this purpose, we first define Lebesgue measurable functions, which play
a similar role in Lebesgue integrals as the almost continuous functions
in Riemann integrals. In the following, we always consider real-valued
functions defined over measurable sets of R.

DEFINITION 2.4.1. A function f is said to be measurable on a
measurable set E if for any a € R, the set E(f < o) =En{z | f(z) <
a} is measurable.

Therefore, by saying a function f is measurable on £, we mean its
domain is a measurable set £ and that for any o € R, the set F(f < a)
is measurable. Similarly, we define E(f < a) = ENn{z | f(z) < «a),
E(f>a)=En{z| f(z)>a),and E(f > a)=En{z| f(z) > a).

THEOREM 2.4.1. Let f be a real-valued function defined on a mea-
surable set E. Then the following are equivalent:

(1) f is measurable on E.
(2) E(f < «) is measurable for any o € R.
(3) E(f > «) is measurable for any a € R.
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(4) E(f > «) is measurable for any o € R.

Proof. The equivalence follows immediately from the set equations

E(m\f<x><a>—QE(x fw<a-1),
Bl i@ <) = (VE (s | @) <o+ 7).

and
E(f>a)=E\E(f<a),E(f>a)=FE\(f <a).
[ |

ExampLE 2.4.1.  (a) If f € Cla,b], then E(f < «) is a closed
set. Thus, f is a measurable function on E = |a,b].
(b) For the Dirichlet function on E = [0, 1],

E\NQ, f 0<a<;
E(D<a)=<¢ 0, if < 0;
K, if > 1.

Thus, D(z) is measurable.

(c) A step function ¢(x) = D", Xk k+1) for k € Z is measurable,
since, E(x : ¢(x) < «) is a union of half-open and half-closed
intervals.

THEOREM 2.4.2. Let D be a dense set in R and £ a measurable

set. Then f is measurable on E if and only if for any number r € D,
the set E(f <r) is measurable.

Proof. The necessary condition is obvious. For the sufficient con-
dition, notice that for any o € R, since set D is dense we can choose a
sequence (1) such that rp > r and limg_o, 7, = r. From the fact that

E(f S T) - mzilE(f S Tk)v

we see that E(f < r) is measurable from Corollary 2.3.1 since each
E(f <ry) is measurable. [

We would like to choose measurable functions as the Lebesgue in-
tegrable functions. For this, we need to consider the measurability of
functions after some operations on measurable functions.

LEMMA 2.4.1. If f is measurable, then f? is measurable.

Proof. In fact, the conclusion follows from the fact that f is measur-
able and that if « > 0, E(f* < ) = [E(f < ,yo) N E(f > OJUIE(f <
ONE(f >—ya)]. Ifa<0,B(f*<a)=0. [ |
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THEOREM 2.4.3. If f and g are measurable functions on E C R,
then cf, f + ¢, fg, 5 (9 #0), max(f,g), and min(f, g) are measurable.

Proof. cf is measurable: If ¢ = 0, then cf is measurable since

E, ifa>0
E(x:cf<a):{®’ o<

If c >0, then E(x : ¢f <a) =FE <x f< g) is measurable for any
c

a € R. Similarly, if ¢ < 0, E(x : ¢f < «) is measurable. Thus, cf is
measurable.
f + g is measurable since

E(f+g<a)=JE(f<r)E(g<a-r).
reQ

We leave this claim as an exercise.
fg is measurable if f and g are measurable: This follows from
Lemma 2.4.1 since fg = 3[(f +9)* — (f — 9)*].

1
= is measurable because — is measurable if g # 0:

g g
1 E(g<0)U[E(g>0)NE(g> ), if a>0;
E(—<a)— E(g <0), if a = 0;
g E(g<0)NE(g> =), if o <0.
max(f, g) is measurable since E(max(f,g) > a) = E(f > a)|JE(g >
a). min(f, g) is measurable since min(f, g) = —max(—f, —g). [

Noticing that |f| = max(f, —f), we obtain the following.
COROLLARY 2.4.1. If f is measurable, then |f| is measurable.

Next, we need to consider the measurability of a limit of a sequence
of measurable functions.

THEOREM 2.4.4. Lezﬁn) be a sequence of measurable functions on
E. Then lim fn and lim,,_, . f,, are also measurable. In particular,

—n—00

if im f, exists, then f = lim f, is also measurable on E.
Proof. We leave the proof as an exercise. [ |
The following results are easy to see.
THEOREM 2.4.5. (1) If f is defined on EyUEy and f is measurable
on Ey and Es, respectively, then f is measurable on Ey U Es.

(2) If f is a measurable function on E and A C E is measurable,
then f|a, the function restricted on A, is measurable on A.
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DEFINITION 2.4.2. For a statement P(x) on E, if P(x) is true on
E except a measure zero subset of E, then we say P(x) is true almost
everywhere on E, denoted by P(z) a.e. on E.

EXAMPLE 2.4.2. Let f and g be functions defined on a measur-
able set E. If m(E(x | f(z) # g(x))) = 0, then [ equals g almost
everywhere, denoted by f = g a.e. on E. For instance, f(x) = 0 for
x € [0,1] and the Dirichlet function D(x) are equal almost everywhere,
since m(QN[0,1]) =0, so we have D(xz) =0 a.e. on [0, 1].

THEOREM 2.4.6. Let f and g be two functions on E and f mea-
surable. If f = g a.e. on E, then g is measurable.

Proof. Let A={z € FE| f(x)#g(x)}. E(xz: g(x) <a)={z¢€
EVA| g(r) <a}Uf{z € A g(x) <a}={re E\A| f(z) <
alU{zr e A| g(x) < a}. [ |

DEFINITION 2.4.3. A real-valued function ¢ on E is called a simple
function if it is measurable and assumes only a finite number of val-
ues.

Thus, if f is a simple function on F, then the set {y | y = f(x),z €
E} is a finite set. A step function is of course a simple function.

EXAMPLE 2.4.3. The greatest integer function |x| (floor function)
on [a,b] is a simple function. Also, the Dirichlet function, D(x) is a
simple function.

Let f be a simple function on E. Then the range of f, R(f) =
{c1,¢0,- -+, ¢y} for some n € N. Let E; = E{ = : f(x) = ¢;}. Then

E = UEZ Therefore, f = ZCiXEi where yp, is the characteristic
i=1 =1

function of E;. Recall that any continuous function on [a,b] can be

approximated by step functions. For a bounded measurable function,

we obtain the following.

THEOREM 2.4.7. For any real-valued measurable bounded function
f on E and for all € > 0, there exists a sequence (¢,) of simple func-
tions on E such that p, — f on E as n — oo.

Proof. For n € N, let

n 1y
EJ():E(leSJ_'_ )7]:_n2’_n2+1’,..’071’...7712_1.
n n

Define
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Then ¢,,’s are simple functions. For any xg € E, there exits N € N such
that | f(xg)| < N since f is finite. Thus, for n > N, there exists j € N
such that —n? < j <n?—1, and % < flxo) < % So, x € E](-"). By
the definition of ¢, we see that ¢, (zg) = %, therefore, when n > NV,
1
ln(z0) — f(20)| < o

That is, v,(xo) — f(xg) as n — oo0. xy € E is arbitrarily chosen and
so () converges to f on E. [

More generally, we can prove the following.

THEOREM 2.4.8. If f is measurable on E, then there is a sequence
(pn) such that ¢, — f on E and
(i) if f >0, then for every x € E, () is an increasing sequence of
nonnegative simple functions convergent to f on E;
(ii) if f is bounded, then (p,) converges to f uniformly.

Proof. We leave the proof as an exercise. |

Finally, we end this section by discussing the relationship between
measurable functions and continuous functions.

THEOREM 2.4.9. [Lusin| Let f be a measurable function on E. for
all 6 > 0, there ezists a closed set ' C E such that m(E \ F) < and
flF is continuous.

Proof. We leave the proof as an exercise. |

LEMMA 2.4.2. If FF C R is closed and f is continuous on F', then
f can be extended to a continuous function on R. That is, there exists

h € C(R) such that h |p= f.

Proof. F¢ is open and thus, by Theorem 1.4.14 we have F° =
U(ag, bx) and the open intervals (ay, by) are mutually disjoint. Define
h(z) by h(z) = f(x) if v € F, h(z) = flan)y o + flbe)y - if

br—ayg br—ayg
(ax, br) is a finite interval, otherwise, h(x) = f(by) if ax = —oo and
h(z) = f(ag) if by = co. It is easy to see now h(x) is continuous on R
and h |p= f. [ |

THEOREM 2.4.10. [Lusin| If [ is measurable on E, then for any
d > 0, there exists a continuous function h on R, such that m({z |

f(x) # h(x)}) < 0.

Proof. For 6 > 0, there is a closed set Fjs such that Fs C F and
m(E \ F5) < 6. Using the above lemma, we can have a continuous
function A such that E(f # h) C E'\ Fs. Therefore, m(f # h) <46. B
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Exercises

. Let f be a measurable function on E. Prove that for any a € R,

the set E(f = a) is measurable.

. Let f be a measurable function on R. Then prove

(a) For any open set O on the real line, f~1(O) is measurable.

(b) For any closed set F' on the real line, f~'(F) is measur-
able.

(c) For any Gj or F, set E on the real line, f~}(F) is mea-
surable.

(d) For any Borel set B on the real line, f~!(B) is measurable.
[Hint: The class of sets for which f~!(F) is measurable is a o-
algebra.]

. Show that £ € M if and only if its characteristic function xg(z)

is a measurable function.
Show that E(f 4+ g < a) =U,coE(f <7T)NE(g<a—r).

. If f is measurable, then prove f2 is also measurable. Construct

a function f satisfying f? is measurable but f is nonmeasurable.

. If f and g are measurable on F, then prove

(a) for any a,0 € R, E(f = «a) and E(a < f < ) are
measurable and so are E(a < f < ), E(a < f < f3), and
Ela < f<pB);

(b) E(f > g) is measurable.

. Show that if f is a measurable function and g a continuous func-

tion defined on R, then g o f is measurable. If we only assume
that f and ¢ are measurable on R, then is g o f measurable?

. Prove Theorem 2.4.4.
. Let f be a bounded measurable function on E. Prove there is a

sequence (f,) of simple functions such that (f,,) converges to f
uniformly on F and |f,(z)| < sup,cp |f(z)|,n=1,2,---.

Prove that if f € C'(R) (that is, f is continuous on R), then f is
measurable. Furthermore, if f is differentiable, then prove f’ is
measurable.

Let o(x) = > ¢k - xr, and Fi, k= 1,2,---  n be disjoint closed
sets. Then prove ¢(x) is continuous when restricted to £ =
Up_; Fi.

Prove Lusin’s Theorem: Let f be a measurable function on E.
For all 6 > 0, there exists a closed set £ C E such that m(E \
F) < § and f|F is continuous.
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5. Convergence of Measurable Functions

In this section, we discuss the convergence properties of measurable
function sequences by only stating results without giving proof. First,
we give the following definitions.

DEFINITION 2.5.1. (1) (Convergence a.e.) (f,) converges to
f almost ewverywhere on E means that lim, . fn.(z) = f(x) for all

x € E except a measure zero subset of E. f, — f almost everywhere
on E is denoted by f,—f a.e. on F.
(2) (Uniform convergence a.e.) (f,) is said to be almost everywhere
unt formly convergent to f on E if there is a measure zero subset A
of E such that (f,) uniformly converges to f on E\ A. (f.) almost

everywhere uniformly converges to f on E is denoted by f, = f a.e.
on E.

(3) (Convergence in measure) A sequence (f,) of measurable func-
tions on E s said to converge to f in measure if for any € > 0,
there exists an positive integer N such that m{x | |f.(z) — f(z)| > €} <

e for all integers n > N. f, — f in measure on E is denoted by f, — f
on I.

In the following, we give characterizations of these convergences.

THEOREM 2.5.1. Let (f,) and f be measurable on E. Then
(1) fo— f a.e. on E if and only if for any e > 0,

m( MLy B, E(fu — f] =€) =0.
(2) fo=f a.e. on E if and only if for any € > 0,
lim m( U, E(lfe — /] > ) =0.
(3) fo > f on E if and only if for any subsequence (fn,) of (fa),
there is its subsequence (fy,) such that fu 2 f ae onE.

From the characterization of f,, — f a.e. on E in the above theorem
and Theorem 2.3.7, we obtain the following.

THEOREM 2.5.2. If m(E) < co and f, — f a.e. on E, then f, =
fonFE.

If m(E) = oo, then f, — f a.e. on E may not imply f, — f on E.
ExAMPLE 2.5.1. Define

fo) = { :67: if = € [0,n],

if z € (n,00).
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E =[0,00). Then lim, o fo(x) =2 and so f(zx) = z. lim,_o0 frn = f
almost everywhere. Noticing that m{z | |f.(x) — f(x)] > €} = oo for
any fived n, we have f, — f in measure on [0,00).

The following example shows that f, - f on E does not imply
fn— fae onFE.

EXAMPLE 2.5.2. Let E = (0,1] and define (f,) as follows. First,
divide E into two even subintervals and define

f(l) _ { 1, x € (0, %]7

! 0, =€ (31

£ 0, ze€ ((1), 30;
2 1, T € (5, 1]
Then, for n € N, inductively divide E into 2" subintervals. We define
2" functions on E as
f(n)_{ 1, xe(Jz— =;
J 7 x ¢ ( 2n ) zn]
Let fy = fj(n) for N = 2" — 2+ j and then fy = 0 on E since for
€ >0, E(|fv — 0| > €) either is the empty set or (]2;”1,2%] and so,
m(B(fx— 0] > ©)) < £.

However, fx diverges everywhere on (0,1]! In fact, for any xy €
(0, 1], no matter how largen zs there is a j € N such that zy € (L, L.
Thus, f](" (x9) =1 and fj W(xo) =0 or f("l(xo) = 0. Therefore, we
can always find two subsequences from (fN) such that one converges to
1 and the other converges to 0.

However, we have the following.

THEOREM 2.5.3. [Riesz]| Let (f,,) be a sequence of measurable func-
tions that converges in measure to f on E. Then there is a subsequence
(fn,) that converges to f almost everywhere on E.

The following theorem provides a relationship between convergence
a.e. and uniform convergence.

THEOREM 2.5.4. [Egoroff] If (f,.) is a sequence of measurable func-
tions that converges to f on E with m(E) < oo, then for alln > 0,
there exists A C E with m(A) < n such that f,, convergesto f on E'\ A
uniformly.

A sequence (f,) of measurable functions on E' is called a Cauchy
sequence in measure if for any 0 > 0, we have limy oo m(E(fx —
fel > 6)) = 0. The following gives the Cauchy criterion for convergence
in measure.
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THEOREM 2.5.5. Let (fx) be a sequence of measurable functions
which are finite a.e. on E. Then fi = f a measurable function f on
E if and only if (fr) is a Cauchy sequence in measure.

Exercises

1. Show that the sequence of functions (f,,(x)) := (sin” x) converges
to 0 a.e. on R.

2. Let (fx) be asequence of measurable functions on E with m(E) <
oo. Prove that if fi = f, then for any p > 0, | fi|? = |f].

3. If f is a measurable function on F with m(FE) < oo, then prove
there is a sequence () of simple functions such that f, = f
and fr — f a.e. simultaneously.

4. Suppose fr = f and g = g on domain D. Show that

(a) frtgr = f*g.

(b) 1ful = |f]-

(¢) min{ fy, gx} — min{f, g} and max{fi, gx} — max{f, g}.
(d) frgr = fg when m(D) < oo.

5. Let f be a measurable and bounded function on |a, b]. Show that
there is a sequence (gx) of continuous functions such that g — f
a.e. on [a,b] and maxye(a) [gr(®)| < sSuP,epay |f ()]

6. Show that f is measurable on [a,b] if and only if there is a se-
quence of polynomials (p,) such that p, = f on [a, b).



CHAPTER 3
The Lebesgue Integral

In the classical theory of integration on R, fab f(z)dz is introduced
as the signed area under a continuous curve y = f(x) and is defined
as a limit of Riemann sums, which are integrals of piecewise constant
functions which approximate f on the interval [a,b]. In this chapter
we extend the concept of integration to measurable functions which
are approximated by simple functions and thus develop Lebesgue inte-
gration theory. We consider only real-valued functions in the following
discussion.

1. The Riemann Integral and the Lebesgue Integral

In this section, we will introduce the Lebesgue integral of bounded
measurable functions on E and its basic properties. We begin by re-
calling the definition of the Riemann integral for a bounded function
f :[a,b] — R. For any partition

Aia=xg<t1 <--<xz,=0
of [a, b], we define the meshsize |A| of the partition as |A| = max{Aj :=

x — g1 | k=1,---,n}. Then the Riemann integral of f on [a,b] is
defined by

) [ fwrde= g 37 5@

where &, € [xgp_1,2%), k=1,2,--- ,n.
For a step function ¢ on [a,?],

¢(x>:ck, T <xr<uwzg k=1,2,---,n,

we have

n

() [ o) de =3 enlon = ).

59
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For f defined on [a, b and A a partition of [a, b], let My = sup,,  <,<,, f(7)
and my, = inf,, | <,<,, f(x). Then the upper (Riemann) integral is de-

fined as .,
R)/af(x) dr = 1£1sz_; My (xp — Tp—1).

The lower (Riemann) integral is then

b n
R)Zaf(x) dr = Sgp;mkAk'

Clearly, (R)TZ f(x)dx > (R)f; f(x)dxr and we say that f is Rie-
mann integrable if (R) [ f(z)ds = fbf(x) dxr. In this case, the
Riemann integral of f over [a, D] b is

m [ 1w / oae =) [ Zf(x) dr

Therefore, if f is Riemann integrable over |a, b], then

R) /abf(x) do = inf{/abw(x) dx

—b

The numbers (R) [, f(z) dz and (R)fbf(x) dz will be close if f is

continuous. We can show that f is Riemann integrable if f is continu-
ous almost everywhere (exercise).

¥ > f and ¢ is a step function} .

ExAMPLE 3.1.1. Consider the Dirichlet function

D(z) 0, if x is an irrational in [0, 1];
Y71 1, if x is a rational in [0, 1].

We have (R)T;D(x) dr =1 and (R)LI)D(QJ) dx = 0. Therefore, D(x)
1s not Riemann integrable.

This example shows that f is not Riemann integrable if it has “too
many” discontinuities. Notice that though the set of discontinuities of
D(z) is [0,1], D(x) is zero almost everywhere since {x | D(z) # 0} =
QN [0,1]. Lebesgue extended the concept of integration to the space
of measurable functions and we would expect that fol D(z)dx = 0.

For a measurable function f defined on a measurable set E with
mE < oco. Assume that £ < f(z) < L. Let Ayl =yg <y < --- <
yn = L and |Ay| = maxg(yr — yx_1). Let

E :{ F k-1, 0k)), if k <n;
g F Y yw—1, w]), if k=mn.
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Then Ei, k = 1,2,---,n are measurable. For any nx € [yp_1,Vs),
k=1,2,---,n,if the limit limay—o >, mem(E}) exits, then we say
f is Lebesgue integrable over E and we denote it by (L) [, f(z) dx
or [, f(x)dx for short.
For the Dirichlet function D(z), if |A,| < 3 it is easy to see that
0,1]NQ, if 1€ [yr-1,yx);
Ey=1q [0,1\Q, if 0€ [yp—1,y);
0, otherwise.

Therefore, fol D(z)dz = 0.

For a simple function p(x) = > ;_, cxXp,, where Ul_E, = E
and Ej, are mutually disjoint measurable sets, we define [, p(z)dz =
2 i1 Cem(E).

LEMMA 3.1.1. If ¢ and ¢ are simple functions on E and p =
a.e., then [, ode = [, dz.

Proof. Let ¢(x) = > 1, cixp,(z) and ¢(x) = Y77, Bixr () for
E = UzEz = U]F} Then o; = 6]' on Ez N Fj a.c. Therefore, ozzm(EZ N
F;)=0;m(E;NF;) foralli=1,--- ,nand j=1,---,n. Hence,

n m

/Egodx = Zaim(Ei) = Z Zaim(Ei NF;)

i=1 j=1

- ZZﬁjm(EiﬂFj):Zﬁjm(Fj)Z/Ewd:E.

i=1 j=1

The following properties of the integral of simple functions can be
proved similarly.

LEMMA 3.1.2. Suppose that ¢ and i are simple functions on a
measurable set E. We have

(1) If o <4 ae. on E, then [, pdr < [, dx.
(ii) [ pdr < max{p} - m(FE).
(iii) For any real numbers A and n, [L(Ap +nY)de = X [, odx +

n [y de.
(iv) If E = Ey U Ey for disjoint measurable sets Ey and FEs, then

Jppde= [ wde+ [, pdo.
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Similar to upper and lower Riemann integrals, we define the upper
and lower Lebesgue integrals as

7 f(x)dx = inf {/ ¥ (x) dx, where simple function ¢(z) > f(x)}
E B

and
/ f(z)dx = sup {/ ¢(x)dx, where simple function ¢ < f(m)} ,
L E E

respectively. We have the following.

THEOREM 3.1.1. Let f be a bounded Lebesque measurable function
defined on a measurable set E with mE < co. Then

7Ef(x) do —ZEf(x) da.

Therefore, f is Lebesque integrable over E.

Therefore, for a bounded Lebesgue measurable function f on E, we
can simply define

/f(x)dx-inf{/zﬂdx > fis simple}.
E E

Proof. Let a < f < (. For a give n € N, consider a partition of

[, ]:

a=y < < <y, =p
satisfying yr. — yr_1 < % Define the sets
Ey={r € E|yr1 < f(x) <yx}

fork=1,2,---,n—1and E, = {x € E| f(x) = f}. Then Ey, k =
1,2,---,n are measurable, disjoint, and have union E. Thus,

> m(Ey) = m(E).
k=1

The simple functions defined by

Unlr) =Y yrxm, (2)
k=1

and
n

On(2) = yr-1xm, (2)
satisfy )
On(z) < f(2) < Yn(2).
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Therefore,
[ v@de< [ o) d =3 pm(B)
w>
¢ 1s simple E k=1
and
s [ o= [ o6 dx—Zyk m(E).
o<f
¢ is simple
Hence
0< inf / U(x)dr — sup / o(x
p>f S<f

v is simple ¢ is simple

<2ty e -2
k=1

Letting n — oo, we obtain

inf / Y(z)dx —  sup /Egﬁ(x) dxr = 0.

v=f o< f
v is simple ¢ is simple

am(E).

We sometimes write the integral as || S When E is an interval

[a,b], we may write fab f instead of f[a,b] f. From the above theorem,
we see that if f is a bounded Lebesgue measurable function on F,
then there is a sequence (1) of simple functions such that i, — f
(in fact, the convergence is uniform and the functions ,, are uniformly
bounded above) and [, ¢, — [, f as n — oco. On the other hand,
if f is bounded on a measurable set E with m(E) < oo, then there
are simple functions ¢,, and v, such that ¢,(x) < f(x) < ¥,(x) and
Jtn—Jpn < % Therefore, except for at most a measure zero subset
of F/, f is a limit of simple functions on F. Hence by Theorem 2.4.4,
f must be measurable on £. We obtain the following.

THEOREM 3.1.2. Let f be a bounded function defined on a mea-
surable set E with m(E) < oo. Then f is Lebesgue integrable on E if
and only if f is measurable.

The following result shows that the Lebesgue integral is indeed a
generalization of the Riemann integral.
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THEOREM 3.1.3. If f is bounded and Riemann integrable on [a,b],
then f 1s Lebesgue integrable and

[ rwa=m [ @

Proof: If f is Riemann integrable then

R)/abf(x)dx _ ig};{/abs(x)dx
_ égg{/absu)dx

Noticing that the step functions are simple functions, we have

wp{ s} 2 ap{ [ < {[oaf < u{ [ 0]

for the step functions s and S and the simple functions ¢ and . There-
fore

R) abf(x)dxg%{/ab@dx} gigg{/abwdx} < (R)/abf(x)dx

Thus, ff f(z)dx = (R) ff f(x)dz if f is Riemann integrable on [a, b].
|

Using Lemma 3.1.1 and Lemma 3.1.2, we can prove the following
properties of [ » J for a bounded measurable function f on F.

s is a step function }

S is a step function} )

THEOREM 3.1.4. Suppose f and g are bounded and measurable on
E with m(E) < co. Then we have the following properties:

i) [plaf £bg)de=a [, fdr+b [, gdx.
(ii) If f = g a.e., then [, fdx = [, gdx.
(iii) If f < g a.e., then [, fdx < [,gdr. Thus, | [, f(z)dz| <
[, 17 @)z
(iv) Ifl < f < L, then Im(E) < [, fde < Lm(E).
(v) ]fE EiUE;, E1 ﬂEg =), cmd E1, By are measurable, then

fE da:—fE dx+fE x)dz.

For a convergent sequence of measurable functions, we have the
following.

THEOREM 3.1.5. [Bounded Convergence Theorem| Let (f,) be a
sequence of measurable functions on E with m(E) < oo and f, — f
forz € E asn — oco. If |fu(z)| < M for x € E and all n € N, then

lim fn )dx—/Ef(x)dx.

n—~o0
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That is, lim,,_, fE fn(z)de = fE lim,, oo fn(z) dz

Proof. 1t is clear that the theorem holds if f,, — f uniformly on E.
By Egoroff’s Theorem (Theorem 2.5.4) for 6 = ;57 (¢ > 0), we have
Es C E such that m(E\ Es) < 6 and f,, — f on Ejs uniformly. That is,

on Ej for € > 0 there exists N € N such that |f,(z) — f(z)| < STRE
For the given € > 0,

/E ful) do - / f(x) da)

/Eé(fn—f)dfﬁ/ (o= 1) da

E\E;s

< [ Afa=fldos [ 1fa-flds
ES E\E;
€ €
< —m(FE 2Mm(E\ Es) < — +2M§
< (B N E) <5
€ €
= SqomS =it
2+ i 237 °¢
Thus, lim,,_, fE fulz)de = fE n
Exermses

1. For f defined on [a,b] and A a partition of [a,b], let w, =
My — my. Then prove f is Riemann integrable if and only if
limaj—o D pey weAzg = 0.

2. If f and g are simple functions on a measurable set F and f < g
a.e. on E, then prove [, fdx < [, gdz.

3. Prove Theorem 3.1.4.

4. Let f be a bounded nonnegative measurable function on [a, b]
and E F measurable subsets of [a, b]. Show that if £ C F', then

Jp f@)dx < [i f(x)dz.

5. If f is a bounded measurable function on [a, b] and fab[f(x)]2 dx =
0, then prove f =0 a.e. on [a, b].

6. Let Ey, k = 1,---,n be measurable subsets of [0,1]. If each
point of [0, 1] belongs to at least three of these sets, show that
at least one of the sets has measure > 3/n. [Hint: Consider the
characteristic functions of Ej and first show that >, xg, > 3.]

7. Suppose m(FE) < oo and (f,,) is a sequence of measurable func-
tions which are bounded a.e. on E. Show that f, - 0 if and

onlyiffElﬁ’}|‘dx—>Oasn—>oo

2. The General Lebesgue Integral

For a p-measurable set E, if E has a decomposition E = > "7 | Ej
with p(Ey) < oo for all £ € N, then we say £ has a o-finite measure.
For any measurable set with o-finite measure, there is a nondecreasing
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sequence (F}) of measurable subsets of ' with u(F},) < oo, for example
F, = U;?:lEj, such that £ = U, F},. For any Lebesgue measurable set F,
it is always o-finite since E can be expressed as £ = sup,,cy EN(n, n+1]
and m(E N (n,n+1]) <1 for all n € N. In this section, we will extend
the definition of the Lebesgue integral to a general measurable func-
tion over arbitrary measurable sets. Let f be a real-valued function
defined on E. We define its positive part f* = max{f,0} and its
negative part f~ = max{—f,0}. Then both f* and f~ are non-
negative and f = f* — f~ and |f| = fT+ f~. For any N € N, let
[f]n = max{min{ f(z), N}, =N} be an N-truncation function of f. On
the points that | f(z)| < N, we have [f(z)|y = f(z), if f(x) > N, then
@)y = N, and if f(z) < —N, [f(x)]x = .

For a measurable set F, if (F},) is a sequence of nondecreasing mea-
surable subsets of E with m(F;) < oo and E = UgFy, then (F}) is
called a finite-measure monotone covering of FE.

DEFINITION 3.2.1. Let f be a measurable function defined on mea-
surable set E. If f is nonnegative and (Fy,) is a finite-measure monotone
covering of E, then f is said to be Lebesgue integrable if the limit
limpy_ oo fFN [f(x)|n dx is finite. We write

/ f(z)dr = lim [f(z)] N dx.
E N—oo Fy

It seems that the integral [ 1 /() dxr depends on the choices of finite-
measure monotone coverings of £. The following lemma shows that
[ f(z) dzx is well-defined on E. When m(E) < oo, this definition is
consistent with the Lebesgue integral definition given in the previous
section.

LEMMA 3.2.1. Let f be a measurable function defined on measur-
able set E. If f is nonnegative and (Fy), (Ex) are two finite-measure
monotone coverings of E, then

lim [ [f(z)]xdx = lim [f(z)], dx

k—o00 Fy n—oo Jp
whenever one of the two limits is finite.

Proof. Let’s write (), = [, [f(2)]xdx and r, = [, [f(2)]s dz. Then
both (¢x) and (r,) are nondecreasing sequences of real numbers. If
¢ = limy_, ¢} exists, then we have £, < ¢ for all £ € N.

Now for any fixed N, Fy C E with m(Fy) < oco. Then Fy \ Ej is
a decreasing sequence of measurable sets. By Theorem 2.3.7, we have
limg_ oo m(Fy \ Ex) = 0. Therefore, taking the limit as k¥ — oo from
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the inequality

/FN[f]Ndx = /FNﬂEk[f]Nder/FN\Ek[f]Ndx
/Ek[f]Ndl"—i-Nm(FN\Ek)

IN

we obtain that
T’N:/ [f]NdZESE
Fy

Therefore, (r,) converges and lim, r, < ¢. Now, interchanging the
positions between r, and /¢, we have limj ¢, < lim,r, and thus,
limy, ¢, = lim,, 7,,. [

EXAMPLE 3.2.1. Let

Then, for Fy = [%, k],

L N1 3
[ @ =) [ (lvas = [ e [ oo —a-
Therefore, [;° fdx = 3.

For a general measurable function on measurable set F, its positive
part and negative part are both Lebesgue integrable.

DEFINITION 3.2.2. If f is a measurable function on measurable
set E and both f* and f~ are Lebesque integrable, then f is said to
be Lebesgue integrable. [, fdx is defined as [, fdx = [, fTdx—

Jp [~ da.

Clearly, f is Lebesgue integrable on E if and only if [, |f|dz <
00. This cannot be true for Riemann integrals and thus, it shows a
difference between the Riemann integral and the Lebesgue integral in
the general setting.

We denote by L(E) the class of all Lebesgue integral functions on
E and write Lla, b] if £ = [a, b].

EXAMPLE 3.2.2. (1) Consider a function f defined on (0,00) by
f(x) = ==, Then it is well-known that its Riemann improper inte-
gral (R) [[° 2% dz = Z. However, (R) [°|¥22] dx diverges and thus,
f(z) & L(0, 00).
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(2) Define f on [0,1) by
fla) = {0’ Y

1 1 1
(_1)n+ n, n—H<$§5,n€N

Then, its Riemann improper integral (R) fol flo)de =370 (=)™ — =

1 —In2. Howewver, (R) fol |f(x)| dz = oo and thus, f(x) ¢ L|0,1].

The following result is often used to check integrability of measur-
able functions.

LEMMA 3.2.2. Suppose f € L(E) and E is measurable. Let g be a
measurable function on E. If |g| < f, then g is also in L(FE).

Proof. Since |g] < f, we have g7 < f and ¢~ < f. For a finite-
measure monotone covering (Fj) of F and positive integers k, we have

0§/Fk[gﬂkdxg/Fk[f]kde/Efdx<oo.

Therefore, g* is integrable. Similarly, ¢~ is integrable and so is g. W

Next, we would like to verify the integral properties listed in The-
orem 3.1.4 for the general integrable functions defined on measurable
set E. First we prove the linearity property.

THEOREM 3.2.1. Let f,g € L(E) and let E be measurable. Then
for any real numbers o and 3, af 4+ Bg is also integrable and

/E(@fﬂLﬁg)dﬂS:a/Efderﬁ/Egdx.

Proof. First, we verify that for « > 0, af is integrable. In this
case, (af)" = aft and we’d like to show [, (af)Tde = o [, frdx. Tt
is true when o = 0. For a > 0, [af]n = a[f]n/e and thus,

/(af)+dx: lim (af)pdr =« lim/ [f+]k/adx:a/ fdx.
E n—oo J E

n—oo Fk

From |af| = |a||f| and Lemma 3.2.2, we see that o f is measurable on
E, since f integrable implies that |f| is also integrable.

Now it is sufficient to prove the theorem only for a = = 1. Since
|f+g| <|f|+]gl|, we have that f-+ g is integrable. From the definition,
we see that the values [, (f +g)de = [,(f+g)Tde — [,(f+9) dx
and [, ftde — [, f-dx+ [, g7 dx — [, g~ dx should be equal.

One notes that if f = h—k, h > 0, k > 0, and f is integrable
on E, then [, f = [,h— [pk Infact, f = fT —f~ = h—F,
so ff+k=h+f". Thus, [ftde+ [kdx = [hdx + [ f dz.
That is, [ f = [f* — [f~ = [h— [k. Therefore [(f + g)dz =
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Jfr=ff+Jot=Jg =[f+[g,since f+g=fT—f +g9T—g.
n

We can also prove the following properties.

THEOREM 3.2.2. Let f,g € L(F) and let E be measurable. Then
(1) Jpfde < [pgdeif f<g;
(2) If E = E\UE; and ExNEy = 0 then [, fdx = [, fda+ [, fdz.

The following is called the absolute continuity property of Lebesgue
integrals.

THEOREM 3.2.3. If f € L(E) and E is measurable, then for any
e > 0, there exists & > 0 such that for any measurable subset A of E
with m(A) < 0, we have | [, fdz| <e.

Proof. Since |f| is measurable, for any finite-measure monotone
covering (Fy) of E, there is a positive integer N such that

€
[ if1de= [ e <
E Fx
On the other hand, [, [|f[]xdz < [,[|f[ly dz and thus,

U= 1o < 5.

Choosing 6 = s~——, we have

2(N+1)°
[ras < [iiaa= [ an-nrmae+ [ 1

< §+Nm(A)<%+N5<e.

Exercises

1. For a measurable function f on measurable set E, prove that
f € L(E) if and only if |f| € L(E) and | [, fdz| < [, |fl|dz.
Show by an example that if the condition that f is measurable
on E is removed, then there is a function f such that |f| € L(E)
but f ¢ L(E).

2. Let f € L(FE) and nonnegative such that [, fdz = 0. Prove
f=0a.e on E.

3. Let f € L(E) and nonnegative such that m({z € E | f(z) >
0}) > 0. Prove [, f(z)dz > 0.

4. Directly prove (without using Theorem 3.2.3) that if f > 0 is
integrable on E, then for all € > 0, there exists 6 > 0, such that
Ju fdx < e whenever A C E and m(A) <.
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ot

. If f € L(E), then prove |f| < oo a.e. on E.
6. For every € > 0 and f € L(F), show that

m(E(|f] > o)) /mdx

This is called Chebyshev’s Inequality.
7. Let f and g be Lebesgue integrable functions defined on measur-
able set E. Prove
1) [, fde < [,gdaif f<g;
(2) If £ = E1UE2 and E1QE2 = @ then fEfdl’ = fEl fdl"i‘
i) Ey fdx.
8. Prove that if f € L[a,b] and for any ¢ € [a, ], fac f(x)dz =0,
then f =0 a.e. on [a, b].
9. Prove that if f € L[a,b], then F(z) := [ f(t) dt is continuous.
10. Suppose Ei, k € N are mutually dlSJOlnt measurable sets and
E = UpE} is measurable. If f € L(FE), then prove

Z RE dx—/f

3. Convergence and Approximation of Lebesgue Integrals

We discuss next the convergence properties of sequences of Lebesgue
integrals and also the approximation properties of Lebesgue integrable
functions. We assume that E is a Lebesgue measurable set.

Generalizing Theorem 3.1.5, the following is the most frequently
used theorem which allows us to interchange the operations of integra-
tion and limits.

THEOREM 3.3.1. [Lebesgue Dominated Convergence Theorem| Sup-
pose g is Lebesque integrable on E. The sequence (f,) of measurable
functions satisfies:

(i) |ful < g a.e. on E forn € N;

(ii) fo > f on E.
Then, f € L(E) and

n—oo

(3.1) lim fn dx = /Efdx

Proof. Since f, =% f, f is measurable on E and also there is a
subsequence (f,,) of (f,) such that f, — f a.e. on E. Therefore,
|f| < g ae. on E and thus, f is integrable from Theorem 3.2.2.
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Next, we first prove (3.1) for m(E) < co. For € > 0, let E,, =

E(|fn—f\zm).Then,
[Ga-na < /E\En<fn—f>}+/n<fn—f>\
(3.2) < /E\En\fn—fH /n(fn—f)‘.

€
—— - m(E

2(m(E)+1) (B
E,) < g For such an ¢ > 0, applying Theorem 3.2.3 to g, there is

§ > 0 such that [, gdz < £. Since f, = f a.e. on E, there is N € N
such that m(Ey) < 6. Hence, the second term in (3.2) is bounded
from above by 2 [, gdx < § for n > N. Therefore, (3.1) holds for
m(E) < oo.

If E is measurable and (F}) is a finite-measure monotone covering
of E, then for € > 0, there is F, C E with m(F}) < oo such that

/gdx</ [g]kdx—l—E
E Fy 4

The first term in (3.2) is bounded from above by

and ths,
A\FKg:Lg_LkQS/EQ—Ak[g]ks =
Therefore,
fo=n| < |[o=n|+|[ -0
< | fun)s [
(3.3) < /Fk(fn—f> + 5

Noticing that m(F)) < oo and thus (3.1) holds, there is N € N such
that for n > N, we have | [, (f, — f)| < §. Therefore,

JR

forn > N. [ |

Using a similar proof, we can obtain the Lebesgue Dominated Con-
vergence Theorem for f, — f a.e. on F.

<e€
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THEOREM 3.3.2. Suppose g is Lebesgue integrable on E. The se-
quence (f,) of measurable functions satisfies:

(i) |ful < g a.e. on E forn € N;
(ii) fn— f a.e. on E.

Then, f € L(E) and
3.4 li ndr = dz.
(34 m [ fudo= [ rao

n—oo

The following two theorems are equivalent to the Lebesgue Domi-
nated Convergence Theorem.

THEOREM 3.3.3. [Monotone Convergence Theorem| If (f,,) is a se-
quence of increasing integrable functions on E, and lim, fE fn < 00,

then lim,, fE fodr = fE lim,, oo fn dx.

Proof. We can assume that f,, > 0 since otherwise, we just need to
consider g, := f, — f1-.

Let f(z) = lim f,(x) (the limit exists for every point x € E) and
write K = sup,, [, fudz. Then we first show that the set {z € F |
f(z) = oo} is a zero-measure set.

For any positive integer N, we have

0<[filn <fen <o < fuln <o = [flw.

If (F,,) is a monotone finite-measure covering of . Then by bounded
convergence theorem, we have that

/ [f]ndz = lim [folndx < K.
Fn

n—oo FN

Noticing that E == {x € E | f(z) = 0o} = NN E([f]x = N) and the
sets E([f]y = N) are measurable, E,, is measurable and

/ Nz — / flndz < K.
EooﬂFN EooﬂFN

Hence, m(E, N Fy) < % For N > n, we have F,, C F and thus,

K
m(Ex NF,) <m(Ex N Fy) < N

Let N — oo we see that m(Ex N F,) = 0 and so, m(E) = 0.
Next, we define

) flx), if h(z) < oo
h= {0, if h(z) = oo.
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Then h is finite on E. Also, h = f a.e and [h]y = [f]n a.e. on E and
thus,

/F hwdz < K.

Therefore, h is integrable on E. Using h as the control function in the
Lebesgue dominated convergence theorem for (f,,), we obtain that

lim [ f,dz= / lim f,dx.
E E

n—oo n—oo

THEOREM 3.3.4. [Fatou’s Lemma] Suppose that (f,,) is a sequence
of integrable functions on E, and f, > h a.e. on E andlim,,_ [ fndx <
0o. Then

/ lim, . fude < lim, ., / o d.
E E

Proof. We remark that in many applications h is the zero function.
Let

9n = inf{fnafnp o }

Then g, — f and (g,) is an increasing sequence satisfying

W) < gn() < ful(z).

We can then deduce that g, is integrable. Now [ g,dz < [ f,dz yields
that lim,, [ g,dz < lim, [, fudz < co. The conclusion follows from the
monotone convergence theorem. |

We present the following application of the Lebesgue Dominated
Convergence Theorem.

THEOREM 3.3.5. Let f(x,y) be a function defined on E x (a,b).
Suppose [ is integrable with respect to x on E and f is differentiable
with respect to y on (a,b) and there exists an integrable function F(x)
on E such that \d%f(x,yﬂ < F(x) then

d / d
— | f(x,y dx—/—fx,y dx.
dy Ji (=.9) pdy (=.9)
Proof. Fix y € (a,b). Choose h; — 0 as k — co. Then

. f(x,y+hk)—f(x,y)_ d
]}1_)1{)10 » = d—yf(33>?/)

On the other hand, |g—Zf(x,y)| < F(z) for (z,y) € E x (a,b) and

%}W = d% (z,&k) by the Mean Value Theorem from calculus
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— here £ is between y and y + hy,. Therefore, \%}W\ < F(x).
Applying the Lebesgue Dominated Convergence Theorem, we have

d B f(z y+hk — [(z,y)
dy/f(%y)dif = I<:—>oo/ dx
- J i SR e [ s

Let f and f, be integrable on E. If lim, [, |f, — f|dz = 0, then
(fn) is said to be convergent in mean (of order 1) to f or (f,) is
said to be L'-convergent to f. Later in Chapter 5, we shall consider
convergence in mean of order p (or LP-convergence). The proof of the
following result is left as an exercise.

THEOREM 3.3.6. If(f,) converges to f in mean on E, then f, = f
on E.

Recall that Lusin’s Theorem (Theorem 2.4.9) provides an approxi-
mation to a measurable function using continuous functions. We next
prove an approximation theorem for integrable functions.

THEOREM 3.3.7. If f € L(E), then for every e > 0 there exists a
continuous function g on R such that [, |f(x) — g(x)|dx <.

Proof. For € > 0, by the definition of integrals of f™ and f~, we
have N € N such that
_ €
Jir=1wlde = [ G =1rde+ [ (=15 ) de < 5
E E 3
Applying Lusin’s Theorem to [f]y, there is a continuous function g on
R with |g| < N, and a measurable subset Ej such that m(Es) < § and
g=[fln for x € E'\ Es. Choose 0 = 557, we have

/Euf]N ~gldo= [ 1[fly —glde < 2Nm(E) < 5

Therefore,

/|f g\dx</\f N|dx—|—/| N —g|ldr <e.
[ |

The above theorem shows that if f € L(F), then for any ¢ > 0,
f has the decomposition f = f; + fo, where f; is continuous on R
and [ |f2| dz < e. As an application, we have the following average
continuity property of Lebesgue integrals.
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THEOREM 3.3.8. If f is Lebesgque integrable on R, then
lim/ f(z +h) — f(z)] dz = 0.
h—0 Jp

Proof. For every € > 0, there exists a continuous function g on
R such that {z | g(x) # 0} C [a,b] for —o0 < a < b < oo and
Jg |f — gldz < e. Therefore,

/|f(x+h)—f(x)|dar < /|f(x+h)—g(x+h)\dx+/|g(x+h)—g(x)ldx

/|g 2| dz

< e+/\gm+h (z)|dx+ €

= 26+/|g(x+h)—g(a:)\dx.

Noticing that g can be chosen as a continuous function on R and
g(x) =0 for x € R\ [a,b] for some a,b € R, we have that g is uniformly
continuous on R. So, for € > 0, there exists § > 0 such that for |h| < 9,
lg(x +h) —g(z )\dx< . So,

/|gx+h (x)|dx—/ |g(x+h)—g(x)|dx<ﬁ.(b—a):e.

Therefore, as long as |h| < §, we have [, |f(z+h) — f(z)|dz < 3e.
€ is arbitrary, so limy,_g [, |f(z 4+ h) — f(x)|dz = 0. |

Exercises

1. Let (f,) be a sequence of measurable functions on E. If (i) there
exists an integrable function F' on E such that |f,| < F a.e. on
E for n € N, and (ii) f, — f a.e. on E, then prove f, =5 f as
n — oo.

2. Suppose (g,) is a sequence of integrable functions on E and
gn — g a.e. with g integrable. If the sequence (f,,) of measurable
functions satisfies:

(1) |ful < gn for n € N;
(ii) f, — f a.e.on E.
Then prove lim,, ., fE fndx = fE fdx.

3. Let L[a,b] denote the class of all Lebesgue integrable functions
on [a,b]. Show that for f € L]a,b] and for all € > 0, there is

(a) a bounded measurable function g such that fab |f(x) —
g(x)| dx < €
(b) a continuous function A such that f: |f(x)—h(z)|dx < ¢
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(c) a polynomial function p such that f: |f(x)—p(z)|de < €
(d) a step function s such that fab |f(z) — s(x)] dx < e.
4. If f € Lla,b], then prove lim, f; f(x)cosnxdx = 0 and

limy, 00 ff f(z)sinnxdr = 0. [Hint: Consider a step function
f first.]

5. Show by example that the inequality in Fatou’s Lemma (Theo-
rem 3.3.4) is not in general an equality even if the sequence of
functions (f,,) converges everywhere.

6. If f € L[a, b], then prove lim,, ., f; f(x)] cosnz|dx = %f; f(z)dz.

7. If f € L|a,b] and for k € N, f;xkf(x) dx = 0, then prove f =0
a.e. on |a, b].

8. If f € L(R) and for any compactly supported continuous func-
tion g, [5 f(x)g(x)dz = 0, then prove f =0 a.e.

9. If (f,) is a sequence of integrable functions on E satisfying f, —
f, then prove [, f(z)dx <lim, . [, fu(x)dz.

10. Let f € L[0,1]. Then prove 2" f(z) € L|0, 1] for any n € N and
lim,, o0 fol 2" f(x)dx = 0.

11. If f,, f € L(E) and [, |f, — f|dx — 0, then prove f, = f.

12. Use Fatou’s Lemma to prove the Lebesgue Dominated Conver-
gence Theorem.

4. Lebesgue Integrals in the Plane

In this section, we outline the theory of measure and integration in
the plane R?. The procedure is very much analogous to that for the
real line R. Rectangles in R? play the role of intervals in R.

Let Cy be the collection of rectangles of the form (a,b] x (¢, d] =
{(z,y) | a <z <b,c <y < d} and define a set function m on Cy by

m((a,b] x (¢,d]) = (b—a)(d—c).

We can show that m can be uniquely extended to be a measure on
R(Cp). Using a method similar to the construction of m on R, we can
define a class of Lebesgue measurable sets in R2.

A function f(z,y) defined on a measurable set E in the plane is said
to be measurable if for any o € R, the set {(z,y) € E | f(z,y) < a}
is measurable. We may then define the Lebesgue integral on E. We
let L(E) denote the class of Lebesgue integrable functions on E. If
f € L(E), the integral of f over E is denoted by [ [, f(z,y)dxdy.
Such integrals are often called double integrals.

For a measurable function f on E, the following theorem provides
the connection between measurable functions on the plane and the
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measurable functions on the real line. For simplicity, we may assume
FE is a rectangular domain.

THEOREM 3.4.1. If f is a measurable function f(x,y) on T =
la,b] X [¢,d], then f(z,y) is a measurable function of y for any fixred

x € |a,b] and f(x,y) is a measurable function of x for any fived y €
e, d].

In practice, the integral [ [ f(x,y)dzdy is computed by inte-
grating first with respect to x and then with respect to y or vice
versa. This method is usually called iterated integrals or repeated
integrals. This requires some caution to go beyond continuous func-
tions.

EXAMPLE 3.4.1. Let
22 a2
Flz,y) = m> (z,y) € (0,1] x (0,1]
0, (z,y) = (0,0).

/01{/01f<x,y>dx} dy=-"
/01 {/Olf(x,y)dy} dz = %

The fact that a double integral can be evaluated by iterated integra-
tion does not follow immediately from the definition of [ [, f(z,y) dz dy,
but rather is a famous theorem called Fubini’s Theorem.

Then

but

THEOREM 3.4.2. [Fubini’s Theorem| Let f be an integrable func-
tion on R2. Then the double integral and iterated integrals are equal.
In particular, f(z,y) is integrable with respect to x for almost every y
and [ f(z,y)dx is integrable as a function of y, and the same with x
and y reversed.

Proof. First, we assume that f is nonnegative. Then similar to the
one variable setting, there is a sequence (¢,) of non-negative simple
functions converging monotonely to f and thus, [ fdz = [ ¢, dz. Since
the double and iterated integrals are equal for simple functions, we

obtain
t [ [ewparay= [ { [ o) d:c} .

Applying the Monotone Convergence Theorem to ¢,(x,y) as a func-
tion of z for a fixed y, we have lim, [ p,dx = [ f(x,y)dz. Noticing
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that [ ¢, dz is measurable and so is | f(z,y), we apply the Monotone
Convergence Theorem one more time and obtain

1151/{/%(:5,@/) dx} dy—/{/f(x,y) dx} dy.

Similarly, we have

ligl/{/apn(x,y)dy} dx:/{/f(x,y)dy} dz.

Next, for a general integrable function f, we apply the proof in the
first step to f* and f~, respectively. Using the linearity of the double
integral and iterated integrals we obtain

/{/f(x’y)dy} dx:/{/f(x,y)dx} dy.

If f e L(T) with T = [a,b] X [¢,d], then Fubini’s Theorem gives
that

//Tf(f”’y)dxd@/Z/ab{/cdf(x,y)dy} dx:/cd{/abf(x,y)dx} dy.

That is, f(x,y) € L|c,d] for almost every = € [a,b] and f(z,y) €
Lla, b] for almost every y € [c, d]. Moreover, fcd f(x,y)dy € La, b] and
fab f(z,y)dx € L|c,d] and the iterated integrals are equal to the double
integral.

In practice, it is much easier to check the existence of iterated in-
tegrals instead of double integrals. The following version of Fubini’s
Theorem is the most useful.

THEOREM 3.4.3. Let f be a measurable function on R?. Suppose
one of the iterated integrals for |f| exists, say [ f(x,y)dx exists a.e.
ony and [{[|f(z,y)|dz} dy exists. Then the double integral and
iterated integrals on f exist and are equal.

Proof. From the first part of the proof of Theorem 3.4.2, we see
that the double integral of |f| is equal to its iterated integrals and so,
|f| is integrable. This means f is integrable. Then applying Theorem
3.4.2 to f completes the proof. |

If f € L(0,00), then the function e *f(t) is also in L(0,c0) for
z € [0,00) since |e7® f(t)] < |f(t)]. The function of x defined by
J, - e f(t) dt, denoted by L(f), is called the Laplace transform of
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DEFINITION 3.4.1. For f,g € L(R), if the integral [~ f(z—y)g(y) dy

exists, then is it called the convolution of f and g, denoted f * g.

THEOREM 3.4.4. If f,g € L(R), then (f * g)(x) exists a.e. for x

and
[ irowiaes ([T iria) ([ owiar).

Therefore, f x g € L(R).
Proof. Noticing that

| it =wlds= [~ s au

by the change of variable u = x —y, we obtain that the iterated integral

/_Z {/: e =y9W)l d”“"} dy = /_Z ‘f(“)|du/_z l9(y)| dy.

Thus, by Theorem 3.4.3, f(z —y)g(y) € L(R?). By Fubini’s Theorem,
f * g exists for all most every x and is integrable. |

We next state a famous result involving Laplace transforms and
convolutions.

THEOREM 3.4.5. Let f,g € L(0,00). Then the Laplace transform
of the convolution f * g is the product of the Laplace transforms of f
and g. That is,

L(f*g)=L(f)L(g).
Proof. We leave the proof as an exercise. |

Exercises
1. Let f(z,y) € L([0,1] x [0,1]). Then prove

/01 {/Ox flz,y) dy} dr = /01 {/ylf(x,y) da:} dy.

2. Let L
daxy—x“—
fz,y) = G > ©>0y>0)
0, (z,y) = (0,0).
Show that

/Om{/ooof(x,y)dx} dy_/ooo{/owf(x,y)dy} -

but that ff[o 00)x[0,00) f(z,y)drdy does not exist. Which hy-
potheses of the Fubini’s theorem have been violated?
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10.

. Evaluate £(2*), the Laplace transform of the power functions x
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Let

Show that

/01{/01f(x,y)dx} dy—/ol{/olf(x,y)dy} de — 0

but that [ f[o 50)x[0,00) f(z,y) dx dy does not exist.

. Prove Theorem 3.4.5.
I f E L[a b and g € L[c,d], then prove h(z,y) = f(x)g(y) €

L(la, [c,d]) and

//ab]xcd] xydxdy_/f dx/ y) dy.

k
for k=0,1,---

. Let By(x) = X[-1/2,1/2 () and B, (x) be defined using the recur-

sion formula

B,(z) = (By_1 % By)(x)
for n = 2,3,---. The functions B,(z) are called B-splines.
Find explicit expressions for By, Bz, and Bj.

. Verify the following properties of B-splines:

(a) B, is in spline space S~ 7:
(b) B, > 0 and B, > 0 for x € (—n/2,n/2);
( )Z Bn(x —j) =1 for all z € R;
f By (x)dx =1,
( ) Bl (x) = Bn—1($+ 3) = Buoa(z — 3).

. Suppose that g € L(R) and f is bounded and continuous. Then

prove f * g is also bounded and continuous.
If g € L(R) and f’ is bounded and continuous, then prove f % g
is differentiable and

Lirrg)a / 7'z = y)g(y) dy



CHAPTER 4

Special Topics of Lebesgue Integral and
Applications

This chapter contains first a brief discussion of the relationship be-
tween differentiation and integration on R. We explore the condi-
tions under which the fundamental theorem of calculus fab F(z)dx =
F(b) — F(a) is valid. This exploration leads to interesting and perhaps
unexpected measure-theoretic ideas. The main result in this direction
is the Lebesgue-Radon-Nikodym theorem, which we cannot include in
this book and refer the reader to other texts, [23] for example, for the
material. The remainder of the chapter presents some of the main the-
orems in probability which are closely related to measure theory and
Lebesgue integration.

1. Differentiation and Integration

In order to discuss derivatives of a Lebesgue integrable function we
need the following definitions.

DEFINITION 4.1.1. Let x € R and f a real-valued function and
d > 0. If f is defined on [x,x + 0), then define

fla+h) = f(z)

D* f(x) = limp o+

Dy f(z) = limy,_ o+ I

If f is defined on (x — 6, x|, then define
fl@+h) - f(z)
A :

L flz+h) - f(z)
D_f(z) = lim,_o- h :

These four extended real numbers are called Dini derivatives of f.
We say f is differentiable at x if DT f(x) = D™ f(z) = Dy f(x) =
D_f(x) and write f'(z) or < f(x).

dz

EXAMPLE 4.1.1. Let f(z) = xsin = for x # 0 and f(0) = 0. Then
DT f(0)=1,D,f(0)=—1,D"f(0) =1, and D_f(0) = —1.

81

D_f([E) = mh_}(]—
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A real-valued function f on R is said to be nondecreasing (strictly
increasing) if f(x;) < f(x2) (f(x1) < f(x2)) whenever z; < x5 and
nonincreasing (strictly decreasing) if f(z1) > f(x2) (f(z1) >
f(x2)) whenever x; < xo; in either case f is called amonotone function.
For a monotone function f and an interior point a of the domain F, the
jump of f at a, denoted by J(f,a), is the absolute difference between
the right limit value f(a+) = lim, ., f(z) and the left limit value

fla—) =lim, . f(x). That is J(f,a) = |f(a+) — f(a—)].

THEOREM 4.1.1. If f is continuous on |a,b] and D* f(z) > 0 for
all x € (a,b) then f is monotone non-decreasing on [a, b].

Proof. We leave the proof as an exercise. [ |

Our next goal is to show Lebesgue’s famous theorem that a monotone
function has a finite derivative almost everywhere. The main tool used
in the proof is the so-called Vitali’s Covering Theorem. Vitali’s the-
orem has many applications in classical analysis, particularly in the
theory of differentiation.

DEFINITION 4.1.2. Let V be a collection of intervals of R, each
having positive length. We say that V is a Vitali cover of E C R if
V covers E finely. This means E C UreyI and for every x € E and
€ >0, there exists I € V such that x € I and its length \(I) = m(I) <
€.

EXAMPLE 4.1.2. Let E = [a,b] and (r,) be the sequence of all
rational numbers in E. Then V = {[r, — =, r, + =] | m,n € N} is a

Vitali’s cover of E.

THEOREM 4.1.2. [Vitali’s Covering Theorem| Let E be a set with
m*(E) < oco. Let V be a Vitali cover for E. Then for every e > 0
there exists disjoint intervals (finitely many) I, Is,--- , I, in V such
that m*(E\ Up_, I) < €.

Proof. We can assume that V is a set of closed intervals, for other-
wise we replace each interval by its closure which does not change the
length of the intervals.

Because m*(E) < oo, we can have an open set GG such that G D F
with m(G) < oco. Since V is a Vitali cover of F, we may assume that
each I € V is contained in G for otherwise, W = {I € Z | I C V}
is a Vitali cover of E. We choose a sequence (I,,) of disjoint intervals
of V by induction as follows: Let I; be an arbitrary interval in V. If
E C I, then we are done. If not, suppose Iy, - - -, Iy were chosen such
that they are mutually disjoint. If F C U;‘?:llj, then again, we are
done. Otherwise, let 0, = sup{\(I[) | I € V,INI; =0,j =1,---,k},
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the supremum of the lengths of the intervals of V that do not meet any
of the intervals Iy, -+ | Iy. Then 6 < m(G) < oco. Therefore, we can
find I;+1 € V such that its length A\(Jy41) > % and [;,j =1,--- ,k+1
are mutually disjoint. In this way, we find a sequence (I,,) of disjoint
intervals of V such that Ul;, C G and thus, >, A(I;) < m(G) < oo.

Therefore, for e > 0 there is N € N such that > = A(I;) < § for
n > N. Next, let S = E\ UL, I;. Then it is sufficient to show that
m*(S) < e. Since Uévzlfj is closed and thus, for any x € S, the distance
between x and U;V:ll ; is positive. We can find an interval I of V which
contains x and whose length is so small that I does not meet any of the
intervals [;,j = 1,--- ,N. If INI; = () for j < n, from the definition of
Ok, we must have A\(I) < 6,, < 2A(I,+1). Since A({,,) — 0, the interval [
must meet at least one of the intervals I,,. Let n be the smallest integer
such that I meets I,,. We haven > N, and A({) < §,,—1 < 2A(/,,). Since
x € I and [ has a common point with [, it follows that the distance
from z to the midpoint ¢, of I, is at most A(I) + s\ (I,) < 2A([,).
Hence, x is in the interval J, = [c, — %,cn + %] having the
same midpoint as I,, and five times the length. Thus, S C U2 v /.
Therefore,

m*(8) < fj || = 5 i 1| < e.

THEOREM 4.1.3. [Lebesque] If f is increasing on [a,b] then f is
differentiable a.e. on |a,b]. Furthermore, f' is integrable on [a,b] and

/ fdz < F(b) — f(a).

Proof. Using the Vitali Covering Theorem, we can show that f’
exists a.e. To this end, let us first show that the sets where any two
derivatives are unequal have measure zero. In this case, we only show
the set E := {z € (a,b) | DT f(x) > D_f(x)} has measure 0; the sets
arising from other combinations of derivatives can be proved similarly.
For rational numbers r and s, we write

Eno={a| D" f(z) > r>s > D_f(x)}

and then, ' = U, scq B, s. Therefore, it suffices to prove that m*(E, 5) =
0.
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Choose an open set G D E, ¢ such that m(G) < m*(E, ) + €. For
any © € E, g, since D_f(x) < s, there is h > 0 such that

fla—h)~ &) _
—h
for sufficiently small h, and so, we assume [x — h,x] C G. All such

intervals form a Vitali cover of E, ;. By Theorem 4.1.2, for any € > 0,
there are disjoint intervals [z1 — hy, 2], -+, [ty — hn, xn] such that

m*(Eps \ Uﬁij[xj — hj,zj]) < e

Set U = UN_ (z; — hj, ;). Then m*(E, ,\U) < e. Also, U C G implies
that

> hy=m(U) <m(G) <m*(E,,) +e.

Summing the inequalities

Fla) = flo = hy) < shj,j=1,2,-- N,

we obtain
Sl (awy) = Sl = b)) < 83" by < sm(G) < st (Ey) +©)

Next, for each point y € E,.,NU, D f(y) > r implies that f(y + k) —
f(y) > rk for sufficiently small k, and so, we assume [y, y+k] C UNE, ;.
All such intervals form a Vitali cover of U N E, 5. Using Theorem 4.1.2
again, we can pick out disjoint intervals Jy, - - -, Jyy with J; = [y;, yi+ki]
such that

m*((E.s NU) \UZL, J;) <e.

Thus, m*(E,.) < m*(E,s NU) +m*(E,s \U) < e+ S M) + e
Hence,

M
> ki >m (B0 (UL (25 — hy,a) — €
i=1

and thus, summing over ¢ in

flyi + ki) — f(yi) > ks,

we obtain
M

SO+ k) = F)] > r(m* () — 26).

i=1
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Noticing that f is increasing, we have
N

> 1) = flay— hy)] = 4 f(zi + ki) — [(2)]

1

S

Jj=1 ?
and so
r(m*(E,s) — 2€) < s(m*(E,s) +€).

Since € is arbitrary, we see that rm*(E, ;) < sm*(E, ;). However, r > s,
so we must have m*(E, s) = 0.

Next, let A= {x € (a,b) | f'(x) = co}. Then we prove m*(A) = 0.
For any N € N and x € A, DY f(x) = oo implies that there is h > 0
small enough such that

f(z+h)— f(x) > Nh.

We can assume [z, + h| C [a,b] and thus, all such intervals form a
Vitali cover of A. Using Theorem 4.1.2 again, we can pick out disjoint
intervals Iy, - - , I, with I; = [z;, z; + k;] such that

(A\UL L) < —.
m*(A\ULIT) <
Using a similar argument as above, we have
Nm*(A) <1+ f(b) — f(a)
for any N € N and thus, m*(A) = 0. Therefore, f'(x) exists a.e. on
la, b].

Finally, consider

_ f+1/n) — f(z)

where f(z) = f(b) if x > b. We have f,(z) — f'(z) a.e. and f,(x) >0
since f is increasing. Then by Fatou’s Lemma (Theorem 3.3.4), we
obtain

b
/ f@)de < lm, . [ e
b

— lim, / nlf(x+1/n) — f(z)] da

a

= i, [ " ) do - / " @) dal

L a+1/n
O / f(2)dx < J(b) - f(a),

the last inequality holds because f is increasing. [ |
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COROLLARY 4.1.1. If f is the difference of two monotone func-
tions, then f is differentiable almost everywhere.

In the study of integrals, often the function [ f(t)dt for f > 0 is
an increasing function on [a,b]. For a general integrable function on

la, b], we have
:/:f(t)dtz/;ﬁ(t)dt—/jf_(t)dt

the difference of two increasing functions. Let us investigate for a mo-
ment which functions can be expressed the difference of two increasing
functions.

Let f be a real valued function on [a, b]. For any partition

N:a=xg<11<T0<---<ux, =D,

we define .
p(f. D) = Z[f(xk) — flae)]”
k=1
and .
n(f, ) =Y [f () = flar)]”
k=1
where, y* = max{y,0}, y~ = |y| —
Clearly,
p(f, D) Z f(zr-1)] = f(b) — f(a)
k=1
and
p(f, N 4+ n(f, ) = Z\ka Flar_1).
Define
P(f) = supp(f, 1),
A
N'(f) = supn(f, 1)
A
and

T.'(f) = Szp{p(f, A) +n(f,A)}.

DEFINITION 4.1.3. T,°(f) is called the total wvariation of f over
[a,b]. If T,°(f) < oo, then f is said to be of bounded wvariation over
la,b], denoted by f € BV|a,b].
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THEOREM 4.1.4. T,°(f) = P.2(f) + N,2(f) and P(f) — N.(f) =
f(b) — f(a). If f € BV]a,b], then f can be written as a difference of

two monotone increasing functions.

Proof. We have p(f, ) = n(f, ) fb)—f
N'(f) + f(b) = f(a). So, P.°(f) — NJ'(f) = f(b
p(f, ) +n(f, A) =2n(f,A) + f(b) — f(a), and
f(b> - f(a) - Pab(f> + Nab(f)

If f € BV]a,b], then f(z) = f(a) = P,*(f) — N.*(f). So, f(z) =
Po(f) — (NS (f) — f(a)). Noticing P,“(f) and N,*(f) are increasing,
the conclusion follows. [ |

(a). Thus, P,"(f) =
) — f(a). Therefore
Tab( ) - 2N ( ) +

COROLLARY 4.1.2. If f € BV|a,b], then f’ exists a.e. on |a,b].

We leave the proof of the following properties of bounded variation
functions to the reader.

THEOREM 4.1.5. For bounded variation functions, the following
properties hold.

(1) If f € BV]a,b], then f is bounded.
(2) If f,g € BV]a,b], then af + g € BV|[a,b] for o, € R and

T, (af + Bg) < || T2(f) + BT (9).

(3) If f,g € BV[a b] then f*g € BV]a,b|. The convolution is given

by f*g(x ffﬁ— 9(y) dy.
4) If f e BV[a b] and T,°(f) = 0, then f is a constant.
(5) If f € BV]a,b] and c € |a,b], then

T(f) = T.(f) + T (f)-

(6) If f € Lip M, then f € BV]a,b].
(7) If f is monotone increasing, then T,"(f) = f(b) — f(a).
(8) If f is integrable on [a,b], then F(z)= [ f(t)dt € BV]a,b].

ExamPLE 4.1.3. If f € BV|a,b|, then f(x) = P,* — (N,* — f(a))
and f(z) = 5(T," + f(x)) — 5(T." — f(x)) are two other decompositions
of the difference of two increasing functions.

Recall that differentiation and integration are inverse operations to
each other on the space of smooth functions. That is, if f is continuous

on R, we have
d x
— t)dt =
dx/a f(t)
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Conversely, if the derivative function f’ is continuous, then the inte-
gration of the derivative coincides with the original function:

‘/VWﬁﬁzﬂ@—fw)

Those are fundamental theorems of the calculus for continuous func-
tions. We will investigate next the fundamental theorems for the cal-
culus for Lebesgue integrable functions. First, we consider if

= [ rwa = s

holds for an integrable function f on [a,b]. Of course, we may expect
to have the following:

%/m f(t)dt = f(z) a.e. on [a,b].

LEMMA 4.1.1. If f is integrable on |a,b] and fo t)dt =0 for any
x € [a,b], then f =0 a.e. on [a,b].

Proof. If f > 0 on aset £ with m(FE) > 0, then there exists a closed
set [' C F such that m(F) > 0. It is easy to see that [, f(x)dz >
0 (see Exercise 3 in Section 3.2). Let O = [a,b] \ E. Then elther

fabf(x) dx # 0, or else

O:/abf(x)dx:/Ffd:rJr/of(x)dx
/Of(x)dx——/Ff(x)dx%O.

From the structure of open sets, we know that O is a union of countable
many disjoint open intervals: O = U, (ay,, b,) and thus

| 1@ dx—Z/b"f

Hence, for some n we have fa: [ #0. Then, either [™ f(z)dz # 0 or

fab" f(x)dz # 0. In any case we see there is an z such that [ f(t) dt #
0if f > 0 on a set of positive measure. Similarly for f < 0 on a set of
positive measure. Therefore, f =0 a.e. on [a, b]. [ |

Let F(z) = [’ f(t)dt for an integrable function f. If f > 0,
then F'(x ) is absolutely continuous (by Theorem 3.2.3), increasing and,
therefore, I’ exists a.e. (by Theorem 4.1.3).

and
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Suppose f is bounded, that is, 0 < f < K for a constant K. Define

on(z) = F(x+ 11/771 — F(x)

Then g,(x) > 0 and g,(z) = nfxxﬂ/n f(t)dt < K and g,(x) — F'(x)
as n — 0o.
Applying the Bounded Convergence Theorem (Theorem 3.1.5), we

have
C

lim [ g,(v) dx—/ F'(z) dx

n—~o0
a

for any ¢ € |a, b].
On the other hand,

[t = [FEEREIEEE

a+l/n c+1/n
= —n/ F(x)dx+n/ F(x)dx

= _F(gn) +F(77n),

where &, € (a,a+ 1/n),n, € (¢,c+ 1/n) by the mean value theorem
for continuous functions. Therefore, as n — oo we have

[

lim [ g,(x)dx=F(c)— F(a) = /Cf(x) dz.

n—oo

So [F'(z)dx = [ f(z)dx for any ¢ € [a,b]. That is, [(F'(z) —
f(z))dz = 0. By the Lemma 4.1.1, we have F'(z) = f(x) a.e.

If f is assumed only to be nonnegative, then let f,(x) = [f(x)],
where n € N. (f,(z)) is an increasing sequence convergent to f and
thus, (F,,) also increasingly converges to F', where

Fu(z) = / ) dt

and F(z) = [7 f(t)dt by the Monotone Convergence Theorem (The-
orem 3.3.3). Let G, (x) = F(z) — F,(x). Then G,(z) is a monotone
increasing function of x and G/,(x) > 0 a.e. We have

F(z) = G,(z) + F,(z), and F'(z) = G, (z) + F.(x).

Clearly, F'(xz) > F)(x) a.e. on [a, b].
Since f,(x) is increasing on z, again from Theorem 4.1.3 we have
fn(z) = F!(x) a.e. and thus,

f(x) = lim f,() = lim F(x) < F'@)

n—oo
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a.e. on [a,b]. Therefore, for any ¢ € [a, b]

Fle) — Fla) = / ) dr < / ") da.

However, F' is increasing. From the last part of Theorem 4.1.3,
we know that [ F'(z)dx < F(c) — F(a). Therefore, [ F'(z)dx =
F(c)— F(a) = [} f(z)dz and so, F' = f a.e. on [a,b).

For a general function f, we notice that f = f*— f~. The reasoning
is still valid because Lemma 4.1.1 is true for any integrable function on
la, b]. Therefore, we have proved the following.

THEOREM 4.1.6. If f is integrable on [a,b] and F(x) = F(a) +
[ f(t)dt, then F' = f a.e. on [a,b].

So far, we have proved the first part of the fundamental theorem
of calculus: for a function f € L[a,b], its indefinite (Lebesgue)
integral F(z):= [ f(t)dt is differentiable a.e. on [a,b] and at these
points F'(z ) f (x). Next we would like to look at the converse ques-
tion: what function F' : [a,b] — R is the indefinite integral of its
derivative? To answer this question, we introduce a new class of func-
tions which are “stronger” continuous than continuous functions, called
absolutely continuous functions.

DEFINITION 4.1.4. f is said to be absolutely continuous on
[a,b], if for all € > 0, there exists § > 0, such that if {(z;,y:)}F_, is a
disjoint collection of intervals with 3% (yi — ;) < 6, then

Z\fyz fla)] <e

The class of absolutely continuous functions on [a,b] is denoted by
ACa,b].

It is easy to see directly from the definition that if f € AC|a, b,
then f € Cla,b].

THEOREM 4.1.7. If f € AC]a,b], then f € BV]a,b].

Proof. If f € AC|a,b], take e = 1. There exists § > 0, such that
S 1F(b) = f(a;)] < 1 as long as S2F | |b; — a;| < § for the disjoint
intervals (a;, b;), 1 =1,--- k.

Now, consider any partition A of [a,b]: a =x¢g <21 <+ < Xy, = b
with its meshsize |A| = max;{|z;4+1 — z;|} < J. It is clear from the
absolute continuity that 77" (f) < 1 and thus,

= ZT;;JH(f) <m < 0.
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That is, f € BV]a, b]. |
LEmMA 4.1.2. If f € ACa,b] and f' =0 a.e. then f is constant.

Proof. We leave the proof as an exercise. [ |

THEOREM 4.1.8. F' € AC|[a,b] if and only if F is an indefinite
integral of a Lebesgue integrable function f, i.e.

Fe) = (0) - | i) d.

Proof. If F is an indefinite integral, then F'is absolutely continuous
by Theorem 3.2.3. Suppose on the other hand that F' is absolutely
continuous on [a, b|. Then F'is in BV [a, b] and thus, it can be expressed
as the difference of two increasing functions:

F(x) = Fi(x) — Fy(x)
and
|F'(2)| < Fi(z) + F(x).
Thus,

b
/ F'(2)] dz < Fy(b) + Fa(b) — Fi(a) — Fy(a).

Therefore, F' is integrable on [a,b]. Let G(z) = [ F'(t)dt. Then
G € ACla,b]. Applying Theorem 4.1.3 to the function f' = F' — G,
we find that f’ = 0 a.e. and thus f is a constant by Lemma 4.1.1.
Therefore,

Flz) = / F'(t)dt + F(a).
n

COROLLARY 4.1.3. FEwery absolutely continuous function F' is the
indefinite integral of its derivative. In fact F(x) = F(a) + fabF’(t) dt.

Exercises

1. Show that

(a) D[ f(2)] = —D. f(x);
(b) DHf(—2)] = —D_f(~x).

2. Suppose f is defined on an open interval containing a and f
attains its minimum at a point a. Show that D, f(a) > 0 >
D~ f(x).

3. If f is monotone on [a, b], then prove the set {x € [a,b] | J(f, x) >
0} is countable.
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10.

11.

12.
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. Prove that if f is continuous on [a,b] and D¥ f(z) > 0 for all

x € (a,b) then f is monotone non-decreasing on [a,b]. [Hint:
consider g with Dtg > € > 0 first and then apply it to g(x) =
f(z) + ex.]

. Let f be differentiable on (a,b) such that f’ is bounded, then

prove f € BV|a,b|.

. Show that the function

_ JwsinZ, x#0

is uniformly continuous on [0, 1] but is not in BV[0, 1].

. Let f be of bounded variation on [a, b]. Show that

/ (@) de < TH(H).

. Prove that if f is an absolutely continuous function on |a, b}, then

TN(f) = [7 1) da.

. Prove that a function f satisfying a Lipschitz condition is of

bounded variation and absolutely continuous.

Let f be an integrable functions on E with [, f(z)dz =r > 0.
Then prove there is a subset e C E such that [ f(z)dz =
[Hint: Consider the function [ e f () dt]

A function f on [a, b] is said to be convex if for any z,y € [a, ]
and r € [0, 1], we have

flra+ 1 =r)y) <rflx)+ 1 -7)f(y).
Show that for convex function f
(a) for any points z, 2, y, 1y satisfying z < 2/ <y < ¢/, we

have
F) ~ £@) _ )~ )
Yy —T — y/ — :

(b) f' exists a.e. on [a, b].

(c) if f has a second derivative then f is convex, if and only
if f"(x) >0 for all x.
[Jensen’s Inequality] Let f be a convex function on (—oo, c0) and
¢ an integrable function on [0,1], then prove

| rawar= s (| () ).

Let g be an integrable function on [0,1], then prove

1
/ IO gt > ol olt)dt
0

r
3
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13. If f € Lip «, then prove f € AC]a,b].
14. If f € AC[a,b], then prove f € BV|[a,b] and T,°(f) = fab\f’\ dx.
15. Prove Lemma 4.1.2.

2. Mathematical Models for Probability

In this section, we briefly describe probability models which use
measure theory and Lebesgue integration. A measure theoretic foun-
dation for probability theory was set up by a Russian mathematician,
Andrei Kolmogorov (1903-1987). It has been widely accepted that
probabilities should be studied as special sorts of measures.

Imagine that some experiment involving random chance takes place,
and use the symbol €2, called the sample space to denote the set of all
possible outcomes. An event is a collection of outcomes. We say that
an event occurs when any of the outcomes that belong to it occur. The
probability of an event A gives a scale that measures opinions on the
likehoods of events happening. If £ denotes the collection of events,
then (i) 2 € &, (ii) whenever A € &, then A° € £, and (iii) if (Ay) are
events in &£, then U, A, € £.

There are three fundamental laws of probability. Probabilities are
real numbers and whatever the event A, its probability P(A) satisfies
(1) 0 < P(A) <1, (2) P(R2) =1, and (3) for pairwise disjoint events
Ak =1,---, P(UA;) = >, P(Ay). This property reminds us of the
countable additivity of a measure. In general, in probability theory, for
the collection £ of u-measurable sets on the sample space €, the triple
(Q, &, ) is usually called a measurable space. If () < oo, then p is
called a finite measure and (2, &, p) is called a finite measurable
space. If pu(2) = 1, then p is called a probability measure and
(Q,&, ) is called a probability space. As mentioned above, the
class £ of events usually is a o-algebra.

EXAMPLE 4.2.1. Let X = {wy | k € N} be a countable set and take
E to be the collection of all subsets of X. Let Y oo px be a series of
nonnegative terms, and assume that the series converges to 1. Define
a set function p on & by p(0) = 0 and p(E) = Y., cppr, where
the term py, is included in the sum if the correspondiné; Wy, 15 in L.
The function p is a probability measure. The probability space (X, &, )
serves to describe any probability experiment of a discrete nature.

Many experiments with finitely many outcomes have such a degree
of symmetry that it is reasonable to assume that all these outcomes
are equally likely.
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EXAMPLE 4.2.2. Some typical examples of discrete probability mod-
els are:

(1) The binomial distribution:
w=0,1,---,n, Plw=k)= (

(2) The Poisson distribution:

)\kz
w=0,1,---, Plw=k) :ﬁe_)‘, A> 0.

Because a probability space is a finite measure space, we can imme-
diately infer for a probability space any properties of a finite measure
space. For future reference, we list some important properties of prob-
ability in the following.

THEOREM 4.2.1. Suppose that (2, &, P) is a probability space. If
A, B € &, then the following holds.
(i) If A C B, then P(A) < P(B) and P(B\ A) = P(B) — P(A).
(ii) P(A°)=1— P(A).
(ii) P(AUB)=P(A)+ P(B) — P(ANB).
(iv) If Ey, € &, then P(UE;) <>, P(Ey).

A real-valued measurable function defined on €2 is called a random
variable and is usually denoted by symbols such as X,Y --- rather
than the symbols f,g,---. Subsets of Q such as {w | X(w) < x} are
written as {X < z} and the probability P({X < z}) is written simply
as P(X < uz).

A distribution function corresponding to a random variable X
is the function defined by

Fx(z) = P(X <)

It is easy to see that the distribution function is nondecreasing and
continuous from the right, moreover, it is bounded since Fx(—o00) =0
and Fx(o0) = 1.

A random variable X is said to be (absolutely) continuous if
and only if its distribution function Fy is (absolutely) continuous on
R. From Theorem 4.1.3 we see that Fx is differentiable a.e. on R.
Applying Theorem 4.1.8, we can show the following.

THEOREM 4.2.2. If X is an absolutely continuous random variable
and if B is a Borel set of R, then

(2.1) P(x € B) = / F () du.

B
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Proof. Let & be the collection of sets for which (2.1) is valid. Then
it is easy to verify that £ is a g-algebra. From the definition of Fx, we
see that all intervals of the form (—oo, 2] are members of £ and thus,
by considering complements and unions it follows that all intervals are
in £. So £ is a g-algebra, and it contains the Borel sets. This, together
with Theorem 4.1.8, yields the conclusion. [

The derivative function f(x) := F%(z) is called the density function
of random variable X. Since Fx is increasing and Fy(oco) = 1, we ob-
tain the basic properties of a density function f: (i) f > 0 and (ii)

ffooo f(z)dr = 1.
EXAMPLE 4.2.3. Some typical examples of density functions are:
(1) The uniform density on |a,b]:

flx) = {ﬁ, x € |a, b,

0, elsewhere.

(2) The exponential density:

-z
flz) = {)\e , x>0,

0, elsewhere.

(3) The normal density function:

1 _ 2
f(x) = \/%exp {—%], c>0, peR.

Events A and B are said to be independent if P(ANB) = P(A)P(B).
For more than two events, we should be very careful to distinguish be-
tween two types of independence, pairwise independence and mutual
independence. Events A,k =1,---, A, are said to be pairwise inde-
pendent if for ¢ # j, A; and A; are independent. However, the concept
of mutual independence means that for any subset of {1,2,--- ,n}, say
{i1,++ ,ix}, we have

P(A;, NN A) = P(Ay) -+ P(Ay).

Clearly, mutual independence implies pairwise independence, but the
converse is not true.

Using properties of a measure, we can prove the following results
on limits of events.

THEOREM 4.2.3. [Borel-Canteli Lemma] Suppose that (2, &, P) is
a probability space and that E,, € £ forn =1, 2,

(a) If 3, P(E,) < oo, then P(lim, .o E,) =
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(2) If By, -+, Ey, -+ are mutually independent and "> | P(E,) =
oo, then P(lim,_.FE,) = 1.

Proof. We leave the proof as an exercise. [ |

DEFINITION 4.2.1. Let (2,&, P) be a probability space and E € &
with P(E) > 0. Then for F € &, the conditional probability of
F given E is defined to be
P(FNE)

P(FIE) = =57

COROLLARY 4.2.1. Ifevents E and F' are independent and P(E) >
0, then P(F|E) = P(F).

Let Xi,k = 1,---,n be n random variables defined on the same
probability space (€2, £, P). Then the joint probability distribution
of X :=(Xy,---,X,) is

F(X>:F(xlax27”' 7'rn):P(X|X1 lea"' 7Xn§xn)7
where x = (21, ,z,) € R™

THEOREM 4.2.4. The random variables Xy, k =1,--- ,n are inde-
pendent if and only if

F(.Tl,ll?g, e 7:1771) = F(xl)F(x2) te F(xn)7 fOT all T1, ", Tn.
We may also characterize independence in terms of densities.

THEOREM 4.2.5. If X = (Xy,---,X,,) has a density f and each
X, has a density f;, then Xq,---, X, are independent if and only if

Sy, an) = f(x1) - flan)

for all (xq1,---,x,) € R™ except possibly for a Borel set of measure
zero.

In the study of probability distributions, we would like to examine
the center point and the overall spread of information of the distribu-
tion. These usually can be obtained by computing the so-called mean
value and standard deviation.

Consider a random variable taking only finitely many values: xq,--- ,x,
with probabilities py, - - -, p,, respectively. The “average” value

1 n
= — xr
% n 321 PrTk
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is called the expected value or mean value of X. The variance of
X is
n

o = (w1 — p)’p1+ (w2 — p)’p2+ -+ - + (xp — p)°pr = Z(% — 1)°pi-
=1

The standard deviation o is the square root of the variance.
Suppose that X is a continuous random variable with probability
density f(z). The expected value of X is

uw=E(X)= /mf(m) dx
and the variance of X is
Var(X) = [ (o~ ?f(e) do.

where the integrals are taken over all possible values of X. Again, the
standard deviation o is the square root of the variance.

The following properties of expected value and variance (standard
deviation) are easy to verify.

THEOREM 4.2.6. Assume that X andY are random variables and
c € R, Then

(1) E(X +Y) = E(X) + E(Y),
(2) E(cX) = cE(X),

(3) E(c) = c.

(4) Var(X) = E(X?) — [E(X)]*.

ExampLE 4.2.4. (i) If X is a binomial distribution, then E(X) =
np and Var(X) =np(l — p).
(ii) If X is a normal distribution, then E(X) = p and Var(X) = o

DEFINITION 4.2.2. Let X be a random wvariable on a probability
space (Q,E,P). If k > 0, then the number E(X¥) is called the kth
moment of X.

Note that E(X*) is finite if and only if E(|X|*) is finite. The
following shows that the finiteness of the kth moments implies finiteness
of the r moments if r < k.

LEMMA 4.2.1. If k > 0 and E(X%) is finite, then E(X7) is finite
for0 < j <k.
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Proof.
Mwm:=/mwmm

B /{|x|j<1} +/{Ij>1}(|x‘jf($)) dx

< P(X} <1) +/ |z|* f(x)dx < 0.
Q
[ |
The following result is related to measure theory.

THEOREM 4.2.7. If X is a random variable with E(|X|P) < oo,
then for any € > 0, we have Markov’s Inequality

E(|XP
P(|X]|>e¢) < M
P
In particular, if X has a finite mean value and variance o, we have
Chebyshev’s Inequality
o2
P(IX - B(X)| > < Z.
€
Proof.
P(X[=€) = flz)dx
|x|>€
P 1 [~ E(|XP
< / ﬂdmﬁ—/ ‘l’|pf(]})dx: (| ‘)
|z|>e ep ep oo e€p

Choosing p = 2 and replacing X by X — E(X), we obtain the
Chebyshev Inequality. [ |

The following result is a direct consequence of Fubini’s Theorem
(Theorem 3.4.2).

THEOREM 4.2.8. Let Xy,---, X, be independent random variables
on (0, &, P). If all X; are nonnegative or if E(X;) is finite for each i,
then E(X;---X,) exists and equal to E(X;)--- E(X,).

Exercises

1. Set up a probability space for tossing a fair coin three times.
What is the chance all three tosses give the same result?

2. Prove Theorem 4.2.1.

3. Let f be a nonnegative integrable function and assume that
J= f(z)dz = 1. Prove that there exists a random variable
having f as its density function.
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4. For the normal distribution density

1 (v —p)?

\/%exp [— 57
verify that [*°_ f(z) = 1. [Hint: Use [[ f(z)dz]* = [ f(z)dz [ f(y)dy

and a polar coordinates substitution.]

5. Let X be an exponential random variable with parameter .
Find the probability distribution function F'(x).

6. Show that if A and B are independent events, then so are the
events A° and B°.

7. Let S and T be independent with P(S) = P(T) and P(SUT) =
5. What is P(S)?

8. Assume that the proportion of commercial vehicles among users
of the Humber Bridge varies randomly from day to day, with
density f(z) = cz(1 —z)? for 0 < z < 1, where ¢ is a constant.
Show that ¢ = 12, then find the distribution function. On what
fraction of days is the proportion of commercial vehicles between
20% and 50%.

9. Prove the Borel-Canteli Lemma. [Hint: In the second part, Con-
sider the complements and use the fact that for x > 0,e™* >
1 —uz]

10. Show that E(X) = A and Var(X) = A\? if X is a Poisson distri-
bution.

11. Evaluate E(X) and Var(X) for the exponential distribution.

12. If X4, -+, X,, are random variables with finite expected values
and E(X;X) is finite for all 7, j with ¢ # j, then prove

f(x) = ],a>0,ueR,

Var(X; + -+ X,) = Y Var(X;)+2 Y Cov(X;, X;),

i—1 1<i<jsn
where Cov(X,Y) = E[(X — E(X))(Y — E(Y))] = E(XY) —
E(X)E(Y) is the covariance of X and Y.

13. If Xy,---, X, are pairwise independent random variables with
finite variances, then prove that fora; e R, i=1,--- ,n,

Var(a; Xy + -+ a, X)) = Z a?Var(X;).
i=1

3. Convergence and Limit Theorems

In this section, we will discuss convergence of random variables and
distributions.
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DEFINITION 4.3.1. Let (X,(w)) be a sequence of random variables
on the probability space (2, E, P).
(i) If X,, — X a.e. on Q, that is,
P (w; lim X,(w) = X(w)) =1
a.e. on (), then X, is said to be convergent to X almost surely.

(i) If X,—X in probability measure P (X, i X), that is,
lim P(w; | Xp(w) — X(w)| >€) =0

for every e > 0, then (X,,) is said to be convergent to X 1in
probability.

The following are corollaries of the corresponding theorems in Chap-
ter 3.

THEOREM 4.3.1. (1) Random wvariable sequence X, — X al-
most surely if and only if for e > 0,

lim P (U2, (| Xy — X| >€)) = 0.
(2) If X,, — X almost surely, then X,, — X.

From the fact that convergence in measure cannot imply conver-
gence a.e., we know that convergence in probability does not imply
convergence almost surely.

DEFINITION 4.3.2. Let (X,(w)) be a sequence of random variables
on the probability space (2, E, P). F,(x) are the corresponding distrib-
ution functions of X,,, n € N.

(i) If there is a nondecreasing function F(x) such that
lim F,(z) = F(z)

holds for every point of continuity of F, then (F,) is said to
weakly converge to F, denoted by F,, — F (w).

If F' becomes a probability distribution function of a ran-
dom wvariable X on (&, P), then we say that (X,) weakly
converges to X, denoted by X, — X (w).

(ii) Let the random variables X, and X satisfy E(|X,|") < oo and
E(|X]|") < oo forr >0. If

lim E(|X, — X|") =0,

then (X,,) is said to be convergent to X of order r (or in the
rth mean), denoted by X, — X (orderr).
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EXAMPLE 4.3.1. (1) The limit of distribution function F, may
not be a probability distribution at all. Define

0, z<n,
F”(x):{1 X>n

and F(x) = 0. Then we have F,, — F (w), but F is not a
distribution function.

(2) A random wvariable sequence may converge weakly, but may not
converge in probability. For example, let X and X, be indepen-
dent discrete random variables with identical probability distrib-

ution: p(0) = p(1) = 5. Then, of course X,, — X (w) since they

have identical distributions. But for e > 0,
P(|X,—X|>¢ = PX,=1,X=0)+P(X,=0,X=1)
PX,=1)P(X=0)+P(X,=0)P(X=1)
1 1 1 1 1

227227 %
Therefore, X, / X in probability.

THEOREM 4.3.2. If the random variables X,, — X in probability,
then X,, — X weakly.

Proof. For xz,y € R, we have
F(y) < F,(x)+ P(X, >z, X <vy)
since
X<y = X, <z, X<yuU(X,>z,X<y)
C (Xp<2)U((X,>z X <y).
From X,, — X in probability, we see that for y < =z,
P(Xp >z, X <y) < P(|X, - X|Z2-y) =0
as n — o0o. Therefore,
F(y) < lim, .. Fa(z).
Similarly, we have for z < z,
lim, oo F,(7) < F(2).
Hence for y < z < z,
F(y) < lim,  F(2) < lmy—oF(z) < F(2).
Therefore, for any point of continuity = of F', we have
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[
We leave the proof of the following result to the reader.

THEOREM 4.3.3. If distribution functions F, — F (w) and F is
a continuous probability distribution function, then lim, F,(x) = F(z)
uniformly on R.

For the relationship between convergence of order r and convergence
in probability, we have the following.

THEOREM 4.3.4. If X,, — X (order r), then X, Zx.

Proof. The conclusion follows from the Markov Inequality

E(|X, —X]|"
P(lx, - X| > g < PH AT
ET
|
The converse of Theorem 4.3.4 is not true (exercise).

In summary, we have the following implications of convergences:

COROLLARY 4.3.1. On (2, &, P), Convergence almost surely (or
convergence of order r) implies convergence in probability, and conver-
gence in probability implies convergence weakly.

Next, let (X,,) be random variables on the same probability space
(Q, &, P) which are independent with identical distribution (iid), write

Sp =0 Xp, X =52 and 5% = Y, X=X We would like to

- (n—1)
investigate the probability of X when n is large.

LEMMA 4.3.1. Suppose (Xy,) is a sequence of iid random variables,
with E(X;) = pu and Var(X;) = o2, both finite. Then E(X) = p and
2

Var(X) = %, and E(S?) = o”.

Proof. We leave the proof as an exercise. |

THEOREM 4.3.5. [Weak Law of Large Numbers| Suppose (X,,) are

#id with mean p and finite variance o®. Then X EiR [b.

Proof. Using Chebyshev’s Inequality and the above lemma, we have

2
= g
PUX —ul > ) <

ne
The conclusion follows by letting n — oc. |

Using Markov’s Inequality and the Borel-Canteli Lemma, we can
prove the Strong Law of Large Numbers:
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THEOREM 4.3.6. [Strong Law of Large Numbers] Suppose (X,,) are

iid with mean p and finite forth moment E(|X;]*). Then X £ i almost
surely.

Proof. Notice that

E ((Sn - n,u)4) =E <Z(Xz - M)4> + L (Z(Xz - M)Q(Xj - M)2> )

i=1 i<j
as all other terms in the expansion are zero, based on their the inde-
pendence. Thus,

E((S, —np)") =nE((X, — p)*) + 3n(n — 1)o* < Cn?

for some constant C'.
From Markov’s Inequality, we have

P(

o K
where C) = C/e*. Since ), =5 converges, the first part of the Borel-
Cantelli Lemma shows that, with probability one, only finitely many
of the events |S,,/n — p| > € occur for any € > 0. Therefore, S,,/n — u
almost surely. [ |

> 6) = P((S, —nu)* >nte') < — = =

Exercises

1. Prove that if X,, - X and Y,, — Y, then X,, +Y, - X +7Y,
provided the mode of convergence is either in probability, almost
surely, or of order r throughout.

2. Prove that if f € C(0,00) and f is bounded and strictly increas-
ing with f(0) = 0, then X,, = 0if and only if lim, .o E(f|X,|) =
0.

3. Prove that if X, is a Poisson distribution with parameter n, then
X"—\/%" converges weakly to the normal distribution X.

4. Show by an example that the converse of Theorem 4.3.4 is not
true.

5. Prove Lemma 4.3.1.
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CHAPTER 5

Vector Spaces, Hilbert Spaces, and the L? Space

1. Groups, Fields, and Vector Spaces

The theory of vector spaces has a tremendous number of applica-
tions, as is seen in a standard sophomore level linear algebra class. In
this section, we review the definitions and properties of finite dimen-
sional vector spaces. We do so by taking an algebraic approach.

DEFINITION 5.1.1. A group is a set of elements G along with a
mapping (called a binary operation) x : G X G +— G such that

(1) There exists an element e € G such that for all g € G, ex g =
gxe=g. This element e s called the identity element of group G.

(2) For any element g € G there exists a unique element h € G
such that g x h = hxg = e. Element h is the inverse of g and is
denoted h = g—1.

(3) For all g,h,j € G, gx (hxj) = (g*h)*j. That is, x is
associative.

We denote the group as (G,*). If, in addition, for all g,h € G,
g*h = hxg then G is an Abelian (or commutative) group. A
subgroup of group (G,*) is a subset S of G such that S is closed
under .

ExXAMPLE 5.1.1. Examples of additive groups include:

(a) The integers under addition modulo n: (Z,,+).

(b) The integers under addition: (Z,+).

(¢) The rational numbers under addition: (Q,+).

(d) The real numbers under addition: (R, +).

(e) The complex numbers under addition: (C,+).
Notice that each of these groups is Abelian. Notice that (Z,
subgroup of (Q,+), (Q,+) is a subgroup of (R,+), and (R,
subgroup of (C,+).

+) is a
+) is a

DEFINITION 5.1.2. A field is a set of elements F along with two
mappings, called addttion, denoted 4+, and multiplication, denoted
-, where + : FXF +— F and - : FxF — F, such that (F,+) is an Abelian
group with identity element 0 and (F\ {0}, -) is an Abelian group. The
identity element of (F\ {0},-) is denoted by 1 and called unity. We

105
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denote the field as (F,+,-). A subfield of (F,+,-) is a subset S of F
such that (S,+,-) is a field.

EXAMPLE 5.1.2. Ezamples of fields are:

(a) The integers modulo p, where p is prime, under addition and
multiplication: (Z,,+,-).

(b) The rational numbers under addition and multiplication: (Q,+, -).

(¢) The real numbers under addition and multiplication: (R, +, ).

(d) The complex numbers under addition and multiplication: (C,+,-).
(Zp, +,-) is an example of a finite field and the remaining ezamples
are infinite fields. Notice that (Q,+,-) is a subfield of (R,+,-), and
(R, +,-) is a subfield of (C,+,-).

We are now in the position to define a vector space. Since we
have established a bit of algebraic background, we can give a definition
slightly more concise than that encountered in a sophomore level linear
algebra class.

DEFINITION 5.1.3. A vector space over field F (the elements of
which are called scalars) is a set V of elements called vectors such
that

(a) A mapping called addition, denoted +, is defined such that

+:V x V=V and (V,+) is an Abelian group. The identity element
of this group is denoted 0.
We also define a mapping FxV +— V called scalar multiplication.
For f € F and v € V we denote the scalar product of f and v as fv.
Scalar multiplication satisfies the following properties: for all a,b € F
and for allu,v € V:

(b) a(u+ v) = au + av (distribution of scalar multiplication over
vector addition),

(¢) (a+b)v = av + bv (distribution of scalar multiplication over
scalar addition),

(d) a(bv) = (a - b)v (associativity of scalar multiplication),

(e) Iv=v, and

(f) Ov=0.

We denote this vector space as (V,TF).

EXAMPLE 5.1.3. Ezamples of vector spaces include:

(a) Q" = (V,Q) where V. = {(q1,q2,--- ,qn) | ¢ € Q for 1 < i <
n}, and scalar multiplication and vector addition are defined component
wise.

(b) R = (V,R) where V= {(r1,72,... ,1m) | s € R for 1 <i < n},
and scalar multiplication and vector addition are defined component
wise.
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(c) C" = (V,C) where V- ={(c1,¢ca,... ,cn) | ¢; € C for 1 <i <n},
and scalar multiplication and vector addition are defined component
wise.

(d) F" = (V,F) where V = {(f1, fo,. .., fu) | fi € F for 1 <i <n},
and scalar multiplication and vector addition are defined component
wise.

(e) *(R) = (V,R) where

V= {(7“1,7’2,7“3,...) |7 € R fori>1 and er < oo},
i=1
and scalar multiplication and vector addition are defined component
wise.

(f) I3(C) = (V,C) where

V= {(01,02,03,...) | c; € C fori>1 and Z\ci\z < oo},
i=1
and scalar multiplication and vector addition are defined component
wise.

The reader is probably familiar with the vector spaces of Example
5.1.3 (b) and (c). However, the vector spaces of (e) and (f) may be new
to you. It may not even be clear that the sets V' in these examples are
closed under vector addition. We will explore these examples in much
more detail in the following sections, and find that they play a role as
fundamental as the other examples.

We would like to classify vector spaces and see what they “look
like.” In that direction, we introduce several definitions.

DEFINITION 5.1.4. Suppose (V) is a vector space. A linear
combination of vectors vi,va, ... ,v, € V is a sum of the form fivi+
fovo+ -+ fuv, where f1, fo, ..., fn € F are scalars. A set of vectors
{v1,va,...,V,} is linearly independent if fivi+ fovo+- -+ f, v, =
0 only when fi = fo = --- = f, = 0. The span of a set of vectors
{v1,va, ..., v} CV isthe set of all linear combinations of the vectors:
SpCLTL{Vl, Vo, ... ,Vn} = {f1V1 + f2V2 + -+ ann ‘ fl, fg, e ,fn c F}
A basis for a vector space is a linearly independent spanning set of
the vector space. A wvector space is finite dimensional if it has a
basis of finite cardinality.

We follow the method of Lang [17] in our classification of finite dimen-
sional vector spaces. First, we need a preliminary result concerning
systems of equations. We will use this result to show that all bases of
a given finite dimensional vector space are of the same cardinality.
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LEMMA 5.1.1. Consider the homogeneous system of equations

a1 + 199 + -+ a1y — 0
a91T1 + A9229 + -+ Aonly = 0
11+ ATz + 0+ g, = 0

with coefficients a;; (1 <i < m, 1 < j <n) and unknowns z; (1 <
k <n) from field F. If n > m then the system has a nontrivial solution
(that is, a solution x1,xs, ... ,x, where x; # 0 for some 1 < k < n).

Proof. We prove the result by induction on the number of equations
m. First, suppose we have m = 1 equation in n > 1 unknowns: ayyx; +
a12%2 + -+ a1z, = 0. If a1; = 0 for 1 < j < n, then we have the
nontrivial solution zy = x9 = - -- = x,, = 1. If some coeflicient a;;« # 0,
then we have the nontrivial solution

o 1 if k£
F _(alj*)_l(all+a12+"'+a1n_a1j*) it k=y"

This proves the result for m =1 and n > m.

Next suppose the result holds for a system of m — 1 equations in
n —1 > m — 1 unknowns. If all coefficients a;; = 0, then 1 = 25 =
-+ = x, = 1 is a nontrivial solution. If some a;-;« # 0, then consider
the system of equations

(a1 — (ai*j*)_lalj*ai*l)ffl a2 — (ai*j*)_lalj*ai*z)ffz + -
arje = (@ieje) " Ay Qe e )Ty 4 - -
A1p — (ai*j*)_lalj*&i*n)xn =0
(CL21 — (ai*j*>_1a2j*ai*1>$1

agje — (@i je) " gje Qi je ) Tje + - -

+ o+ o+ o+ o+

(
(
(
(g — (ai*j*)_1a2j*ai*2)x2 + .-
(
(@20 = (e j+) " agje @yep) 0 = 0

(@1 — (ai*j*)_lamj*ai*l)xl +  (am2 — (ai*j*)_lamj*ai*z)ffz + -
(e = (@ je) " e Qoo )T 4 -

+ (amn — (ai*j*)_lamj*ai*n)xn =0

(This system is obtained from the original one by eliminating the vari-
able z;« from all equations.) Notice that the coefficient of z;- is 0 in
each equation and that the j* equation is 0 = 0. Therefore, this is a sys-
tem of m—1 equations in the n—1 variables 1, xa, ... , Tj«_1, Tj41, Tj 42,
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., Zn. By the induction hypothesis, this system has a nontrivial so-
lution, and this solution along with

o -1
Tje = —(pej*) " (@121 + Qoo + + o+ A+ Q1) Tjr—1 + Qe (je41) Tje41

(e Lig2 + o F Gjenn)
forms a nontrivial solution to the original system of equations. Hence,
by induction, the result holds for all m > 1 and all n > m. [ |

THEOREM 5.1.1. Let (V,F) be a vector space with bases {vy,va, ...
Vi } and {wy,ws,... ,w,}. Then n =m.

Y

Proof. Suppose n > m. Since {vy,va,...,V,,} is a basis, then for
some a;; where 1 <¢ <m, 1 <7 <n we have

Wi = a11vi+aave+ -+ Gnivip

Wy = Q12V] + A22Va + -+ AmaVi

W, = G1nV1+ a2p Vo + -+ GpnVin.
Let xq, 2, ... ,2, be (“unknown”) elements of F. Then

TIWHToWot- - -+, Wy, = (T1011 42012+ - +Tn01, ) V1+ (21021 +T2a20+

R xna2n)v2 + -+ (xla'ml + To2m2 + -+ xnamn)vm-
The system of equations

1411 + ToQi2 + -+ + TpQ1y — 0

T1Q91 + ToQoo + ++ + TpQoy, = 0

TGy + ToGmz + -+ Tplmn, = 0
has a nontrivial solution xy,xs,... ,x, by Lemma 5.1.1, since n > m.
Therefore 1wy + xowy + - - -+ x,w, = 0 for z1, 25, ... x, where x; # 0
for some 1 < k < n. That is, the set of vectors {wy,wq,... , Wy} is
linearly dependent. But this is a contradiction since {wy, wa, ..., w,}
is a basis for (V,F), and hence is a linearly independent set. Therefore
n < m. Similarly, m < n and we conclude that n = m. [ |

We will make extensive use of Theorem 5.1.1. It will be the whole basis
(1) of our classification of finite dimensional vector spaces.

DEFINITION 5.1.5. If vector space (V,F) is a finite dimensional
vector space, then the dimension of the vector space is the cardinality
of a basis.
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DEFINITION 5.1.6. Two vector spaces over the same field F, (V,TF)
and (W,F), are tsomorphic if there is a one-to-one and onto mapping

¢ V. — W such that for all f,f" € F and v,v' € V, we have:
o(fv+ V)= fo(v)+ ['o(v).

Informally, an isomorphism is a one-to-one and onto mapping between
two mathematical entities which preserves the structure of those en-
tities (whether the structure is connectivity in a graph, the binary
operation in a group, etc.). The structure in a vector space consists
of scalar multiplication and vector addition and that is why we define
isomorphism in this setting as we do.

We are now prepared to completely classify finite dimensional vector
spaces. The following result gives us the answer to the question “What
does a finite dimensional vector space look like?” More precisely, this re-
sult tells us, up to isomorphism, what an n-dimensional vector space is.
We raise this result to the status of a “fundamental theorem” and de-
clare it the Fundamental Theorem of Finite Dimensional Vector
Spaces.

THEOREM 5.1.2. [The Fundamental Theorem of Finite Dimensional
Vector Spaces] If (V,F) is an n-dimensional vector space, then (V,F) is
isomorphic to F™ = (V* F) where V* = {(f1, fas -+ s Ju) | f1, Jos -+ s fu €
F}, and scalar multiplication and vector addition are defined component
wise.

Proof. Let {vq,va,...,v,} be a basis of (V,F). Define ¢ : V — V* as
O((frvi+ fava + -+ fuva)) = (f1, fo, -+, f)-

Since {v1,Va,...,Vv,} is a linearly independent set, then ¢ is one-to-
one. Since {vy,vy,...,v,} is a spanning set of (V,F) then ¢ is onto.
Finally, for any f, f’' € F and v,v' € V we have
P(fv+ V) = o(f(frivi+ fava+ -+ fufo) + [ (fivi + fova + - -
+f/v,)) where v= fivi+ fo+vo+ -+ fuv,
and v/ = fivi+ fo+vo+ -+ fivn
= o((fhi+ffvi+(ffat [ fa)vet+ - (ffut f1)va)
= (fh+fI e fht )
= (ffiffoo o i )+ (L s o 1)
= f(fvfos oo s ) £ L (1 for o s 1)
= Jo(fivit favat -+ fova) + f'O(fivi + fova -+ fova)
= fo(v)+ flo(v).

Therefore ¢ is an isomorphism. |
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The Fundamental Theorem of Finite Dimensional Vector Spaces tells
us, in particular, that an n-dimensional vector space over scalar field
R is isomorphic to R™. Similarly, an n-dimensional vector space over
scalar field C is isomorphic to C". We therefore can completely deter-
mine a finite dimensional vector space simply by knowing its dimension
and scalar field. We will see in Section 5.4 that this idea can be ex-
tended to infinite dimensional spaces as well. However, this extension
will require that we modify some of the definitions encountered in this
section.

Now that we know what an n-dimensional vector space “looks like,”
we use the Fundamental Theorem of Finite Dimensional Vector Spaces
to classify certain transformations of these vector spaces.

DEFINITION 5.1.7. A transformation T mapping one vector space
(V.IF) into another (W,F) is a linear transformation if for all
v,v €V and forall f, ' € F, we have T(fv+ V') = fT(v)+fT(V).

Notice that an isomorphism between two vector spaces over the same
field is just a one-to-one and onto mapping which is linear. The follow-
ing result allows us to classify all linear transformations between two fi-
nite dimensional vector spaces. We do so by considering the behavior of

linear transformations on the standard basis of F": {(1,0,0,...,0),
(0,1,0,...,0),...,(0,0,0,...,0,1,0,...,0),...,(0,0,...,0,1)}. We
commonly represent the set of standard basis vectors as {e1, ey, ... ,€,}.

If v e F" and v = vie; + 1€y + - - + v,€,, then we represent v as
(v1, V2, ..., Up).
THEOREM 5.1.3. IfT is a linear transformation from n-dimensional

vector space (V,F) to m-dimensional vector space (W,F) then T is
equivalent to the action of an m x n matriz Ay : F" — F™.

Proof. Let v € V and consider the representation of v with respect
to the standard basis of (V,F), v = vie; + ve€y + -+ + v,€, =
(v1,v9,...,v,). Then applying T to v yields
T(v) = T(vie; +voes+ -+ v,e,)
= uvT(er) +veT(eg) + -+ v,T(ey).
The vectors T'(e;), 1 < i < n are elements of W. Suppose that, with
respect to the standard basis for (W, F), we have the representation

T(e;) = (a1, g, - - . ,am;) for 1 <i < mn. Then defining
ail a2 A1n
ag1 A22 -+ Agp
AT — )

Am1 Gm2 = Qmp
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we see that vector v is mapped equivalently under 7" and Ar. [ ]

Surprisingly, Theorem 5.1.3 can be extended to linear transformations
between infinite dimensional vector spaces as well. We will see this in
section 5.4.

The Fundamental Theorem of Finite Dimensional Vector Spaces
(Theorem 5.1.2) gives a complete classification of finite dimensional
vector spaces simply in terms of the dimension and the scalar field.
We now turn our attention to infinite dimensional vector spaces. We
will offer some alternative definitions of basis, span, and linear
combination in the infinite dimensional setting. If we follow Definition
5.1.4 in the infinite dimensional setting (where linear combination,
linearly independent, and span are all defined in terms of finite
sums), then the type of basis that results is called a Hamel basis.
Every vector space has a Hamel basis.

THEOREM 5.1.4. Let (V,F) be a vector space. Then there exists
a set of vectors B C V such that (1) B is linearly independent and
(2) for any v € V there ezists finite sets {by,bs,... ,b,} C B and
{f1, fay -+, Ju} such that v = fiby + foby + -+ f,b,. That is, B is
a Hamel basis for (V,F).

Proof. Let P be the class whose members are the linearly indepen-
dent subsets of V. Then define the partial order < on P as A < B for
A,Be Pif AcC B. Now for v # 0, {v} € P and so P is nonempty.
Next, suppose @ is a totally subset of P. Define M to be the union
of all the sets in ). Then M € P is an upper bound of ). Hence
by Zorn’s Lemma (see Theorem 1.2.2), P has a maximal element, call
it B. Since B is in P, B is linearly independent. Also, any vector v
must be a linear combination of elements of B, for if not, then the set
B J{v} would be in P and B would not be maximal. |

Unfortunately, the proof of Theorem 5.1.4 requires Zorn’s Lemma (or
equivalently the Axiom of Choice). This makes the construction of
a Hamel basis quite a delicate affair! A much more useful idea was
introduced by J. Schauder. As opposed to writing any element of the
vector space as a finite linear combination of basis vectors, it is desired
to write any element as a series of basis vectors. Therefore we are
required to deal with vector spaces which have a metric.

DEFINITION 5.1.8. Let (V,FF) be a vector space with metric m.
Then a set of vectors B C V is a Schauder bastis for (V,F) if for
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each v € V there is a unique set of scalars {f1, f2,...} CF such that
v=>fubn. Thatis, lim m v, fibi) = 0.
n=1 i=1
The requirement that the set of scalars {fi, f2, ...} be unique for any
given vector v guarantees that 0 = Z fnb, only when f,, = 0 for
n=1

all n € N (this can be interpreted as a requirement that set B is
linearly independent). Therefore, a Schauder basis of a vector space
with a metric is a linearly independent spanning set where linear
combination and span are defined in terms of series as opposed to
finite linear combinations.

EXAMPLE 5.1.4. Define R* = (V,R) where V. = {(r1,72,...) |
ri € Rforl < n < oo}, and scalar multiplication and vector ad-
dition are defined component wise. Then R*> is a vector space and
each vector can be written as an infinite linear combination of the vec-
tors (1,0,0,0,...),(0,1,0,0,...),(0,0,1,0,...),... (the presence of so
many zeros in this collection of vectors allows us to avoid the need for
a metric — in general, though, we should avoid infinite sums in this
space). However, we will see that we cannot define an inner product
(or dot product) on R*>.

If we are taking infinite sums of elements of a vector space, we must
be concerned with convergence. We'll explore this more in the next
section.

Exercises

1. Verify that the examples of groups, fields, and vector spaces given
in this section are what they are claimed to be.

2. Prove that the matrix A7 of Theorem 5.1.3 is unique.

3. Show that if B; and B, are Hamel bases for a given infinite
dimensional vector space, then B; and Bs are of the same cardi-
nality.

4. Consider the vector space P, of all polynomials of degree at
most n. Find a basis for this space and find the matrix which
represents the differentiation operator (with respect to the basis
you choose).

5. Consider the nth order linear differential homogeneous differen-
tial equation

Fa(@)y™ + far(2)y" "V 4+ ful@)y + folx)y = 0.
Show that the set of solutions of this differential equation forms
a vector space.
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6. Let (V1,F) and (V5,F) be vector spaces, and let V = 1V N Va.
Show that (V,F) is a vector space (called the intersection of
the two given vector spaces). Give an example of V; and V,
where V} U V5 is not a vector space.

7. Consider the vector space of functions continuous on the in-
terval [a,b], denoted C([a,b]). Show that fi(z) = cosz and
fo = sinx are linearly independent in this space. Show that the
set {1,z,22 ..., 2"} is a linearly independent set in C([a, D]).

8. Prove that if (V,F) is an n dimensional vector space and {vy, va, . ..

is a linearly independent set, then {vy,vs,... ,v,} is a spanning
set of (V,F).

9. Let T be a linear transformation from one vector space (V, F) into
another (W, F). Show that (T'(V'),F) is a subspace of (W, F).

10. If T is a linear transformation from one vector space to another,
then the set of vectors mapped to 0 under T is called the kernel
of T'. Prove that the kernel of T' is a vector space.

11. Let T be a linear transformation from (V,F) into (V,F). Vector v
is an eigenvector of T'if there exists A € F such that T'(v) = Av.
Suppose {v1, Vs, ... ,v,} is a basis for (V,F) where each v; is an
eigenvector and T'(v;) = A\;v;. Find the n X n matrix Ar which
represents 7.

2. Inner Product Spaces

As seen in a linear algebra class, the idea of dot product allows
one to discuss certain geometric properties such as orthogonality and
distance. In this section, we take these properties as motivation in
defining the concept of an inner product space.

DEFINITION 5.2.1. A wector space with complex scalars (V,C) is
an inner product space (also called a Euclidean Space or a Pre-
Hilbert Space) if there is a function (-,-) : V x V +— C such that for
allu,v,w € V and a € C we have:

(a) (v,v) € R and (v,v) > 0 with (v,v) =0 if and only if v =0,

(b) (u,v+w) = (u,v)+ (u,w),

(¢) {au,v) = alu,v), and

(d) (u,v) = (v,u) where the over line represents the operation of
complex conjugation.

The function (-,-) is called an inner product. (Some texts such as
[24] replace property (c) with the requirement that (u,av) = a(u,v).)

Notice that properties (b), (c¢), and (d) of Definition 5.2.1 combine to
imply that

(au+ bv,w) = a{u,w) + b(u, w)

)V}
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and

(u,av + bw) = a(u,v) + b(u, w)
for all relevant vectors and scalars. That is, (-, -) is linear in the first
positions and “conjugate-linear” in the second position.

EXAMPLE 5.2.1. The vector space C™ is an inner product space
with the inner product defined for u = (uy, ug, ... ,uy,) and v = (vy, va,

S Up) as (u,v) = Zujv_j.
j=1

We can also define an inner product on a vector space with real scalars
by requiring that (-,-) : V' x V +— R and by replacing property (d) in
Definition 5.2.1 with the requirement that the inner product is sym-
metric: (u,v) = (v,u). Then R" with the usual dot product is an
example of a real inner product space.

DEFINITION 5.2.2. For inner product space (V,C) with inner prod-

uct (-, -), define the norm induced by the inner product as ||v|| = (v, v)'/?
forallveV.
From Definition 5.2.1 we see that ||v|| is real, ||v|| > 0 and ||v|| = 0 if

and only if v = 0. Also
lav|l = (av,av)'/? = (aa(v,v))"* = |al(v,v)"/* = |a]||v].

Of course, if we use the term “norm,” then we must verify that || - || :
V +— R satisfies another property, the “triangle inequality.” We now
take steps in that direction.

THEOREM 5.2.1. [The Schwarz Inequality.] For all u,v in inner
product space (V,C), we have

[(u, v)| < [[ufl[lv]].
Proof. We know that for all a € C
lu+av| = (u+av,u+av) > 0.

In particular, this inequality holds for a = b% where b is real.
u, v

Therefore

(2.1) (utav,utav) = |ull*+alu,v) +alu,v) + |afv]?

= [Jul* + 2b[(u, v)| + &*[|v[|* > 0.
Solving the equality
[ul|® + 2b|(u, v)[ + 0°[|v[|* = 0
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for b, we get

_ 2w, v)[ £V (@2[{u, v))? — 4[]
(2.2) b= e ‘

Therefore, inequality (2.2) holds for all u and v if and only if the
discriminant of (2.2) is nonpositive:

(2w, v)])* = 4] v[[*[ul* < 0.
That is, |(u, v)[ < [lulf[]v]] u

The Schwarz Inequality puts us in the position to show that ||-|| satisfies
the triangle inequality:.

THEOREM 5.2.2. [The Triangle Inequality.] For all u,v in an in-
ner product space (V,C) we have ||lu+ v|| < |[u| + ||v]|

Proof. We have by the Schwarz Inequality (Theorem 5.2.1):
lu+v|]? = (u+v,u+v)=(uu)+ u,v)+{v,u)+(v,v)
= ul® + (w,v) + (u,v) + [|v]?
lu* + 2Re(u, v) + || v}*
<l + 2w, v)| + [Iv]f*

= (hul + VI
Taking square roots yields the result. |
We have now seen that || - || satisfies for all u,v € V" and for all a € C:
(1) [[v|l = 0 and ||v]| = 0 if and only if v = 0,
(2) Jlav]| = Jalljv], and
(3) lJu+v] < ] + ],
Therefore we are justified in calling || - || a norm. So for any vector

space with an inner product, there is also a norm. The converse does
not hold, however (the classical Banach spaces are normed but the
norm is not induced by an inner product in most cases — see Exercise
5 of Section 5.5). Therefore we have the following hierarchy:

normed inner
vector
D vector D | product
spaces
spaces spaces

Analogous to the use of dot product in R™ to define the angle between
two vectors, we have the following definition.
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DEFINITION 5.2.3. Two vectors u, v in an inner product space are
orthogonal if (u,v) = 0. A set of vectors {vy,va,...} is orthogonal
if (vi,vj) =0 fori # j. This orthogonal set of vectors is orthonormal
if in addition (v, v;) = ||v;||> = 1 for all i and, in this case, the vectors
are said to be normalized.

An important property of an orthonormal system of vectors is the
following.

THEOREM 5.2.3. [The Pythagorean Theorem| Let {vy,va, ..., vy}
be an orthonormal set of vectors in an inner product space (V,C). Then
forallueV

hul* = Z\ u, v;)[* +

Proof. Trivially

n 2

u= (v u)y,

7j=1

3

Z Vi, u <u - Z(vj, u)vj> :

j=1

(We will see latter that this is a rather fundamental decomposition of
u.) Since

<Z<Vj7 u>vj7 u— Z<Vj7 u>vj>

- <Ji;<vj,u>vj,u> - <g<vj,u>vj, j:1<Vjau>Vj>
- ]Z:; (vj,u)(v;,u) — ;: <<vj, u)v;, k:<vk, u>vk>
_ <V v, gg vy uv;, (Vi upv)
— Z:;<vj,u><v],u>—Z:k:<vj,u><vk,u><vj>w>

n
- E V]7 E V]7 7
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then these two vectors are orthogonal. Therefore

[ul]> = (u,u) = <Z<vj,u>vj + (u - Z<vj,u>vj> ,

Z<Vj’ u)v; + (u - Z(Vj, U>Vj> >
= <Z<Vjvu>vm (vj,u >

+<u—z<v], u)v;,u Z Vi, u >
7=1

j=1

= > v u)P+
j=1

n 2

=D (v v,

Jj=1

Notice that if we have v and w orthogonal and set u = v+ w then the
Pythagorean Theorem implies the familiar result that ||ul|? = ||v||* +
w2

We immediately have from the Pythagorean Theorem the following;:

COROLLARY 5.2.1. [Bessel’s Inequality| Let {vy,va,... ,v,} be an
orthonormal set in an inner product space (V,C). Then for allu €V
we have .

lal? =) l(u,vy)P?
j=1

Since inner product spaces have the induced norm || - || = (-, -)/2,
then we can define the metricd : V x V — R as d(u,v) = [[lu—v| =

(u — v,u — v)/2. Therefore in an inner product space there is the

concept of “distance” and “closeness.” As a consequence, we can ad-
dress several topics that are familiar in the setting of R™: limits and
convergence of sequences and series, Cauchy sequences, and complete-
ness. An axiomatic development of the real numbers requires (as seen
in Chapter 1) an Axiom of Completeness. It is this completeness of R
which leads us to several desired properties, such as the convergence of
Cauchy sequences. We parallel this development by focusing our study
on complete inner product spaces. However, our approach is necessar-
ily a bit different from the setting of R. Namely, we have the following
definition.
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DEFINITION 5.2.4. In inner product space (V,C) a sequence (v1, va,
..), where v; € V for all i, is Cauchy if for any € > 0 there exists
N € N such that for all m,n > N we have d(vy,,v,) < €. The se-
quence is convergent if there exists v.€ V such that, for any e > 0
there exists N € N satisfying the property that for alln > N we have
d(v,vy,) < €. Element v is called the limit of the sequence.

In real n-dimensional space, R™, Definition 5.2.4 reduces to the familiar
concepts. So, with Theorem 1.4.6 as motivation, we define complete-
ness in an inner product space in terms of Cauchy sequences:

DEFINITION 5.2.5. An inner product space is complete if Cauchy
sequences converge.

Intuitively (and wvery informally), a complete space has no holes in
it! For example, Q is not complete, since we can take the sequence
(1,1.4,1.41,1.414, . ..) of progressively better decimal approximations
of v/2, which we know to be Cauchy (for it is a convergent sequence in R
and a sequence of real numbers is Cauchy if and only if it is convergent
to a real number). However, the sequence does not converge in Q! This
is because, again informally, Q has a hole in it at v/2. In inner product
spaces we will be interested in finding a basis in the sense of Schauder,
and therefore we must address the issue of convergence of series (which,
of course, is defined in terms of the convergence of sequences of partial
sums). Hence, from this point on, we focus our attention on complete
inner product spaces.

DEFINITION 5.2.6. A complete inner product space is a Hilbert
space.

We have reached a climax in terms of defining mathematical structures!
Much of the previous material in this book will be aimed at exploring
the structure of Hilbert spaces, and all of the remaining material in
this book is a direct application of Hilbert space theory!

EXAMPLE 5.2.2. Since R and C are complete, then R"™ and C" are
examples of Hilbert spaces (with the familiar dot product as the inner
product on R™ and the inner product on C" as defined in Example

5.2.1).

We are quite familiar with the structure of R™ and C" from our stud-
ies of linear algebra. In fact, every real vector space of dimension n
is isomorphic to R™ and every complex vector space of dimension n
is isomorphic to C™ (see Theorem 5.1.2). So we will now focus our
attention on infinite dimensional vector spaces which are also Hilbert
spaces.
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Exercises

1. Use Bessel’s Inequality to give an alternative proof of the Schwarz
Inequality.

2. Prove that in an inner product space, every convergent sequence
is Cauchy.

3. Let u and v be vectors in an inner product space. Prove that |[u+
v|+|la=v| = 2(||Jul|*+||v||*). This is called the Parallelogram
Law. We can interprete this geometrically in R™ in the sense
that u and v determine a parallelogram with diagonals of length
lu+ v| and |ju—v]|.

4. Let u and v be vectors in an inner product space. Prove that

1 _ . _
(u,v) = 2 {la V[P = o= vIP* +i (Ju+iv]® = flu—iv]*) } .

This is called the Polarization Identity and, in the event that
a norm is induced by an inner product, allows us to express the
inner product directly in terms of the norm.

5. Let u, v, and w be vectors in an inner product space. Prove that
|lu—=v| +||lv—-w| =|u—w|if and only if v=tu+ (1 — t)w
for some ¢ € [0, 1].

6. Prove that the inner product is continuous. That is, if (u,) — u
and (v,) — v, then (u,,v,) — (u,v).

3. The Space L?

We now study infinite dimensional Hilbert spaces. We will see in the
Fundamental Theorem of Infinite Dimensional Vector Spaces (Theorem
5.4.8) of the next section, that all infinite dimensional Hilbert spaces
(with a particular type of basis) are isomorphic. Therefore there is, up
to isomorphism, only one such space. In this section, we give a few
different “incarnations” of this space.

First, for the interval [a, b], we define the space L*([a,b]) as

P(at) = {1 [ < x|

where the inner product is (f,g) = f; fg. Since sets of measure zero
will not affect inner products or norms, we draw no distinctions be-
tween functions which are equal almost everywhere. To be precise, we
partition L*([a, b]) into equivalence classes with f = ¢ if and only if
f = g a.e. on [a,b] (we will encounter this concept again in Section
5.5). With this convention, it is clear that L*([a, b]) satisfies Definition
5.2.1 and hence is an inner product space. We show that L?([a, b]) is
complete in the following theorem, and hence it is a Hilbert space.
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THEOREM 5.3.1. L*([a,b]) is complete.

Proof. Let (fx) be a Cauchy sequence in L?*([a,b]). Consider a
subsequence (f,,) where

||fn - fn+1||2 = \// ‘fn - fn+1‘2 < 27",

Im(T) = Z‘fn — fuya( )‘

Let

Let goo = lim g,,. Then (g,,) monotonically approaches g, and

/ g]? = / S e fonP =3 / ol =Y e fanlZ < 1
n=1 n=1 n=1

So we have

2
/Igoo\2 = /)n}iggogm) Z/n}iggo\ngQ

= lim |gm‘2
m—0o0

(by the Monotone Convergence Theorem [Theorem 3.3.3])
< 1.

S0 goo € L*([a, b]). Therefore |go ()| < co almost everywhere on [a, b],
and

Fnl) = fule) = 3 (fale) — faa(@))

converges pointwise a.e. to a function f. Now we show that f is the
limit of (f,,) in the L? sense and that f € L?. For each x, we have

Un@) < 1AE@]+ S 1) = fo
A + lgn@)] < @) + 9w

and
() * < ([1(@)] + |goo(@)])* < dmax {| f1(2) ], [goo ()} -

Now f1, oo € L?, so by the Lebesgue Dominated Convergence Theorem
(Theorem 3.3.1)

T [ 1= [t (5 = [P
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S = i [ 1 < oo

and hence f € L?. Next,
|f () = fa(@)] < |f(2)] + fr(@)] + [goo(2)]

and

and
1f(x) = fin(@)]* < 9max {| £ (@)% [ f1(2)]? |goo ()P}

and again by the Lebesgue Dominated Convergence Theorem
Jimn 17 = gl = i 1= g = [t 17 = g =0,
The result follows. |

We comment that there is nothing special about the set [a, b] and, in
fact, the arguments used in Theorem 5.3.1 are still valid if we choose to
integrate over any measurable set £ C R. Therefore, we can consider

v = {1| [ 111 < oo}

and we find that this is also a Hilbert Space.

Next, we introduce complex valued functions of a real variable.
That is, we are now interested in f : R — C where the real and
imaginary parts of f are measurable. In particular, for such an f and

a measurable set F/, we define
ey ={r|[ 7= [ 1P <s}.
E E

In this case, we define the inner product of f and ¢ in L*(FE) as

(f.9)= /Efﬁ,

and hence L*(E) has the norm || f|| = [|f]* (here |f] refers to the
modulus of f). Again, we can verify that L?*(F) is in fact a Hilbert
space. In Chapter 6, we will be especially interested in L?([—m,7]).
We will see that the set {e*/v/27 | n € Z} is an orthonormal set (in
fact, a basis) in this space.

We now explore one slightly different example of a Hilbert space.
Consider the collection of all square summable sequences of real num-
bers:

l2 = {(I‘l,xg,l’g,...>

z; € R for alliEN,Z\xj\2<oo}.

j=1
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We define the inner product (x,y) = Z;’il z;y;. Quite clearly, this is
an inner product space. We leave the proof of the completeness as an
exercise. We will show in the next section that L?([a,b]) (and every
infinite dimensional Hilbert space with a particular type of basis) is
isomorphic to (2.

We now briefly step aside to informally discuss the geometry of /2.
At this stage, we are all quite comfortable with the geometry of finite
dimensional real vector spaces (which are, by the Fundamental Theo-
rem of Finite Dimensional Vector Spaces [Theorem 5.1.2], isomorphic
to R™). In two or three dimensions, we are accustomed to representing
vectors as arrows and discussing (especially in the presence of physicists
and engineers) the ideas of “direction” and “magnitude.” By analogy,
we extend the idea of dot products (and hence orthogonality) to these
higher dimensions. The higher dimensional spaces are hard to visualize
(except by analogy), but projections (discussed in the next section in
the Hilbert space setting) and algebraic manipulations are straightfor-
ward. What if we wish to extend all these nice properties to an infinite
dimensional space? Naively, we might jump to the conclusion that R
(where vectors are infinite sequences) is a good candidate for an infinite
dimensional space. True, it is infinite dimensional, but we have some
obvious problems extending all of the “nice” properties of R". If we
try to extend the inner product from R™ to R* simply by exchanging
(finite) sums for (infinite) series, then there is a problem. For example,
the vector of all 1’s has infinite length! As is always the case, the tran-
sition from the finite to the infinite raises a concern over divergence. If
we address this single concern and take the subset of R* of all vectors
of finite length (i.e. all vectors from R*> whose components are square
summable), then we can preserve all the nice properties of R”. As we’ll
see in the next section, [? will share with R™ such properties as: the
Pythagorean Theorem (which, for geometry fans, indicates that /2, like
R™, is flat — it has Euclidean geometry), the Parallelogram Rule, or-
thogonality of vectors, the Gram-Schmidt process, and the possession
of an orthonormal basis.

Exercises
1. Use the completeness of L*([a, b]) to show that L?(R) is complete.

. Prove that [? is complete.
3. The Legendre polynomials are defined as

and Py(z) = 1. In the space L?([—1,1]), show that (P,,z™) =0
for m € N and m < n, and then show that the set of Legendre

[\]

Pn(x)
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polynomials is an orthogonal set. Show that ||P,|| = 1/4/n + 3

and hence the set { n+ 3P, (z) |n=0,1,2,... } forms an or-

thonormal set.
4. We will see in Chapter 6 that the set

{ 1 cosz sinx cos2x sin2z }
NV AN A
is an orthonormal basis for L?([—, 7). For now, show that this
is in fact an orthonormal set.
5. A set D is said to be dense in [? if the topological closure of D

is [2. That is, if x € {? then for all € > 0 there exists d € D such
that ||x — d||s < €. Find a countable dense subset of I2.

4. Projections and Hilbert Space Isomorphisms

Since Hilbert spaces are endowed with an inner product, they have
much of the associated geometry of familiar vector spaces. We have
already defined orthogonality using the inner product and, of course,
the inner product induces a norm. In this section, we take many of the
ideas from R™ and extend them to Hilbert spaces.

Recall that the projection of a vector x € R™ onto a nonzero

. . a . .
vector a € R™ is proj,(x) = ——a. Therefore, in an inner product
a-a

space we define the projection of f onto nonzero g as proj,(f) =

(f.9)

(9,9)"
For a nonempty set S in a Hilbert space H, we say that h € H

is orthogonal to S if (h,s) = 0 for all s € S. The orthogonal
complement of S is

St ={he H|(hs)=0forall sc S}.

(S+ is pronounced “S perp” and St is sometimes called the “perp
space” of S.) In fact, St is itself a Hilbert space:

THEOREM 5.4.1. For any nonempty set S in a Hilbert space H,
the set S* is a Hilbert space.

Proof. Clearly, S+ is a vector space. We only need to show that it
is complete. Let (s,) be a Cauchy sequence in St. Then, since H is
complete, there exists h € H such that lim s, = h. Now for all s € S

n—oo

we have

(h,s) = <h, lim Sn> = lim (h,s,) =0

n—~o0 n—oo
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since the inner product is continuous (Exercise 6 of Section 5.2). So
h € St and (s,) converges in S*t. Therefore S+ is complete. |

We now use the idea of an orthogonal complement to decompose a
Hilbert space into subspaces. As we will see, the decomposition is an
algebraic and not a set theoretic decomposition (it will involve vector
addition as opposed to set union).

THEOREM 5.4.2. Let S be a subspace of a Hilbert space H (that
is, the set of vectors in S is a subset of the set of vectors in H, and

S itself is a Hilbert space). Then for any h € H, there exists a unique
t € S such that ing |h—s|| = ||h—t||.
se

Proof. Let d = ing ||Ih — s|| and choose a sequence (s,) C S such
se
that lim ||h — s,|| = d. Then

Ism = sall* = (sim —h) = (s = B)I”
= 2llsm — All* + 2llsn — AlI* = llsm + 50 — 2A]J*

by the Parallelogram Law (Excercise 3 of Section 5.2)
2

1
= 2|lsm — hH2 + 2|8, — h||2 —4 ' h— §(sm + Sn)

1
< 2||8m — h||* + 2|50 — h||* — 4d* since §(sm +s,) € S.

Now the fact that lim ||h — s,|| = d, implies that as m,n — oo,
|$m — sn|]| — 0 and so (s,) is Cauchy and hence convergent to some
ty € S, where lim ||h — s,|| = ||h — t1]|. For uniqueness, suppose for
some ty € S we also have lim ||h — s,|| = ||h — t2||. Then
1 2
It —t2]|> = 2||h—t1]]* +2||h — to* — 4 Hh - §(t1 +t5)|| (as above)
1 2
:4f—QV—;n+m
1 1 .
Next, §(t1 +ty) € S and so ||h— 5(751 + )| > 1n£||h —s|| = d.
se

Therefore ||t; — t3]|> = 0 and t; = t5.

We now use Theorem 5.4.2 to uniquely decompose elements of H into
a sum of an element of S and an element of S*.
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THEOREM 5.4.3. Let S be a subspace of a Hilbert space H. Then
forall h € H, there exists a unique decomposition of the form h = s+’
where s € S and s' € S*.

Proof. For h € H, let t be as defined in Theorem 5.4.2. Let r = h—t.
Now for any s; € S and any scalar a,

Il =1k = ¢1* < |h = (t+as)||* = |7 — as:||?
= (r —asy,r —as)) = ||r||* — (asy,r) — (r,as;) + |a?||s1]|*.
Therefore 0 < |al?||s1||* — (asi,r) — (r,as;). If the inner product is
complex valued and a is real, then we have 0 < |a|?||s1]|*> —2|a|Re(r, s1).

Therefore by letting a — 0, we see that Re(r,s;) = 0. If a is purely
imaginary, say a = b where b € R, then

0 < b%|s1]|* — (ibsy,7) — (r,ibs;)
= b?||s1]|* —ib(sy, ) +ib(r, s1)
= b?||s1]|* + b (2iIm{r, 51))
= b?||s1]|* — 2bIm(r, 51).

Therefore, b||s1]|>—2Im(r, s;) > 0 and upon letting b — 0", we see that
Im(r, s;) = 0. Hence, (r,s;) = 0 for all s; € S, and therefore r € S*.
So we have written h as h =t +r wheret =s € S andr = s’ € S+.

Now suppose that h = t; +7; = to+1ry where t1,t5 € S and ry, 1y €
S+, Then t; —ty = ry — r; where t; —ty € S and 75 — 7 € S*. Since
the only element common to S and S+ is 0, then t; —ty =719 — 71 =0
and t; = ty and r; = ry. Therefore the decomposition of h is unique.
[ |

Theorem 5.4.3 allows us now to define the projection of a vector onto
a subspace. With the notation of Theorem 5.4.3, define the projection
of vector h € H onto subspace S as the unique s € S such that
h = s+ s for s € St denoted projg(h) = s. We also say that H
can be written as the direct sum of S and S+, denoted H = S ¢ S+,
and that H has this as an (orthogonal) decomposition. Theorems 5.4.2
and 5.4.3 combine to show that the best approximation of h € H by
elements of a subspace S is projg(h).

Recall that the standard basis for R"is {(1,0,0,...,0),(0,1,0,...,
0),...,(0,0,0,...,0,1)}. This basis has two desirable properties, namely
that each vector is a unit vector and the vectors are pairwise orthog-
onal. In an inner product space, a set of nonzero vectors is said to be
orthogonal if the vectors are pairwise orthogonal, and an orthogonal
set of vectors in which each vector is a unit vector is an orthonormal
set. We are interested in Hilbert spaces with a basis in the sense of
Schauder which is also an orthonormal set.
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DEFINITION 5.4.1. A Schauder basis of a Hilbert space which is
also an orthonormal set is called an orthonormal basis.

THEOREM 5.4.4. A Hilbert space with a Schauder basis has an or-
thonormal basis.

Proof. We start with a Schauder basis S = {s1,s2,...} and con-
struct an orthonormal basis R = {ry, 79, ...} using a method called the
Gram-Schmidt process.

First define r; = s1/||s1]|. Now for k& > 2 define Ry, = span{ry, o, ...
Tr—1} and

Sk — PIojg, (k)

~ lsk = projg, (si)ll

Tk
Then for i # j,

(i = projp, (1), 5; = projp, (s, )

~ lsi = projg, (si)lllls; — projg, (s;)II

<Ti> Tj>

Clearly the r;’s are unit vectors. We leave as an exercise the proof that
the r;’s are pairwise orthogonal. [ |

The Gram-Schmidt process introduced in the proof of the previous
theorem is very geometric. By removing from s, its projection onto
the space Ry, we construct rp such that r, € R,j Since 1y, € R,ﬁrl,
then we are assured that the r;’s are orthogonal.

THEOREM 5.4.5. If R = {ry,r9,...} is an orthonormal basis for a
Hilbert space H and if h € H, then

h: <h,’f’k>7”k.

00
k=1

Proof. We know from Bessel’s Inequality (Corollary 5.2.1) that for
all n € N,

D Kher) P < [|R)1%
k=1
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n
Therefore s,, = Z |(h,7)|? is a monotone bounded sequence of real
k=1

numbers and hence converges (by Corollary 1.4.1) and is Cauchy. De-

fine h,, = Z(h, rk)7x. Then for n > m

k=1

n

Z<h, ’f’k>7”k

k=m

2 n
1 — Pun|* = = ()P,
k=m

and as a consequence, the sequence (h,) is a Cauchy sequence in H
and so converges to some h' € H. So for each i € N,

(h—"n'r) = <h— lim Z(h,rk)rk,m>
k=1

= lim <h—z<h,rk)rk,m>

k=1

= (hyr;) = (h,7;) =0

Therefore by Exercise 7, h —h' =0 and h = Z(h, Tk)Tk- |

k=1

Notice that the previous theorem is consistent with our experience in
R™. It merely states that every element A of a Hilbert space can be
written as a (infinite) linear combination of the projections of h onto
the elements of an orthonormal basis R:

h = Z proj,., (h).
k=1

Though we don’t usually speak of vectors in Hilbert spaces as having
magnitude and direction, there is still some validity to this idea. Just as
there are n “fundamental directions” (1,0,0,...,0), (0,1,0,...,0),...,
(0,0,0,...,0,1) in R" (the “fundamental” property being given by the
fact that every “direction” [i.e. nonzero vector] is a linear combination
of these “directions” [i.e. vectors]), there are a countable number of
“fundamental directions” in a Hilbert space with an orthonormal ba-
sis. This is a particularly tangible idea when we consider the Hilbert

space
o
x) € R,Z|xk\2 < oo}
k=1

l2 = {(1’1,]}2,...)
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with orthonormal basis R = {(1,0,0,...),(0,1,0,...),(0,0,1,0,...),

THEOREM 5.4.6. If R = {ry,r9,...} is an orthonormal basis for a

Hilbert space H and for h € H, h = Zakrk, then ||h|| = Z lax|?.
k=1 k=1

We leave the proof of Theorem 5.4.6 as an exercise.
We state the following definition for Hilbert spaces, though it is
valid for any space with a metric (see Exercise 26 of Section 1.4).

DEFINITION 5.4.2. A Hilbert space with a countable dense subset
1s separable. That is, a separable Hilbert space H has a subset D =
{di,ds, ...} such that for any h € H and for all € > 0, there exists
dr € D with ||h — di|| < €. Therefore the (topological) closure of D is
H.

Most texts concentrate on a study of separable Hilbert spaces. We
prefer to focus on Hilbert spaces with orthonormal bases. The following
result resolves our apparently novel approach!

THEOREM 5.4.7. A Hilbert space with scalar field R or C is sepa-
rable if and only if it has an orthonormal basis.

Proof. Suppose H is separable and {dy,ds,...} is dense in H. For
k > 2 define Dy, = span{dy,da,... ,dy_1} and e, = di — projp, (dy).
Then the set £ = {ey, eq,...}\{0} is linearly independent (in the sense
of Schauder) and dense in H. Applying the Gram-Schmidt process to
E yields an orthonormal basis of H.

Next, suppose R = {ry,75...} is an orthonormal basis for H. Then

for each h € H, h = Z(h,rk)rk, by Theorem 5.4.5. Let ¢ > 0 be
k=1
given. For each k, there exists a rational number (or a rational complex

number if (h,7g) is complex) aj such that |[(h,7r) — ax| < . Then

ok
h—Zakrk

k=1

< € and the set

D= {iakrk

k=1

ay, is rational (or complex rational)}

is a countable dense subset of H. [ |
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We want to study Hilbert spaces with orthonormal bases. Fortu-
nately, there are not very many such spaces! In fact, there is (up to
isomorphism) only one such space.

DEFINITION 5.4.3. Let Hy and Hy be Hilbert spaces. If there exists
a one-to-one and onto mapping 7 : Hy — Hy such that inner products
are preserved: (h,h') = (w(h), (k")) for all h,h' € Hy, then 7 is a

Hilbert space isomorphism and Hy and Hs are isomorphic.

We are now ready to extend the Fundamental Theorem of Finite Di-
mensional Vector Spaces (Theorem 5.1.2) to the infinite dimensional
case.

THEOREM 5.4.8. [Fundamental Theorem of Infinite Dimensional
Vector Spaces| Let H be a Hilbert space with an infinite orthonormal
basis. Then H is isomorphic to [2.

Proof. Let the orthonormal basis of H be R = {ry,rs,...}. Then for
h € H, define 7(h) to be the sequence of inner products of h with the
elements of R:

mw(h) = ((h,r1), (h,72),...).

[e.9]

By Theorem 5.4.5, h = Z(h,rk>rk and by Theorem 5.4.6 7(h) € [2.

k=1
Now the representation of h in terms of the basis elements is unique,

So 7 is one-to-one.
[ee)

[o¢]
Next, let Z lax|? € I?, and consider the partial sums, s, ofz apT.

k=1 k=1
Then for m < n

n 2 n
Isn = smll®>=1{| Y arrel| = > lal*
k=m+1 k=m+1
o0
Since Z |ozk|2 converges (its associated sequence of partial sums is a

k=1
monotone, bounded sequence of real numbers), then the sequence of
partial sums of this series is convergent and hence Cauchy. Therefore,
(sn) is a Cauchy sequence in H and hence is convergent. Therefore 7
is onto.
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Now consider h,h' € H where h = Zakrk and h' = Za;rk.
k=1

k=1
Then
(h,B')y = <Z akrk,Za;rk> = Z |ax|?
k=1 k=1 k=1
= ((a1,a2,...),(a}, a3, ...)) = (m(h),7(K)) .
Therefore 7 is a Hilbert space isomorphism. ]

As in Definition 5.1.7, we define a transformation 7" from one Hilbert
space H; to another Hilbert space Hy (both with the same scalar field)
as linear if for all h,h' € H; and for all scalars f and f’, we have
T(fh+ f'h') = fT'(h) + f'T(h'). We can use Theorem 5.4.8 to find a
representation of a linear transformation from one Hilbert space with
an infinite orthonormal basis to another such space.

THEOREM 5.4.9. If T : Hy — Hy is a linear transformation where
both Hy and Hy are Hilbert spaces (over the same field) with infinite
orthonormal bases, then T is equivalent to the action of an infinite
matrix (Aij)i,jEN'

The proof parallels the proof of Theorem 5.1.3 and we leave it as an
exercise.

Exercises
1. Find the projection of f(z) = z? onto sinx in L?([—n, ).
2. Prove that if S is an orthonormal set in an inner product space,

then any finite subset of S is linearly independent.
3. (a) Prove that if S is a subspace of an inner product space H and

S has orthonormal basis {s1, S, ... , S, } then for any h € H, we
have projg(h) = Z(h, Sk)Sk-
k=1

(b) Use induction to show that (r;,r;) = 0 for i # j, where
the r;’s are as defined in Theorem 5.4.4.
4. Suppose Hilbert space H has orthonormal basis R = {ry,79,... }.

Let h € H. Prove that [[h]|* = [(h,7;)|*
k=1

5. Show that the natural orthonormal basis R = {(1,0,0,...), (0,1,
0,...),...} for I* is a (topologically) closed set and a bounded
set, but not a compact set. Recall that the Heine-Borel Theorem
(Theorem 1.4.11) states that a set in R™ is compact if and only if
it is closed and bounded. The example given here shows that the
familiar Heine-Borel Theorem does not hold in all metric spaces.
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Also notice that R is an infinite bounded set with no limit points,
indicating that the Bolzano-Weierstrass Theorem (see Exercise
3 of Section 1.4) does not hold in /2.

. Prove Theorem 5.4.6.

7. Prove that if {ry,rs,...} is an orthonormal basis for Hilbert
space H, and for h € H we have (h,r;) = 0 for all i € N, then
h =0.

. Prove Theorem 5.4.9.

9. Apply the Gram-Schmidt process to the set {1,z, 2% 23} in the

space L?([—1,1]). Verify that this yields the first four Legendre
polynomials (see Exercise 3 of Section 5.3).

=)

oo

5. Banach Spaces

In our study of Hilbert spaces, we had the luxury of a norm with
which to measure distances and an inner product with which to measure
angles. In this section, we consider vector spaces with a norm, but will
omit the requirement of an inner product.

DEFINITION 5.5.1. A wvector space with a norm is a normed linear
space. A normed linear space which is complete with respect to the
norm, is a Banach space. That is, a Banach space is a normed linear
space in which Cauchy sequences converge.

Since an inner product induces a norm, we see that every Hilbert space
is a Banach space.

EXAMPLE 5.5.1. Consider the linear space C([a,b]) of all contin-

uous functions on [a,b]. Define ||f] = m[a)g] |f(x)|. Then we claim
z€|a,
C([a,b]) is a Banach space with norm || -||. First, it is easy to verify

that || - || is @ norm. Let (f,) be a Cauchy sequence in C([a,b]). That
is, for any €1 > 0 there exists Ny € N such that for all m,n > Ny we
have || fr. — fmll < €1. Therefore for each x € [a,b], the sequence of real
numbers (f,(x)) is Cauchy. Since R is complete (or, if f : R +— C,
then since C is complete), (f.(x)) converges to some real number, call
it f(x). With e, n, and Ny as above and letting m — oo, we see that
|fu(x) — f(x)] < € for all © € [a,b]. Therefore f is the limit of (f,)
under the norm || - ||. We now only need to show that f € C([a,b]).
Let €3 > 0. Then there exists Ny € N such that |fn,(xo) — f(xo)| <
€2/3 for all g € [a,b]. Since fy, is continuous, there exists § > 0 such
that |, (20) — fn, (¥)| < €2/3 whenever |xg —y| < 6 and zo,y € [a,b].
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Hence for such v,

[f(xo) = FW) < [f(20) = fovo (20) | + [vo (20) = fova ()| + |3 (y) = ()]

€9 €9 €9
< o+ 5+ 5 =c¢.
33 3 °
Therefore f is continuous at xo and since xq is arbitrary, f is con-
tinuous on [a,b]. Therefore C([a,b]) is complete and so is a Banach

space.

For p > 1 and measurable set F, define

[ <oo}.

We partition LP(F) into equivalence classes by defining the equivalence
relation f = ¢ if and only if f = g a.e. on E. As a consequence, we will

not draw a distinction between two functions which are equal almost
1/p

everywhere. We define || f||, = / |f]? and therefore || f||, = 0 if

E

v ={ s

and only if f = 0. Also, for any scalar a, ||af]|, = |al|| f]|,- For the case
p = 00, we define L°(E) to be the set of essentially bounded functions
on E and let || f|lcoc = esssup{f(z) | x € E}. We now go to the task
of showing that LP(FE) (or simply L?) is a Banach space. We establish
the triangle inequality in the following theorem.

THEOREM 5.5.1. [Minkowski’s Inequality] Let p > 1 and f,g € LP.
Then for 1 < p < oo we have [|f + gll, < Ifll, + [lg]l,.

Proof. Suppose 1 < p < oco. If ||f]|, =0 or ||g||, = 0 then the result
is obvious. Now for x € £

)o@ < 17+ lo@) = (1A + 1o, )
) G 1 P € S ] PR €3]
= (171> + llgl) (n I+ lglly T 17+ Tl Tioll

= (1l + Dl (A'f @ - A)‘W))p

1£1l lall,
where A = w. Now the function h(y) = y® is concave up on
11l + gl
y € [0,00) for p > 1. Since A € (0,1) then A'ﬁ” . A)Iﬁéoﬁ)l .
p p

v
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@) lo(@)
( T, Hgllp) and

O ) = (i )+ (i)

Therefore for all x € E,

0+ g < 11+ lalyr {3 (M) - (1)

and integrating over E, we get the desired result. We leave the case
p = 00 as an exercise. ]

Minkowski’s Inequality accomplishes two things — it guarantees that
LP is closed under addition and that || - ||, is a norm on LP. Therefore
the LP spaces are normed linear spaces (at least for 1 < p < o0). If
we try to extend the above arguments to LP spaces where 0 < p < 1,
then there is a problem. In particular, we can modify the proof of
Minkowski’s Inequality to show that for f,g € L? with 0 < p < 1,
we have || f + gll, > || fll, + llg]l, (see the exercises). Therefore the L?
spaces are not normed when 0 < p < 1.

THEOREM 5.5.2. [Hélder’s Inequality] If p and q are nonnegative
1 1

(extended) real numbers such that —+— =1, and if f € LP and g € L9,
P q

then fg e L' and ||fglli < If1lpllglls-

Proof. Suppose p =1 and ¢ = oo. Then

/Ifgl S/\legHoo: 1gllsoll f1]1-

Therefore fg € L' and [|fglly < || f]l1/lgll-

Now suppose 1 < p < oo and 1 < ¢ < oco. Since LP norms are
calculated from absolute values, we may assume without loss of gener-
ality that f and g are nonnegative. First we show the result holds for

[/ 1l, = llglly = 1. Define ®(z) = £ + % — z'/?. Then ®(0) = % > 0 and

xl/p_l — 1 lx_l/q —

1 1 1 1
NV W PR TR
p p P p p v
Therefore ® has a minimum at = 1 and ®(1) = 0. So for =z > 0,
xl/p <z -+ l

=» 4

P (z) = ]19
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P _ p
cp(;c)_q)(f_) it A L
o) gl g g
p
andgf<——|—— Hence
q p

o i
5.1 fg — =1=|fllpllgll,
(5.1) 19l < ) . 1f1lpllgllg
Now for general f € LP and g € L9, replace f and g of (5.1) with ”f”
and respectively. This yields the result. ]

Tlglla || ’
When p = ¢ = 2, Holder’s Inequality is sometimes called the Schwarz
Inequality.

We now want to establish the completeness of the L” spaces for
p > 1. To do so, we will study the summability of series.

DEFINITION 5.5.2. For a sequence (f,) in a normed linear space,
o

we define the series an. The nth partial sum of this series is

n=1

Sp = ka, and we say that the series is summable if the sequence
k=1

(sn) converges. That is, an is summable if there exists f such that

n=1

In this case, f is called the sum of the series. The series Z fn is said

n=1

lim

n—oo

o0
to be absolutely summable if the series Z | full is summable in R.

n=1

Before we explore the completeness of LP, we need the following lemma:

LEMMA 5.5.1. A normed linear space is complete if and only if
every absolutely summable series is summable.

Proof. Suppose the normed linear space is complete (that is, is a Ba-
o

nach space) and let the series Z fr be absolutely summable. Then
k=1
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Z || f|l is summable and hence for all € > 0, there exists N € N such
k=1

that > 2~ v [|fxll < €. Let the nth partial sum of the series Z fr be

. k=1
Sp = ka. Then for n > m > N we have
k=1
n n [oe)
lsw—sull = | 3 A < S Wsll < 2 Il <e
k=m-+1 k=m+1 k=m+1

Therefore the sequence (s,) is Cauchy and hence converges. That is,

o0
the series g fr converges.

k=1
Next, suppose that every absolutely summable series is summable,

and let (fi) be a Cauchy sequence. Then for all [ € N, there exists
N; € N such that || f,, — full < 1/2" whenever m > n > N;. Notice that
we may choose the N, to be an increasing sequence. Now consider the

series Z | fn., — fa,||. This series is absolutely summable, and so by
I=1
our hypothesis, is summable. Say f = z:(le+1 — fn,)- Notice that the
=1

nth partial sum of this series is Z:(le+1 — fn) = fnoo — [y, and so

=1
lim fy,,, = f for some f. We will see that f = klim fr. Let € > 0.

Since (f) is Cauchy, there exists N € N such that for all m,n > N we
have || f, — fiml| < €/2. Since Fy, — f, there exists L € N such that for
all | > L we have ||fy, — f]| < ¢/2. By choosing [ such that both I > L
and N; > N then we have for all n > N

€

2

= €.

[foo = Sl = WS = S+ S = I < o = Pl 1 = £ < %+

Hence klim fr = f and the space is complete. |

We are now in a position to establish the completeness of LP.

THEOREM 5.5.3. [Riesz-Fisher Theorem| For 1 < p < oo, LP(FE)
s complete.
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Proof. First suppose 1 < p < 0o. Let (f;) be an absolutely summable
o0

series: Z || fill < M for some M € R. Consider for each x € E the

k=1

partial sum g,(z) = Z | fx(x)|. This defines a sequence of functions
k=1
(gn) defined on E. Then by Minkowski’s Inequality (Theorem 5.8.1)
we have ||g,| < Z | fell < M, and so /(gn)p < MP. For each z € F,
E

k=1
the sequence (g,(x)) is monotone increasing, and so ¢ = lim g, on
n—oo

E. Then g is measurable and by Fatou’s Lemma (Theorem 3.3.4)
we have /g” < h_m/ g? < MP. Therefore g < oo on E \ I where
e E

m(I) = 0. Now for each z € E'\ I, Z fx(z) is absolutely summable
k=1
and hence summable to some number h(z). Extend h(z) to E by

defining h(z) = 0 for x € I. Then h(z) = ka(x) a.e. on E and
k=1

so h is measurable. Now ka(x) < g(z) for all n € N and so

h(@)] = [, ful@)] < S fe(@)] < glx). Hence

Hh(w)llpz/\h\pé/ \g|p=/gpsw
E E E

and so h € LP. We now show that h is the limit of Z fr (in the LP
k=1
sense). Now for each z € E

n

> fulx)

k=1

< (\h(x)| + ) < (29(x))",

hz) = filw)

and since 2Pg” is integrable over F, then
p

= lim
E n—oo

by the Lebesgue Dominated Convergence Theorem (Theorem 3.3.1).
h(x) — ka(x) = 0 and so Z fr(x) = h(x) (in the
k=1 k=1

P
=0

n

h(z) = filx)

k=1

lim
n—oo E

h(z) = filx)

That is, lim

n—~o0
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LP sense). Therefore, the absolutely summable series Z fr(x) is also

k=1
summable, and by Lemma 5.8.1, L? is complete. We leave the proof
that L> is complete as an exercise. |
We now see that, with an eye towards completeness, we can modify
the hierarchy of the spaces mentioned in Section 5.2 to the following:

vector normed Banach Hilbert
spaces - vector - spaces - spaces '
P spaces

We now turn our attention to a slightly different topic.

DEFINITION 5.5.3. A linear functional T on a normed linear
space (V,IF) is a mapping T : V +— F such that for all scalars fi, fo € F
and all vectors vi, vy € V we have T(fivi+ fova) = fiT(v1)+ f2T(v2).
Linear functional T is bounded if there exists some M € R such that
T (v)|| < M||v|| for all v.€ V. The collection of all bounded linear
functionals from (V,F) to F make up the dual space of (V,IF), denoted
(V,F)* or simply V*.

Notice that if S, T € V*, then f1S + foT € V* for all fi, fs € F.
Therefore V* is itself a linear space.

DEFINITION 5.5.4. For T € V* where the scalar field of V is R or
T
C, define the functional norm |T| = sup %‘h” (Notice that this
v#£0 \4
equation actually involves three norms: the functional norm, absolute

value on R or C, and the norm on the linear space (V,F).)

We now want to investigate the structure of the dual space of LP.
We present a suggestive lemma.

LEMMA 5.5.2. Ift € L% then T(s) = [ st is a bounded linear func-
tional on LP where % +% =1, 1 <p<oo. In addition ||T| = ||t||,

Proof. By Holder’s Inequality (Theorem 5.5.2),

IT(s)] = '/st

< llstlls < lIsllplItlq

T
and hence for all s € L?, | (’T)‘ < |It||p- Therefore ||T|| < ||t]|,, and T'
Sllq
is bounded. We leave the proof of the equality as an exercise. |

In fact, the converse of Lemma 5.5.2 holds for 1 < p < oo. This is
the well-known Riesz Representation Theorem (the proof of which is
rather long, so we omit it):
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THEOREM 5.5.4. [Riesz Representation Theorem] Let T' be a bounded
linear functional on LP, 1 < p < co. Then there is a function t € L9,
where % + % =1, such that T(s) = [ st. In addition, ||T| = ||tl,.

In slightly different terminology, the Riesz Representation Theorem
states that the dual space of LP is L9. In particular, we see that L2
is self dual and bounded linear functionals on L? can be represented
using the inner product:

COROLLARY 5.5.1. Let T be a bounded linear functional on L?.
Then there is t € L* such that T(s) = [st = (s,t). In addition,
1T]] = [[]]2-

Exercises

1. (a) Prove that Minkowski’s Inequality, ||f + gll, < || fll, + llg]lp,
reduces to equality if and only if ¢ = af for some scalar a.
(b) Prove Minkowski’s Inequality for the case p = oc.
2. Modify the proof of Minkowski’s Inequality to show that for
f.g€ LP with 0 < p < 1, we have [[f + gll, > I, + gl
3. Consider the vector space P, of all complex valued polynomials
of degree n or less. For 1 < p < oo we define the L norm of

1 27 ) 1/p
Perras|Ply= /0 P Pdn) .

(a) Verify that lim, . || P||, = max), =1 |P(2)].

(b) For 0 < p < 1, define ||P||, as above (though for these
values of p, this is not a norm because it does not satisfy the
triangle inequality). Define ||Pllo = exp (i 02” log | P(e®)| d8>
and verify that lim, o+ || P||, = || Pllo- || P]|o is called the Mahler
measure of P [41].

4. Show that a normed linear space is an inner product space if and
only if the norm satisfies the Parallelogram Law (see Exercise 3
of Section 5.2).

5. Show that, for 1 < p < oo, the only space LP(|a,b]) which is an
inner product space is the space L?([a, b]).

6. Show that LP([a,b]) C L%(]a,b]) for p > q. By example, show
the subset inclusion is proper.

7. Prove that for 7" a bounded linear functional, ||7"]| is the infimum
over all M such that |T'(v)| < M]||v|| and also | T|| = sup |T'(v)|.

[[vll=1
8. Complete the Riesz-Fisher Theorem by showing that L is com-
plete.
9. In Lemma 5.5.2, prove ||T'|| = ||¢|4
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10. For 1 < p < o0, define

P = {X:(xl,xg,...) xiERforiEN,Z\xi|p<oo}

i=1
00 1
and (x|l = [[(z1, @2, . llp = {322 a7} 77
(a) Prove Minkowski’s Inequality for *: [|x + y||, < x|, +
¥1lp-

(b) Prove Holder’s Inequality for 1P: >"°° |aiy| < |Ix]l,llyll,
where % + % = 1. (c¢) Prove [ is complete.
11. Define [* = {x = (z1,22,...) | sup;ey |2z:] < o0}. Prove [* is
complete.
12. State a Riesz Representation Theorem for bounded linear func-
tionals on [P, 1 < p < 0.



CHAPTER 6

Fourier Analysis

In the real world, many phenomena can be described by periodic func-
tions. For example, common household electrical current is alternating
current. The voltage V' in a typical 115-volt outlet with frequency
60 hertz can be expressed as the function V' = 163sin60(27t) =
163 sin 1207t. A basic component of music is a pure tone, which is
a single sine wave. A musical instrument usually creates several dif-
ferent tones at the same time, that is a linear combination of sine and
cosine functions with different frequencies. An electrocardiograph is
nearly a periodic function. Joseph Fourier was the first person who
created the idea of representing functions in the “frequency” domain
to reveal the “wave” property of a function. Thus, he opened a new
area in mathematics called Fourier analysis.

Joseph Fourier was born in 1768 in Auxserre, a small town in
France. In 1807, he presented a memoir to the Institute of France
(which was published in 1822 in his book The Analytic Theory of Heat),
where he claimed that any periodic function could be expressed as the
sum of sine and cosine functions. Fourier was motivated by the study
of heat diffusion. He wanted to represent the solution of a heat equa-
tion in a practical way that would yield a deeper understanding of the
physical problem. He found the series of harmonically related sinu-
soids to be a good representation. His ideas dominated mathematical
analysis for a hundred years. Outside mathematics, Fourier analysis
is used in many areas. It contains all of the central ideas of electrical
engineering. Crystallography, the telephone, the x-ray machine, and
many other devices use Fourier’s ideas.

In Fourier analysis, the complex exponential function e is often
used. By the Euler formula,

(0.2) e’ = cosx +isinz,

) eiw _ e—iw eim + e—im
(03) ST = 27 COSx = T
]

Hence, ¢ can be considered as a complex sinusoid. In general, a
complex valued function (with a real independent variable) has the

141
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form
f(z) = a(x) +ib(z), xe€R,

where a(z) is the real part of f(z) and b(z) is the imaginary part
of f(z), and both @ and b are real-valued functions. The complex
conjugate of f(z) is

(x) = a(z) —ib(z), = €R.

We have f'(z) = d/(z) +ib/(x) and [ f(z)dx = [a(z)dz+i [ b(x)dz.
Hence, the calculus of complex valued functions is similar to the calcu-
lus of real-valued functions. In this chapter, we assume functions are
complex valued.

1. Fourier Series

Following Fourier’s original ideas, we discuss how to represent a
periodic function as a series of sine and cosine functions. We first
consider 2m-periodic functions. Each element of the set

(1.1) {1,sin z, cos x, sin 2x, cos 2z, - - - }

is 2m-periodic. They are “fundamental tones” for 2m-periodic functions:
a linear combination of them represents a 2m-periodic function. We call
Tao+ Y p_; ay cos kx+bysin kz a trigonometric polynomial and call
the series %ao + Z,;“;l aj cos kx + by sin kx a trigonometric series.
The set (1.1) has an important property called orthogonality, which
is stated in the following.

THEOREM 6.1.1. The set (1.1) satisfies

(1) [7_sinnzcosmzdr =0, meZ",

(2) L [T sinnzsinkzde = 6,5, (n,k) € N2,

(3) L [T cosmaxcoslrdr = 6,,y, m,l € (ZT x ZT)\{(0,0)},
1, ifn=k

where 0,1 s Kronecker’s symbol: 6,1 = { 0. otherwise -

Proof.We leave the proof as an exercise. [ |
Orthogonality is extremely useful when we represent a periodic
function as a trigonometric series. For example, if

1 [e.e]
f(z) =zap+ Z ay, cos kx + by, sin kz,

2
k=1

where the series is uniformly convergent on [—7, 7], then

1 [7 1 [7
(1.2) ap = —/ f(z)coskxdx, by = —/ f(z) sin kz dx.
™ J)_x T J -z
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Conversely, if f(z) is integrable on [—m, 7], then the integrals (1.2) exist.
In this case, we can make a trigonometric series 2ag+ Y po; ay cos kx +
by sin kx for f although we do not know whether the series is convergent.
The use of this series to study f is Fourier’s original idea. We now put
it on a solid foundation.

1.1. The Finite Fourier Transform and Its Properties. Let

L' = {f 'f is 2m-periodic and / |f(z)|dx < oo}
DEFINITION 6.1.1. For f € L', define
f. (k) = %ffﬂ f(x) cos kx du, N
(1.3) I (k) = %fjﬂ f(z) sin kz du, kel

Then f." (k) and fs" (k) are called real Fourier coefficients of f,
and the trigonometric series

(1.4) %ch(O) + Zf{(k:) coskx + f;"(k)sinkz
k=1

is called the real Fourier series of f.

Note that we do not know whether the series (1.4) converges to
f(x). Hence, we use the notation

(1.5) f(z) ~ —fC —1—ch )coskz + fi" (k) sinkx

to indicate that (1.4) is the Fourler series of f(x).

When we multiply two Fourier series together, it is easier to use
the complex exponential representation instead of the sine and cosine
representation. Hence, we apply the Euler formula (0.3) to change the
form of (1.5):

—fc —|—ch Jcoskx + fs"(k)sinkz

eik:c + e—ik:c eik:c —ikx

= IO Y S )
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then

%ch(O) + g fe (k) coskx + fs" (k) sinkx = Z I (k)e™.

keZ
DEFINITION 6.1.2. The series
(1.6) > Fr (ke
keZ
is called the (complez) Fourier series of f, and f~ (k) is called the
k" Fourier coefficient of f.
It is easy to verify that {e*® | k € Z} is also an orthogonal system
on [—7, 7| in the sense that
1 s

— ehreilr oy = Okt
2 J_.

(1.7)

Equation (1.7) allows us to compute f~ (k) directly as
1 [7 ,

(1.8) £ (k) = g/ f@)e ™ de, ke

Formula (1.8) maps a function f to a sequence (f"(k))rez. We call it
the finite Fourier transform.

EXAMPLE 6.1.1. Let f(z) € L' be defined by f(z) = z,x € [—7, 7).
Then

n

flz) ~2 Z (=1)" sinnx.

EXAMPLE 6.1.2. Let f(x) = |sinz|. Then

f(z) ~ % (1 —i—Zﬁcos%m) :

EXAMPLE 6.1.3. Let f(z) € L' be defined by
z(ir+z), —m<z<0
f(x)—{ r(r—zx), O0<z<m
Then
f(z) 8 i b sin(2n — 1)z
T (2n — 1) '

By definition, if f(x) = 0 almost everywhere, then its Fourier series
is 0. The converse is also true. Indeed, we have the following uniqueness
theorem.
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THEOREM 6.1.2. The Fourier series of f(x) is 0 if and only if
f(z) =0 almost everywhere.

The proof of the theorem needs knowledge of Fourier summation.
We will not prove it here.

Fourier series are a useful tool for analyzing the frequency properties
of a function. If you consider the function f(¢) as a record of a period
of a music, then its Fourier series exhibits the tones in the music and
shows the strength of each tone: The larger (the magnitude of) the k"
coefficient, the stronger the k%" tone.

We now discuss the basic properties of the finite Fourier transform.
First, the finite Fourier transform is linear, i.e.

f+91" (k)= f"(k) + g7 (k), [cf]" (k) =cf (k).
Second, it has the following operation properties.

LEMMA 6.1.1. Let f € L'. For h € R, k € Z, we have
(1) [f(-+ )] (k) = ™™ £ (k);

(2) [ fO (k) = f~(k+5);

3) [f(=)]" (k) = [~ (k).

Proof. We have

[f(+¢MA@»::%i[ffup%meﬁmdx

1 w—h

f(x)e—ik(:c—h) dr

27 —m—h

L[ —ikz i ihk
:§/ f(x)e *eelkh gy = ek £ ().

and
—17- ~ 1 " —ijx —tkx
IFON W =5 [ e da
1 " —1 j )T ~ ;
— 5 [ S = £ ),
We leave (3) as an exercise. [

The following theorem shows that the high frequency components
in a Fourier series are near 0.

THEOREM 6.1.3. For f € L',
(1.9) lim f*(k) =0, lim f,"(k) =0, lim f."(k) =0,

|k|— o0 k—oo

This result is a consequence of the famous Riemann-Lebesgue Lemma.



146 6. FOURIER ANALYSIS

LEMMA 6.1.2. [Riemann-Lebesque| If f is integrable on the inter-
val (a,b), Then
b b
(1.10) lim [ f(t)sinptdt =0, lim [ f(t)cosptdt=D0.

p—00 p—00

Proof. We only prove the first limit in (1.10). The proof of the
second limit is similar, and we leave it as an exercise. First, we assume
f" is continuous. Then

b

1 I
lim [ f(¢)sinptdt = lim (——f(t) cos pt|> + —/ 1'(t) cosptdt) =0.
pmoo | p pJa

—
p—oo J.

If f is now only integrable on [a,b], then for any ¢ > 0, there is a
continuously differentiable function g such that

/ F(2) — g(x)| do < /2.

Since (1.10) holds for g, there is an N > 0 such that

b
/ g(z) sin pz dz
Thus, for p > N,

<e€/2, forall p>N.

x) sin px dx

- / ' gla)sinprde + / (F(a) — g(a) sin pir

<

/abg(x)sinpxdx +/ab\f(x)_g(x)‘ dr < €.

The lemma is proved. |

1.2. Convergence of Fourier Series. Is the Fourier series of f(t)
always convergent to f(¢)? In Fourier’s time, people thought “yes,”
but it is not true! The convergence of Fourier series is much harder to
handle than expected. It took one and a half centuries to fully analyze.
We have no plan to discuss the convergence of Fourier series in detail.
We only give a very brief introduction here.

Let
z{: fA ZM

k=—n

which is called the Fourier partial sum (of order n) of f. We consider
the pointwise convergence of Fourier series. That is, we address the
questions: “For a fixed ¢t € [—m, 7], does lim,, o S, (f,t) exist? If it
exists, is the limit equal to f(¢)?” The following result is one of the
most important results in this direction.
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THEOREM 6.1.4. If f(z) € L' has a bounded variation, then at
each point x € |—m, |, its Fourier series is convergent to

fla™)+ f=)
: :

The proof of this theorem is beyond the scope of this book. We
omit it. Readers can refer to [2]. By Theorem 6.1.4, the Fourier series
of a piecewise differentiable function is convergent everywhere. But
be aware that it is convergent to the function value only at points of
continuity.

EXAMPLE 6.1.4. We consider the convergence of the Fourier se-
ries in Eramples 6.1.1, 6.1.2, and 6.1.3. All of them are functions of
bounded variation. f(x) in Example 6.1.1 is discontinuous at v = +m,
the other two are continuous everywhere. By Theorem 6.1.4, we have

22(_
n=1
1+§:#0052nx = |sinz|, =€ [—m, 7]
=1 —(2n)? ’ ’
8 1 , r(r+zx), —7m<x<0
;;7(2n—1)381n(2n_1)x_{x(w—x) Ocao<n -

Note that for f(x) in Erzample 6.1.1, f(77) = © and f(xT) = —m.
Hence,

sinnr =z, x€ (—m ),

SRS

0= sin nr.

[+ f(m)
2

[\»}
M
i

EXAMPLE 6.1.5. Let

Z, re(0,m),
flx) = 0, =0,
_%> T ( 71',0)

Its Fourier series s

Hence,
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Since 2" % T 0, it is also convergent to f(x) at x = 0.
We now consider the jumps of f(x) and the amplitude of S,(f;x) at
x = 0 respectively. We have

F(0%) = F(07) = .

Let & = 3& and &, = —3-. Then

s 3 t
lim S,(f; &) _/ %dm 1.85193706 - - -
n—~0o0 0

and
K : t
lim S,(f;¢,) = —/ SlTndt ~ —1.85193706 - - -,
n—oo 0
which yields

lim |S,(f:&5) — Sa(f;6,)| ~ 3.70387412- -
~ 1.179T,

i.e. the limit of the amplitudes of S, (f,z) around 0 is at least a 1.179
multiple of the jump of f at 0. This is called Gibbs’ phenomenon.

1.3. The Study of Functions Using Fourier Series. A 27-
periodic function f can be represented in two ways. It can be repre-
sented in the time domain in the form f(¢), or it can be represented as
a Fourier series. Since the components in a Fourier series are sinusoids,
this is a representation in the frequency domain. (If f is represented as
f(z), we say it is in the spatial domain. However there is no difference
between f(t) and f(x) mathematically.) We represent f in the time
domain when we want to study the motion of the object. In this case,
we are interested in its differential properties, which are called smooth-
ness. When we want to study the frequency properties of the object,
we represent f in the frequency domain using its Fourier series. In this
case, the frequency range and the strength of each wave component in
the series will be our concern. In this section, we shall show the rela-
tionship between the smoothness of f and the magnitude of f*(k). Note
that max | 4=’ | = |k|" . Hence, strong high frequency components in
a Fourier series will destroy the smoothness of the function.

We now study the behavior of the Fourier series of the functions
which have high order derivatives. Let W7 be the set of all 27-periodic
functions such that they have derivatives up to order r and their r-order
derivative is in L! :

Wl ={feL| fis absolute continuous},

Wi={fel|feW "}, r>L
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The integer r indicates the smoothness of the functions in W7/ the

larger the number r, the smoother the functions.

EXAMPLE 6.1.6. Consider the 2m-periodic functions defined as

(1) f(z) =2% =x€l0,2n);
(2) g(z) = 2%, x€|-m, 7); and

- { 160 TS

Then f € L', but not in Wll, g e Wll, but not in Wf, h e Wf, but

not in Wf’

A function f is of smaller order than function g as r — oo if
lim f@) = 0. We denote this as f(z) = o(g(x)), pronounced “f is
z—o0 g(T

little-oh of ¢.”

THEOREM 6.1.5. If f € W[, then

(k) =0 (ﬁ) as |k| — 0.

Proof. Assume f € W{ ,7 > 1. Then

_ 1 / f(t)e *t qt
2 ),

1 , 1 (7 ,
= —f(t)e ™™+ ik—/ f(t)e ™ at
27 2 J_.
= ik f"(k),
which, by induction, yields
. LF] (k)
k)= “————.
Since f) € L', we have limjj| o [f®] " (k) = 0, which implies
‘kl|im k" (k)| = |kl‘im 1[f] ~ (k)| = 0.

The theorem is proved.

EXAMPLE 6.1.7. The function in Bzample 6.1.3 is in W2 since

f" e LY. Hence, f"(k) = o(%). In fact we have
—%Z:: 1) sin(2n — 1)z,

where [f"(n)] = 7r(2|1’j—1)3 =0 ((2|n|1—1)2> :

149
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Note that if f(t) = g(t) almost everywhere, then they have the
same Fourier series. Hence, Theorem 6.1.5 is also true for the function
that is almost equal to a function in W7.

EXAMPLE 6.1.8. Let the 2m-periodic function g(x) be defined as

() = f(x), = is an irrational number,
9 N 0, x 18 a rational number,

where f(x) is the function in Example 6.1.3. Then

o0

g(x) ~ % Z ﬁ sin(2n — 1)z

n=1

and the series converges to g(x) at each irrational point.

EXAMPLE 6.1.9. The function f(x) in Example 6.1.3 is discontin-
uous at v = +m. Hence f ¢ W}. Thus, we cannot expect f"(k) = o(‘%‘),
In fact, we have

iy =C0 kez poy,

which yields

| AR
1
|k|1£>noo k

':1#0

The result in Theorem 6.1.5 can be partially reversed. First, we
have the following.

THEOREM 6.1.6. If f(t) = >z k€™ and Y, , |ck| is conver-
gent, then f(t) is a continuous function and f"(k) = c;.

Proof. Since Y, ,|ck| is convergent, the series Y, , cxe™ is uni-

formly convergent to f(t). Note that all functions e*** k € Z, are con-
tinuous, hence the series is convergent to a continuous function. [ |
By Theorem 6.1.6, if |cx| < Ikl%’ k € N, holds for an M > 0 and

an € > 0, then f(t) = >, ., cke’™ is continuous. Assume now that the
¢, decay faster. Then f becomes smoother. This fact is shown in the
following theorem.

THEOREM 6.1.7. If

M

|Ck| S W, k € N,

holds for an M > 0, an € > 0, and an integer n € Z*, then f(t) =
> ke cxe™ has continuous derivatives up to order n.
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Proof. We leave the proof an an exercise. [ |

- W e

10.

11.
12.

13.

14.

Exercises
Prove Theorem 6.1.1.
Prove o [T _eMeilt dt = 6.
Prove | — 1| < |h].
Assume f € L' and f°(k) = 0, |[k| > n. Prove that f(z) is almost
everywhere equal to a trigonometric polynomial of degree less
than or equal to n.
Prove result (3) in Lemma 6.1.1.

. Find the real and complex Fourier series for the 2m-periodic

piecewise constant function

ro={ o "L

where 6 is a constant such that 0 < 8 < .

. Find the real and complex Fourier series for the 2m-periodic

piecewise linear function
- —x, 0<zxz<¥b
f(x)_{w—x, 0<x<2r”’

where 6 is a constant such that 0 < 8 < 2.

. Find the real and complex Fourier series for the continuous func-

tion f(x) = |z, |z| < 7.

. Prove that if f(z) is even, then f(k) = 0 for all £ € N; and if

f(z) is odd, then f2(k) =0 for all k € N.
Show that if f is a real valued function, then f"(—k) = f (k).
Prove that all f(k), k € Z, are real if and only if f(x) is an even
function.
Prove that |f"(k)| < 5= ["_|f(z)|dz, for all k € Z.
Apply Lemma 6.1.1 to find the Fourier series of the following
functions:

(a) fz—3)+ flz+3)

(b) sinzf(x).
(c) coszf(x).
(d) fz) + f(=x).
Prove the second limit in the Riemann-Lebesgue Lemma: If f is
integrable on the interval (a, b), then lim,_,, fab f(t)cosptdt =0.
Let fi(x) and fo(z) be two 2m-periodic functions such that

f1($)=x2+x, —nm<x<m,
folz) =2 +2, 0<z <2
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15.

16.
17.

18.

6. FOURIER ANALYSIS

(a) Find the Fourier series for these two functions.

(b) Explain why the Fourier series for them are not equal.

(c) Does the Fourier series of fi(x) converge? Is the Fourier
series of fi(z) convergent to fi(x) everywhere? To what numbers
is its Fourier series is convergent at x =0, x = 7, and x = 77

(d) Does the Fourier series of fy(x) converge? Is the Fourier
series of fy(x) convergent to fo(x) everywhere? To what numbers
is its Fourier series is convergent at x =0, x = 7, and x = 77
Let f.(x) be a 2m-periodic function defined by

L lz] < a

— E’
Jal2) {0, a<l|z| <7

where a is a positive constant less than .
(a) Find the Fourier series of f,(x).
(b) Find the value of lim, o+ [f,]"(k) for each k € Z.
Prove Theorem 6.1.7.
Assume f is a 27-periodic, absolutely continuous function. Prove
limg o kf " (k) = 0.
Assume the sequence (cg)gez exponentially decays, i.e.

x| < Ce™MH ez,

for a A > 0 and a C > 0. Prove that f(t) = Y, cre™ is
infinitely differentiable.

2. Parseval’s Formula

The Fourier series of a function in L' is not always pointwise con-
vergent. This fact restricts applications of the finite Fourier transform
in L'. Hence, we want to find a better space to overcome this short-
coming. We already know that {e?*'},cz is an orthonormal system on
[—7, w]. This provides a geometric explanation of Fourier series: They
form an orthonormal decomposition of a function. Hence, in this sec-
tion, we introduce the space of square integrable periodic functions and
show that {e?*'},cz is an orthonormal basis of this space. In this space,
Fourier partial sums are the best approximations for functions.

2.1. The Space of Square Integrable Periodic Functions.
We define the linear space

iQ:{feil

%/_:|f<t>|2dt<oo}
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and equip L? with the inner product

/f aleorallngL2

Then the norm of a function f € L? is || f||z> = v/(f, f), the distance
between functions f,g € L*is ||f — g/ ;2, and the angle between f and
g is

(f.9)

119l

We now discuss the partial Fourier sum of a function f € L?. We
already know that {¢"*},cz is an orthonormal system in L2. Let V, be
the subspace spanned by {e?*}7_ . Then each function in V,, is of the
form Y7 cxe™ and the partial Fourier sum of f is the orthogonal

cos

projection of f € L? onto V,,:

prOJan Z f ezkt ikt __ Z f/\ zkt (f)

k=—n k=—n

From linear algebra, we know

(21) ||Sn(f) - f”iz S th - f||i2 fOI‘ all tn & Vn

Note that [|S,(f)];2 = \/Zzz_n | /A (k)| and the distance from f to
Vi is || f = Su(f)|l72- Hence,

Z FAE) + 1 = Su(DZ = )12, for all n € N

k=—n

which yields

(2.2) NGRS V[T
keZ

Let

I? = {a =(ap)rez

zw@o}

kEZ

in which the inner product is defined by (a,b) = >, , axbr. Then
the norm of a is />, 5 |ax[>. Let €* be the sequence such that its k™
term ef = &,. Then {€"};ez is an orthonormal basis of I*. Inequality
(2.2) shows that (f"(k)) € I?. Hence, the finite Fourier transform is a
mapping from L? to [2. To prove {e*'} ¢z is a basis of L?, we have to
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confirm />, ., | [A(k)|? = | f||z=- We use convolution to complete the

task.

2.2. The Convolution Theorem. In Section 4 of Chapter 3, we
introduced the convolution for L(R). We now extend it to L.

DEFINITION 6.2.1. Let f,g € L'. Then the 2r-periodic function

(f * o) (/ fe—t)g

is called the convolution of f and g.

Convolution has many properties similar to multiplication. We have

f*xg=gxf,
fr(g+h)=[fxg+ fx*h,
(fxg)xh=fx(gxh).

An important result is the following Convolution Theorem.

THEOREM 6.2.1. [Convolution Theorem] If f,g € L?, then
(2.3) [f=gl(t) = f (k)g" (k)e™

Proof. We have

rea 0= [ (5 [ e ngta) e as
= % /7r (% ’ f(x — t)g(t)e‘l(x_t)kdx) e MR dt
:% (%/ fIL"—t :ctkdx) () ztkdt
(k?)g (k).

By Schwarz’s Inequality (Theorem 5.2.1) and (2.2),

DR RIS I EF D 19" R < Izl ze,

keZ keZ kEZ

which implies the series Y, ., |[f * g] (k)| is convergent. By Theorem
6.1.6 and Theorem 6.2.1, we obtain (2.3). [
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2.3. Parseval’s Formula. We are ready to prove that the finite
Fourier transform is an orthonormal one from L to [2.

THEOREM 6.2.2. For f,g € L2,
(2.4) (fr9) = ((f"(F)) . (g"(k)))

and therefore

(2.5) fllze = [ DI R

Proof. In (2.3), letting ¢t = 0, we have
L p@g(-wyde = 3 1 (B)g" ().

- keZ

Hence,
1 (" — 1 ["
() =5 [ s@h@ e = o= [ a0 do
=Y Ry (k)= f (k)R (k)
keZ keZ
which yields (2.4). In (2.4), letting g = f, we have (2.5). [

Formula (2.5) is called the Parseval formula and (2.4) is called
the general Parseval formula. From the Parseval formula, we get
the following.

COROLLARY 6.2.1. For f € L?,
2.6 T 150() = £z = 0.
Therefore, {e*} ez is an orthonormal basis of L?.

We have shown that the finite Fourier transform is an orthonormal
transform from L? to [*. We now show that it is an onto mapping from
L? to 2.

THEOREM 6.2.3. For each (aj)€l?, there is a function f € L2
such that fNk) = ag, k € Z.

Proof. Let s,(z) = >_}__ axe™. For m > n, we have

lsm = sallze = D laal,

n+1<|k|<m
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where the limit of the right hand side is 0 as n,m — 0. Hence, (s,) is

a Cauchy sequence in L2. Therefore, there is a function f € L? such
that

(2.7) Tim [|s, — /]l = 0.

We now prove f"(k) = aj. For an arbitrary fixed k and any n > |k,
we have

. L[ i
70—l = |5 [ 00 - snear] < 17 = sl
By (2.7), we get f" (k) = ax. The theorem is proved. |
We summarize Theorem 6.2.2 and Theorem 6.2.3 in the following.

THEOREM 6.2.4. The finite Fourier transform f — f" is an or-
thonormal isomorphism from L? to 2.

EXAMPLE 6.2.1. The Fourier series of

5, v (0,m),
f(z) = 0, ==0,
_g> S (—71',0),

18

It is obvious that f € L% We have

I718=23 e

n=1

I8 =57 [ Fla)do

By (2.5), we have || fl|zz= = [[f"[l2. Hence,

o)
7T2

Ty

8

and

(2.8)

n=1

From (2.8), we can deriwe the sum Y, | =5. Assume

[e.e]

1

n2
n=1
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Then
— (271)2
Note that
3 S |
-8 = -
PR Dot
= (-1 8
Hence,
=1 B 2
— n2 6

2.4. The Finite Fourier Transform on General Intervals.
Before we end this section, we briefly discuss the finite Fourier trans-
forms of the functions with periods other than 2. Let L} be the space
of all 20-periodic integrable functions and L2, be the space defined by

/_C;|f(x)|2dx<oo}.

In L2, the inner product is defined by

iz - {f e il

(f,9) = %/j f(x)g(z) dz.

For a function f € L}_, its Fourier series is
e e}
A ikTx
> fr(k)e*er,
k=—00

where
(2.9) oy =5 [ F(2)e 5% da.

Similarly, its real Fourier series is

1 o
—ag + Z ay, COS k;zx + by, sin k;zx,
o o

2
k=1
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where

1 g
ak:—/ f(x)coskzxdx, keZt,
o), o

bk:l/ f(x)sinkzxdx, k e N.
ol . o

Thus, all results we have obtained for L' and L? also hold for L and
L3,
When a function f is defined on a finite interval [a,b), we can use

the following method to make f periodic on R. Let 0 = b;“. Define

(2.10)  f(x) = f(z —2ko), =z € [a+2ko,a+2(k+1)0), ke

Then f(z) has period 20. If its Fourier series converges to f(x), then
in particular the series converges to f(x) on [a,b). However, the peri-
odization (2.10) may destroy the continuity of f(z) at the end points a
and b if f(a) # f. In order to keep the continuity at the ends, we adopt
the following method. For simplicity, we assume a = 0 and b = 0. We
first extend f to an even function on [—o, o] by

f(=x) = f(x), =€l0,0]
Thus, f(z) is well-defined on [—o, 0] and f(o) = f(—0c). Then we make
periodic the extended function using (2.10).

EXAMPLE 6.2.2. Let f(x) = |z|,z € [—1,]. Then f(x) is continu-
ous and f'(z) is integrable on [—1,1]. Hence, its Fourier series converges
to f. We have

flz) = o4 - 1_ = o (2n —l 1)7m:‘

2 2
n=1

EXAMPLE 6.2.3. Assume 0 < a < [. Let f(x) be a 2l-periodic
function defined by

_ Iz
f(x):{loa’ lz| <a

a<lz| <l

Then we have

a 21 1 nma nwx
p— —_— —_— 1 — —_— _
f(z) 21 + m2q nz:; n2 ( cos l ) cos l

For f)go, the orthonormal basis used is the Fourier series under
{e'7*t) . cz. The frequency “spectrum” of this system is {%}kez, which
becomes more dense as o gets larger. When we consider the non-
periodic function defined on the whole real line, the frequency spectrum

becomes continuous and Fourier integrals are introduced.
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Exercises

. Prove that, if f,g € L', then f*g € L' and [f % g]"(k) =

S (k)g" (k).

. Prove that if f,g € L' and the series 3" |¢" (k)| is convergent,

then

Frglty=>Y_ f k)g"(k)e™.

kEZ

. Let f,g € L*. Prove fg € L' and [fg]" (k) = 3 ez /" (4)g" (k—j).
. Let f(z) = ,_,apcoskx and g(z) = > ;_, by coskzx. Find || f —

9llz2-

. Let t,, € V,, be a trigonometric polynomial of order n. Prove that

ming, ey, || sin(n + 1)z — t,(z)|| ;2 is obtained at t,, = 0.

- Let f(t) = Y ez sire’™. Find [ _|f(t)[? dt.

Prove that ||f * g — fH%2 = ez | [ E)Plg" (k) — 1%,

. Use the Fourier series in Example 6.1.1 in Section 6.1 to derive

Yo =5
i

et £(2) = lal(m — Ja), o] < .
(a) Find the Fourier series of f.
(b) Use the result in (a) to prove >~ =& = g—g.
et f(z) be a 2m-periodic function defined by
_J (m=0)x, |z < 0,
/(@) —{ O(r — ), 0<z<2r—0.
(a) Prove f(z) =232 #28ginng.
(b) Use the result in (a) to find the sum Z sin’ L
Assume f € L'. Prove that if | (k)] < W, for an M >0

and an € > 0, then f has derivatives up to order n and () € L2
for r < n.

Assume f € L2, Prove

20

NI 2

k;%m,@n—gg[gﬂ@\m,
where f/'(k) is defined by (2.9).
Let f(z) be a m-periodic function defined by f(z) = |z|, —7/2 <
x <72

(a) Find its Fourier series > f2(k)e®*.

(b) Considering it as a 27w-periodic function, find its Fourier
series > f(k)et*t.

(c) Are they the same? What is the general conclusion.
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14. Let f(x) be a 2l-periodic function defined by f(z) =z, - <z <
[. Find its Fourler SeI"1628
15. Prove that 22 = & + 2557 1 — " cos e x| <L

3. The Fourier Transform of Integrable Functions

Let L' be the space of all (complex-valued) functions integrable on
R. The norm of f € L', is defined by

I = [ 1]
R
We have the following:

L. [[f]ls = 0 if and only if f(x) =0 a.e. on R.
2. |lefllr = lell| f]l1, for a complex number c.

BMF+glly < £l + llglls-
We now study the Fourier transform on L.

3.1. Definition and Properties.

DEFINITION 6.3.1. For a function f € L', the complex-valued func-
tion

(3.1) flw) = / fe ™dt, weR,
R
15 called the Fourier transform of f.
The Fourier transform is linear:
ftg=/f+gandecf=cf,

where c¢ is a complex constant.

EXAMPLE 6.3.1. Let f(t) = e ", a > 0. Then f(w ,¢*64m

—alwl

EXAMPLE 6.3.2. Let g(t) = Then §(w) = =

t2+a2 a

W(l—M), lw| <2,

EXAMPLE 6.3.3. Let f(x) = Slg# Then f(w) =
0 lw| > 2.

Similar to Lemma 6.1.1, we have the following.

LEMMA 6.3.1. For f € L', we have
() [f(+1)] (w) =™ f(w), hweR;
2) ™ f()) (w) = flw+h), hweR;

(2) | ' (w) =
(3) laf(a)] (w) = f(w/a), a>0weR;
@) [f()] (w) = fw), wekR
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Proof. We have
UC+MTW%—Af&+M€mﬂt

:i/f@+hw%@wwawd@+h)
R

- 6ihw I~ e—ixw = eihw R w).
- Aﬂ) ds = e f(w)

(1) is proved. The proofs of the remaining parts are left as exercises.
|

The Fourier transform represents a function in the frequency do-
main. It is the continuous version of the Fourier series. Many results
for the Fourier transform are parallel to those for Fourier series. Read-
ers can compare the results in this section with those in Section 6.1.
The following is a result similar to Theorem 6.1.3.

THEOREM 6.3.1. If f € L', then f(w) is continuous on R and

\wl\igloo fw =o.
Proof. We have
|fw+h) = fw) < /_ et — 1| ()] d.

Recall that
e — 1| f(t)] < 2|f(¢)]
and
. iht _
lim [e™ —1[[f(#)] = 0.

By the Lebesgue Dominated Convergence Theorem (Theorem 3.3.1),
f(w) is uniformly continuous on R. Besides, for w # 0 we have

f@%—[:fﬁémﬂt
[+ D) erema (e T
—— [ (D)o

—0o0

which implies that
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We know that, for f € L!,
lm £+ ) = () = 0.

Hence,
. 1 [ T
Oglim’ w‘glim—/ ‘ t) — (t—i——)’dt:O,
Jim | f(w) dms FO) = F{t+
ie. limyy oo f(w) = 0. The theorem is proved. |

For convenience, we define

Coz{fEC

which is a linear subspace of C. Then Theorem 6.3.1 states that the
Fourier transform is a linear transform from L' to C.

lim £(1) =o},

[t| =00

3.2. The Convolution Theorem. As we have seen in Section
6.2, convolution is a useful tool in the study of relationships between
functions. The convolution of two functions in L' is defined in Section
3.4. For convenience, we restate it here.

DEFINITION 6.3.2. Let f,g € L'. The convolution of f and g is
defined by

(3.2) £ gla) = / " = 0)glt)

EXAMPLE 6.3.4. For a function f € L', define the first moving
average of f as

z+h/2 h/2
A(f;z,h) =h™t ft)dt=hn"t f(x —1t)dt.
z—h/2 —h/2
L |z| < h/2,

We define xp(x) = { Then we can write the moving

0, |z| > h/2.
average A(f;z,h) in a convolution form: A(f;z,h) = f * xn(x). Note
that if f(t) is continuous at x, then lim,_o A(f;x,h) = f(x). Hence,
we can use A(f;x, h) to approximate f(x). Note also that A(f;x,h) is
absolutely continuous. Hence, A(f;x,h) is smoother than f.

Similar to the convolution of periodic functions, for L! functions we
have

frg=gx*],
fx(g+h)=fxg+ [fxh,
(fxg)xh=fx(g*h).
We also have the following.
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THEOREM 6.3.2. If f,g € L' then fxge L' and

83 [ireaiass ([ yola) ([ool),

If f,g € L? then fx g € Cy and
(3.4) sup [/« g(t)] < [|f]l2llgll2-
teR

Proof. Equation (3.3) is established in Theorem 3.4.4. If f,g € L?,
then by Schwarz’s Inquality for L? (Theorem 5.5.2 with p = ¢ = 2) we
have

o9l =| [ e =g ar

<([1ra-opra) " ([ wora) "

= [/ ll2llgll2-

Besides,

Frgle+h) = frgla)] = /R<f<x+h—t>—f(x—t))g(t)dt'
< IFC+1) = FOlallgla

Since f € L?,
tim £+ h) — ()]s =0,
which implies
lim |+ g(a +B) — ] # glx)] =0,

i.e. fxg e C. We now prove limy,_ f * g(x) = 0. Since f,g € L?, for
any € > 0, there is an N > 0 such that

(/HZN \f(t)\zdt) v <e and (/MN \g(t)\zdt) v <e
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Let € (—o0, —2N) U (2N, 00). Then (x — N,z + N) C (—o0, —N) U
(N, 00). For this z, we have

|f*g(x)] < (/t|<N+A>N) |f(z — t)g(t)| dt
< (f e =orar) ok
+ (£l (/lDN |g(t)|2dt)1/2

< (gl +1Ifll2) e
which yields lim;—o | f * g(2)| = 0. The lemma is proved. [ |

We now give the convolution theorem for L.

THEOREM 6.3.3. If f,g € L', then

[f* 9] (w) = fw)j(w), weR.
Proof. We have

g )= [

e e}

This completes the proof. [ |

3.3. The Inverse Fourier Transform. The convergence theo-
rem for Fourier series confirms that a periodic function can be iden-
tified with its Fourier series. Similarly, we expect that a function on
R can be totally recovered from its Fourier transform. Unfortunately,

f € L' does not imply f € L!. Hence, the recovery involves a limiting
process.

THEOREM 6.3.4. Assume f € L'. For p > 0, define

(3.5) A(t) = = /R 5 Flw)e™ duw.

T o

Then
(3.6) 1Al < 1111
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and

(3.7) lim A,(t) = f(t) a.e.

p—00
Furthermore, if f is also continuous, then (3.7) holds everywhere.

|w]

The function e » in (3.5) is called a convergence factor, which
accelerates the decay of the integrand in (3.5) so that the improper
integral exists. We put the proof of the theorem at the end of the sec-
tion. A direct consequence of Theorem 6.3.4 is the following uniqueness
theorem for the Fourier transform.

THEOREM 6.3.5. For f € L', if f =0, then f(t) =0 a.c.

Proof. If f = 0, then A,(t) = 0 for each p > 0. By (3.7), f(t) =0
a.e. |

If the function f(w)e™ is integrable on R, then the convergence
_lel

factor e~ in the integral of (3.5) can be removed. Thus, we have the
following.

THEOREM 6.3.6. For function f, if f € L', then
1o,
(3.9) L / Fw)e™ dw = (1), ae.
21 J_ o

Furthermore, if f is also continuous, then (3.8) holds everywhere.

Proof. By Theorem 6.3.4, we have
1 [ N
lim —/ e_%‘f(w)e”” dw = f(t) a.e.

Note that

and

lim e VP f(w)e™ = f(w)e™.

By the Lebesgue Dominated Convergence Theorem (Theorem 3.3.1),
we have

1 [ e, : 1 [ . .

lim —/ e v fw)e™dw = 2—/ fw)e™dw, for all t € R.

—00 T J -

The theorem is proved. |
Formula (3.8) inspires the following definition.

DEFINITION 6.3.3. Let g € L'. The integral 5- [, g(w)e™ dw is
called the inverse Fourier transform of g and denoted by g".
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Using normalization, we can define the Fourier transform and in-
verse Fourier transform in a more symmetric way. Let

F(f)w) = J%ﬂw) - % / " et i

FH0 = Varg ) = = [ gt a.

Thus, if f and f both are in L', we have F'F(f) = f. In this
book, we call F and F~! the normalized Fourier transform and
the normalized inverse Fourier transform respectively.

3.4. The Study of Functions Using Fourier Transforms. As
with Fourier series, there is a close relationship between the smoothness
of f and the decay rate of f . Let W} denote the space of all absolutely
continuous functions on R. Then f € W} implies f' € L'(R). We
inductively define

and

Wi ={flfewi " r>2}
The following theorem is similar to Theorem 6.1.5.

THEOREM 6.3.7. If f € W7, then

(3.9) ) (w) = (iw)" f(w)
and
(3.10) lim W f(w)] = 0.
Conversely, if f € L' and there is a function g € L' such that
(3.11) (iw) f(w) = §(w), weR, reN,
then f € WT.
Proof. We prove the first claim. Assume f € W. We have
312 f@-fa-1= [ roa= [ xe-ored
z—1 —00
where

otherwise.

o= { b o

Taking the Fourier transform of (3.12), we have
(1= ™) fw) = %) (/) ")
=)

w
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Thus
(3.13) (f) " (w) = iwf(w), w#2kn.

However, if both (f') "(w) and iwf(w) are continuous functions, then
(3.13) holds for all w € R. Using mathematical induction we can prove
the claim for a general r. We now prove the converse claim for r = 1.
It can be done by reversing the steps above. First, (iw)f(w) = §(w)
implies

1— 6—ihw

——gw) = (L= ™) f(w) = [f() = f( = D] ().
On other hand, let w(z) = f;_hg(t) dt. Then

1 — e—ihw A .
w)=w"(w).
L) =)
By the uniqueness of the Fourier transform, for each fixed A > 0,

ﬂ@—f@—h%j/ldﬂﬁ ae.

which implies

J@ = sw-ma=[" [ o

Since f € L', for each fixed y > 0, we have
Y

lim [ [f(x) = f(z— b)) da

h—oo J

= yf(x)dm— lim yf(x—h)dx
0 h=0o0 Jo

= | f(z)dx

0

By the Lebesgue Dominated Convergence Theorem (Theorem 3.3.1),
we also have

Yy T Y T
lim / / g(t)dtdx = / / g(t) dt dx.
h—oo 0 z—h 0 —00

Y Yy x
/ f(x)de = / / g(t) dtdx, for all y > 0,
0 0 —00

which yields

Hence,
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The claim is proved for r = 1. The result for a general r can be proved
by mathematical induction. |

Limit (3.10) indicates f(w) = o(|wl|r) as |w| — oo. Again, we see

that, the smoother the function f, the faster f is decaying as |w| — oo.
Note that the Fourier transform and the inverse Fourier transform are
defined in a similar way. Hence, we also expect that fast decay of f
implies high smoothness of f. In fact, we have the following.

THEOREM 6.3.8. If f € L' and 2" f(x) € L' for an r € N, then

f has continuous derivatives up to order r and hm‘w‘_mf )(w) = 0.
Besides,

(N9) = (0 [ afe s 0<k<r
In particular, _
OO = [ apwydn, 0<k<r
Proof. Assume r = 1 Then
o) = 9 [
Note that
‘f(x)(e_ihz%l)e_im <|zf(zx) € L'

and

(6_ihw B 1) —izw
i f() e

= —ixf(x)e ",

By the Lebesgue Dominated Convergence Theorem (Theorem 3.3.1),

(JE), (w) = lim fwth) = f) =—i /_z o f(z)e” ™ dw.

h—0 h

Hence, the theorem is true for » = 1. The result for a general r can be
proved by mathematical induction. [ |

COROLLARY 6 3.1. If f(x) decays faster than ﬁ for all n € N,

e if | f(z)| < Tl ‘n for some M € R, then f(w) is infinitely differen-
tiable.

Proof. We leave the proof as an exercise. [ |
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EXAMPLE 6.3.5. Consider the function f in Example 6.3.3: f(z) =
Si?ﬁ#. We have f € L', but xf(z) = % is not in L'. We can see that
the derivative if its Fourier transform f (w) s not continuous at 0 and
+2.

EXAMPLE 6.3.6. The function e~ a > 0, decays faster than "

A w2
for all n € N. Its Fourier transform f(w) = \/ge_ﬂ is infinitely dif-
ferentiable.

Formula (3.9) is useful in solving differential equations.

EXAMPLE 6.3.7. Find the solution of the heat equation
ou  0*u
3.14 — = —
(3.14) ot 0x?
with the initial condition u(x,0) = f(x), where f, f € L. Taking the
Fourier transform of equation (3.14), we have

2ﬂ(w, t) = —wt(w, ).

ot
Hence, 4w, t) = co(w)e™"t. Note that a(w,0) = f(w). Hence,
a(w,t) = f(w)e ™™

Taking the inverse Fourier transform, we get

u(a, ) = Nlﬁ / e dr.

3.5. Proof of Theorem 6.3.4. We now prove Theorem 6.3.4.
Recall that A,(t) = L [ e f(w)e™ dw.

Y

LEMMA 6.3.2. If f,g € L', then
. f du = a(u) du.
(3.15) / F(w)g () du / F ()3 (1) du

Proof.  Applying Fubini’s Theorem (Theorem 3.4.2), we have the

following:
[ Fgtuydu= [ ( / f(t)e‘”“dt) g(u) du

—/R(/Rg(u)e_it“du) f(t)dt
[ rwatar

The lemma is proved. [ |
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LEMMA 6.3.3. We have the following
1 [~ 2p

and
1 [ 2p
1 A = — —u)——— du.
(3.17) o) = 5 /_ )

Proof. We have
(e“")/\ (v) = / e~ lElgitv o — 2/ e Pcoszvdr = .
_ 0 1+ 02

Write
L
gt(‘) =e rett
By Lemma 6.3.1,
() 20
’U =
I T T v — 0P

By Lemma 6.3.2,

i as= L [ Fom

1
Ap(t) = _/
d
ol IR ./ T = ™
:_/ flt =) 1+(pU) .
Note that
———du= du = 2.
,[m1+0mvii,[m1+u2“ "
The lemma is proved. [

We are ready to prove the theorem. By (3.17), we have
1 [ 2p
Al £ — : —d
A < 5 |+ 0l do

1 [ 2p
< — —_— = .

This is (3.6). By (3.16) we have f(t) = o= [0 f(t)
fore,

T +(pu du. There-

A -1 =5 [ ua—w—wu»;ﬁ%ﬁdu
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Since f € L', for any € > 0, there is a 6 > 0 such that

(3.18) |f(- —u)— f(-)][1 < € whenever |u| <.
We now have
14, — f||1
1
<o [ - Al
—ig[JUC—W—fMT:éayw
1 2p
+ Y ulss [f(-—u) - f||1m du
where
L [ 2pe B
/ ||f f“l (P) duf% _oomdU—E
o<i =)~ ] d
T 27 |m>5 11‘%(PU) !

2p 1
< flham / ————m—W«—/ du.
’ 2w |t|>6 14 (pU) ’ ™ |t|>ps 1+ u?

For a fixed § > 0,

lim du = 0.
p=0 Jjgsps 1+ U2
Hence,
i L e = e di =0
Therefore, lim, . ||A, — f]1 = 0, which implies (3.7). [ |
Exercises

1. Let f € L'. Prove f is odd (even) if and only if f is odd (even).
2. Find the Fourier transforms for the following functions.

(a )Z/ZX[ 11}( z)
(b (S‘”/Q)

) :c/2
(©)y
_w, 0< 2 <o0,
(d)y { 0, —oco<zxz<O.
3. Prove (2)—(4) of Lemma 6.3.1.
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4. Assume that f, f,, € L! satisfy
i 7 = full = 0.
Prove

lim fo(w) = f(w)

uniformly for all w € R.
5. For f,g € L', the correlation of f and g is the function

f, gl(e) = / " et gD dt,

and [f, f] is called the auto-correlation of f. Prove

Il
-
*

Q
T
S~—

= X[o.1)(%).
(a) Find an explicit expression for by(z) = by * by(x).
(b) Find by(w).
(¢) Let by(z) = by_1 % by(z), n =2,3,---. Find b, (w).
(d) Use (3.9) (for r = 1) to prove that 0, (x) = b,_1(z) —
bn_l(l’ — 1)
7. Assume f € L' and write g(z) = e=*". Prove that g % f is infin-
itely differentiable.
8. Prove Corollary 6.3.1.
9. For g € L', define g*(z) = >, .5 g(x + 2km). Prove
(a) g* € L' and [7_g*(t)dt = [, g(t) dt.
(b) [g°]" (k) = 379(k).
(c) If Y, cp 9(x 4 2km) is uniformly convergent to g*(x), then
Y oken 9(@ + 2km) = 537, g G(k)e™.

4. Fourier Transforms of Square Integrable Functions

In Section 6.2, we saw that the finite Fourier transform is an ortho-
normal isomorphism from L? to [2. In this section, we want to extend

this result to the space
= {f /\f(t)\?dt< oo}.
R
As we stated in Section 5.3, this space is equipped with the inner
product

(f. ) = / 7 ()90 dt,
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and L? is a Hilbert space. The norm of f € L? is ||f]la = \/(f, f) and
the distance between f and g is ||f — gl|2, and the angle between two
functions f,g € L? is

-1 <fug>
1FNl2llgll2

COS

We can see that the geometry in L? is quite similar to that in L2,
Hence, the results in this section are similar to those in Section 2.
However, there is still a main difference between L? and L? : L? C
L', but L? is not a subspace of L'. Thus, for f € L? the integral
ffooo f(z)e ™ dr may not exist. Hence, we cannot use it to define the
Fourier transform of f € L?. In order to overcome this difficulty, we
adopt a limit approach to the Fourier transform for L?. Recall that any
function f € L? can be considered as a limit of a sequence of functions
in L? N L', say (f,). Since the Fourier transform of f, is well-defined,
the Fourier transform of f can be defined as the limit of fn We now
provide the details.

4.1. Definition and Properties. We start our discussion with
felLtnlL?

LEMMA 6.4.1. If f € L' N L2, then f € L? and

1 .
(4.1) /115 = gllﬂlg-

Proof. Let f*(x) = f(—x). It is clear that f* € L' N L?. We define
h = f* f*. Since both f, f* € L' N L?, by Lemma 6.3.2 h is continuous
and in L'. We also have h(w) = |f(w)[?> and 2(0) = ||f||2. Applying
Theorem 6.3.4 and setting ¢ = 0, we have

1 o A
Il = h(0) = lim — / Py (w) dw

p—oo 270

1 [~ P
= lim —/ el f(w)? dw.

p—00 2M J_ o

Note that e~ “I/?| f(w)|? is a positive, increasing function of p > 0 with

~

lim e”17| f(w)* = | f(w)I*

p—00
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By the Monotone Convergence Theorem (Theorem 3.3.3),

1 o0 A
Hmzm—/aWwwm
p—00 oo

2w
L™ i e lle] () P2
= — lim e V7| f(w)|* dw
2w ) _ o P00
1 o0

F@)Pdo = o1l

:% N

The theorem is proved. [ |

The next step is to construct a sequence fy € L' N L? which has
limit f as N — oo. Naturally, we choose the truncated functions of f :

fN(t)_{ A )

0, otherwise,
It is clear that fy € L' N L? and
(42) T [lfy — £l =0,

We then use the limit of ﬁv to define the Fourier transform of f. First,
we confirm the existence of the limit.

LEMMA 6.4.2. There is a function ¢ € L? such that

(43) Jim [|fx = ¢l = 0.
Proof. By Lemma 6.4.1, for arbitrary N, M > 0,
(4.4) I fv = farllz = 27l f — farll3.

By (4.2), (fn) is a Cauchy sequence in L?. Then (4.4) implies (?]\V) is
a Cauchy sequence in L? as well. By the completeness of L?, there is a
function ¢ € L? such that (4.3) holds. |

If limy, o0 || fn — fll2 = 0, then we denote it by
f(t) = L*- lim f, ().
We are ready to define the Fourier transform for a function f € L2

DEFINITION 6.4.1. For f € L?, the Fourier transform is defined
by

~

(4.5) f(w) = L2 Tim /_ e dn

N—o0
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By Lemma 6.4.1, for a function f € L* N L!

/ f(z)e ™ dx = L*- hm f( Ye " dr, a.e.

Hence this definition is consistent with Deﬁnition 6.3.1.
Note the difference between the point-wise limit

T £, (1) = (1)
and the limit L2-limit
L%l (1) = £(0).

n—oo

For example, the function

£ult) = { n, te (0,%)

0 otherwise
converges to 0 everywhere: lim,, .., f,(t) =0, for all ¢t € R, but
lim || f, — 0|2 = lim /n = occ.
Hence L2-lim, .o f,,(t) does not exist. Conversely, there exists a se-

quence (f,) such that its L?-limit exists but the piecewise limit does
not exist. For example, let

1 tc ( m m+1)
) nt+l’ ntl + — A
Gnm(t) = { 0. otherwise forallme Z™, m=0,1,---,n.

We now arrange g, ,, to a bi-index sequence

(4-6> 90,0, 91,0, 91,1, 92,0, 92,1, 92,2, - - *

and rewrite it as the sequence f1, fa,--- . That is, fr(nm) = gnm, Where
7(n,m) = 2(n + 1)n + m. Then L*limj_.. fx(t) = 0, but fi(¢) is
divergent at any point ¢ € (0, 1).

Similar to the case for L', the Fourier transform of f € L? has the
following properties.

LEMMA 6.4.3. Lemma 6.3.1 also holds for each f € L*.

THEOREM 6.4.1. [Convolution Theorem] If f € L? and g € L1,
then [f * g]"(w) = f(w)g(w) a.e.
THEOREM 6.4.2. [Parseval’s Formula) If f,g € L?, then

/f du—/fg

We leave the proofs of these results to the reader.
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4.2. Plancherel’s Theorem. We have already seen that the Fourier
transform is a linear transform on L?. We now study its geometric prop-
erties. From Lemma 6.4.1 and 6.4.2, we can see that the normalized
Fourier transform is orthonormal.

THEOREM 6.4.3. If f € L2, then f € L? and

(4.7) IFHIZ = lI£112-
Proof. By Lemma 6.4.1, we have

1 -
NIE =1/l N >0
T
Letting N — oo, we have o= f||2 = || f[|2 which implies (4.7). |
As a consequence of Theorem 6.4.3, we have:

COROLLARY 6.4.1. Assume f € L? and f(w) = 0 a.e. Then

f(t) =0 a.e.

Proof. 1If f(w) = 0 a.e., then ||f]s = 0, which yields | |2 = 0.
Hence, f(t) =0 a.e. [

We also have the following.
COROLLARY 6.4.2. If f,g € L?, then

(1.9 (.90 = o-(F.0)

Proof. We leave the proof as an exercise. [ |

We now prove that the Fourier transform is also an onto mapping
on L2,

THEOREM 6.4.4. For f € L2, set g(x) = = f(—x). Then §(t) =
f(t) a.e. and

(4.9) £ = L2 tim — [ f(w)e dw,

Proof. By Lemma 6.4.3, we have g"\(z) = [g(—-)]"(z). Hence,

(= [ it de = | )= ) du
By Theorem 6.4.2,

[ @@= |

Vd

f(u)g(—u) du
1 [ 7 Lz
gémwmm:%W@ﬂW§
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Hence, (f,g) = ||fI13 and (g, f) = (f.g) = || f[3. We also have

(9,6 = 2ng,9) = 5 IF(—I3 = 113

Hence,
If=3gll5=<{f—g.f—a)
= (L)) =(f,9) =9, /) +(3.9)
which yields g = f a.e. Note that
N
§(t) = L* lim g(u)e ™ du
N—o0 N
2 IR
— _ _ _ —iut
=1L ]\}1_{1(1)0 o7/ f=u)e "™ du
1N
=L —]\}1_1?1OO o/ . f(w)e™ dw
Hence (4.9) holds. [

We summarize Theorem 6.4.3 and Theorem 6.4.4 in the Plancherel
Theoremn.

THEOREM 6.4.5. [Plancherel’s Theorem| The normalized Fourier
transform F is an orthonormal automorphism on L2.

Recall that the formula (4.9) recovers f from f. Hence we use it to
define the inverse Fourier transform for the functions in L?.
For g € L?, its inverse Fourier transform is defined by

\Y 2 : 1 N ~ iwt
g'(t) =L lim — g(w)e™ dw.

N—oo 27‘(‘ N
AV
Thus, if f € L?, then [f] = f, or equivalently, F~1F(f) = f.

4.3. The Fourier Transform of Derivatives. The result for
Fourier transforms of derivatives in L? is similar to that for L'. We
state the result below without providing the proof. Define

Wy ={fel’|fPel?0<j<r}.
THEOREM 6.4.6. If f € W, then
(4.10) ) (@) = () fw) ae.
Conversely, if f € L? and there is a function g € L? such that

~

(iw)" f(w) = g(w) ae.
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Then f € Wjy.
Proof. We leave the proof as an exercise. [ |
A useful consequence of the theorem is the following.
COROLLARY 6.4.3. A function f € W3 if and only if

(4.11) /OO (1+w™)|f(w)]* dw < 0.

[e.e]

Proof. If f € Wy, then f € L2, and then so is [f("] . By (4.10),
(iw)" f(w) € L*. We now have

/_Z(1+w2r)\f(w)\2dw— (/_11+/w>1) (1+ w?)| f(w)]? dw,

where
[areifer sz [ fora < s
and
Abfr+ﬁﬂﬁwwﬁwS?AvaM@M%MS2MﬂWWz

Hence, (4.11) is true. Conversely, if (4.11) is true, then

(i) f(w)| < VI T f(w)| € 12

Hence, (iw)" f(w) € L?, which yields f € WJ. |
Exercises
1. Let f(z) = <= Prove f € L?, f ¢ L', and felLl.

Let f(z) = =22 Prove flw) = { 7(;’ }ZI i i’
Prove Lemma 6.4.3.
Prove Theorem 6.4.1.
Prove Theorem 6.4.2.
Prove Corollary 6.4.2.
Prove Theorem 6.4.6.
Let f € L?. Prove that
) for z,h € R,

/ e / e_iiw_l F(w)e ™ du;

in particular,

PN W N
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) for x,h € R,
oo ihw _ 1 . )
/ f(u ‘ . f(w)e™ dw;

oo W

in particular,

fle) = {i [ i) ae

27 3
9. Use the result of Exercise 2 and the result of Example 6.3.3 to
prove
(a) [ S’mzudu =T,
(b) foooo sin? ud 2?zr

10. Prove Theorem 6.4.6.

11. Let b,(z) be the function defined in Exercise 6 in Section 6.3.
Prove b, € Wy

12. Assume f € L? and (ix) f(z) € L*. Write g(x) = (iz) f(x). Prove
that [f]' € L? and

(W) ==§"(w) ae.
5. The Poisson Summation Formula

At the end of this chapter, we give an important formula which
links the sum of the shifts of a function to the sum of the shifts of its
Fourier transform, called the Poisson Summation Formula.

5.1. The Poisson Summation Formula for L'. The first ele-
mentary result in this direction is the following.

LEMMA 6.5.1. For g € L', we define

(5.1) g ()= Y gla+ 2km).
k=—o00

Then g* € L*,

(5.2) lgllz = 5 Hglll,

and

(5.3) / g (x) dx—/ g(x)dzx.
Assume f € C. Then

(5.4) /fx—t b dt /fx—t
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In particular,

(5.5) [Umf®ﬁj[%@wwtf€0

Proof. We have

Z/ x—|—2k7r|dx—/ i \g(z + 2kn)| dx

k=—o0 T k=00
=/ l9(2)| dz = |glls < oo.

By the Monotone Convergence Theorem (Theorem 3.3.3), ¢*(z) exists
and (5.3) holds. Equations (5.4) and (5.5) are directly derived from
(5.3). We also have

1 ™
97l =57 [ 19" do

s o7 -

o0

Z g(z + 2km)

k=—00
_er/ Z lg(x + 2km)| dx

= %HQHL

dx

which implies (5.2). [
In (5.5), choosing f(t) = 5=~ we have the following.

COROLLARY 6.5.1. Let g € L' and g* be given by (5.1). Then the
Fourier coefficients of the 2m-periodic function g* are

9" (F) = 5-0(k), ke
i

From Corollary 6.5.1, the Fourier series of g* is 5= > 7o g(k)e
In general, the Fourier series of a function may not converge to the func-
tion. The theory of Fourier series provides many different conditions
for the convergence of Fourier series; some of them ensure uniform con-
vergence, others ensure almost everywhere convergence or other types
of convergence. When the Fourier series of ¢g* is convergent to g*, we
have the formula

—ikx

[e.e]

> gla+2km) = 5 > gk

k=—00 k=—o00
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which holds in a certain sense. This formula is called the Poisson
summation formula. According to the conditions which ensure the
formula, we can derive many different versions of the Poisson summa-
tion formula. We now only establish a few of them.

THEOREM 6.5.1. Assume g € L' NC and the series Y - g(x+
2k) is uniformly convergent to a function g*. Assume also ), ., |G(k)| <
oo. Then

- _ 1 C ~ ikx
(5.6) k;m g(x + 2km) = - k;m g(k)e™*®  reR.
Particularly,
[ee] 1 [e.e]
. 2 = — g(k).
(57) 3 otk =5 3 al0)

Proof. Since g is continuous and ) > g(z + 2km) is uniformly
convergent to g*(z), g* is a continuous function and g*(x) = >_2°__ g(z+
2km) holds everywhere. The condition ), . |G(k)| < oo implies [¢g*]" €
I' and therefore Y, ,[g*]" (k)™ = g*(x) everywhere. It yields (5.6).
Formula (5.7) is obtained by setting = 0 in (5.6). The theorem is
proved. |

COROLLARY 6.5.2. If g € C' satisfies
1
(5.8) g(x) =0 (W)

and

(5.9) i) =0 (107 )

1+ |wl|®
for some o > 1, then (5.6) holds.
Proof. By (5.8), for any = € [—m, 7],
[e.e] [e.e] 1
2km)| < M
> gl +2km)| < Ck;m T+ [+ 2o 0

k=—00

where M is independent of . Hence, Y > _ g(z + 2kn) is uniformly
convergent to a function g* € C. Similarly, by (5.9),

. G 1
> lgk)| < Ck;mm < 00.

keZ
By Theorem 6.5.1, (5.6) holds. [
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By changing the period of the function, we obtain an alternative
form of the Poisson summation formula.

THEOREM 6.5.2. If g € L' N C, the series > oo g(x + k) is
uniformly convergent, and )., |§(2km)| < oo, then

[e.9] [e.9]

(5.10) Y glr+k)= Y §(2km)e*™ zeR.
k=—o00 k=—o00
In particular,
(5.11) > glk)= > §(2kn).
k=—o00 k=—0c0

Proof. Let gor(x) = g(5=). Then gy, is a 27-periodic function and
gor satisfies the conditions of Theorem 6.5.1. Hence,

Z Gor(t + 2km) Z Gor(K)e™  t € R,

k=—00

Setting t = 2wz, by gor(z) = g(g) and §or(w) = §(27w), we have
(5.10). n

Finally, we give the Poisson summation formula for the auto-correlation
of f, which is often used in wavelet analysis. Recall that the auto-
correlation of f € L? is defined by (see Section 6.3, Exercise 5)

(5.12) /f ft+ax)d

THEOREM 6.5.3. If f(z) satisfies

(5.13) ﬂ@_o<—i—)

1+ |z|«
for some a > 1 and
(5.14) ﬂ@_0< ! )
for some 3 > 1/2, then
(5.15) E:‘ﬂ@+2Mﬂr_ SO AR ™, eR

k=—oc0 k=—oc0
Proof. By (5. 13) f e L'NL?and then f € L2 N Cp, which im-
plies [ f, f] = ) f ) € L' N Cy. Besides, by the Convolution Theorem

(Theorem 6.3.2), [f, f] € L' N Cy. We now write g = ‘f‘ . Condition
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(5.14) yields the uniform convergence of the series Y - g(x+2km) =
R 2
S o ‘f(m + Qkﬂ)‘ . By Theorem 6.3.6, we also have

1 1 [ — ,

30k) = 5= [ A0 e = (£, (P
By (5.13), there is a C' > 0 such that

Z|f -+ <Czl+\t+k|a

keZ

(5.16)

The function ), , m is a l-periodic continuous function. Let

M = maXae(o1) Y oper Trarmm- THeN MaXac(o,y) P opey, [ (¢ + K)| < CM.
By (5.16), we have

5 3l = 3 lrawi= Y | [ rerar i

k=—00 k=—00

< [1r00 Y [FaD

It allows us to apply the Poisson summation formula (5.6) to g. Thus,
we have Y7 g(z+2km) = 5= 00 g(k)e™™™, which implies (5.15).
The theorem is proved. [ |

EXAMPLE 6.5.1. Let
sin?(z/2)
Fo) =Gy
We have
aeoy ) 2r(T—wl), |w| <1,
Flw)= { 0 lw| > 1.

The function satisfies the conditions of the Poisson summation formula
and so does the function pF(px),p > 0. Let g(z) = (n+ 1)F((n+1)x).
Then g(w) = F(;37). Applying the Poisson summation formula (5.6)
to g(x), we have
sin?((n + 1)(z/2 + km)) = || A
1 = 1-— ik
(n+1) 3 (n + 1)(z/2 + k)2 Zn ( n+ 1) ‘

keZ k=—

Note that
(n+1) Z ((n+ 1)(z/2+ km)) 1 Zsinz((n—i—l)xﬂ)‘
€z

n+1 @2+ km)? T nt+ 1 (w24 kn)?
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We also have

(5.17) > (1_ I )eikw_ 1 sin ((n+1)x/2)’

n+1 n+1  sin®(z/2)

k=—n

(see Ezercise 1), which yields

1 sin*((n+1)x/2) Z ((n+1)x/2)
n+1  sin*(z/2) _n—i-l = m/2+k57r ’

and therefore

1 1
5.18 -y ueR\xZ
(5.18) sin? u é (u+ km)? “ \7

5.2. Fourier Transforms of Compactly Supported Func-
tions. In many applications, functions are actually defined on finite
intervals, not on the whole real line. In this subsection we briefly dis-
cuss the properties of the Fourier transforms of these functions.

DEFINITION 6.5.1. Let f € Lj,.. A pointx € R is called a support
point of f if, for any 6 > 0, there is a function g € L. such that

loc
z+0
) f(x)g(x) dz # 0.
The set of all support points of f is called the support of f and denoted

by suppf.
Note that
LPCL}OC,l <p< oo,

and C' C L}, .. Hence, by Definition 6.5.1, the support of a function in
L? or in C is well-defined. It is easy to verify that if f € C', then

supp f = closure {z | f(z) # 0},

which is a closed set. In general, we have the following.
LEMMA 6.5.2. The support of a function f € L}, is a closed set.

Proof. Let T be in the closure of supp f. Then, for any § > 0, there is
an x € supp f such that z € (z—9,7+9). Let d = min(z—z+6, z+0—x).
Then (z —d,x +d) C (T — 9,Z + 0), and there is a function g € LS,

such that
/ f(x)g(x)dx #0.
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We now set g*(x) = g(2)X[o—d,z+q(x). Then

z+46 z+d
| i@e@de= [ fagta)da 2o
z— z—d
Hence, z € supp f. The lemma is proved. |

DEFINITION 6.5.2. A function is said to be compactly supported
if its support is a compact set.

For convenience, we denote the subspace of LP that contains all
compactly supported functions in L? by L§ and denote the subspace of
Cy that contains all compactly supported functions in Cy by Cyg. (Note
that L§ (or Cop) is not a closed subspace of LP (or Cj).) Then we have
the following relations

Coo C:[% C:[%, 1 <p< 0.

If f € L{, then, by Theorem 6.4.6, it is easy to see that f (w) is infinitely
differentiable and

(5.19) A% = [ " (i) f(a)e ™ da.

oo

We now prove a stronger result.
THEOREM 6.5.4. If f € L{, then flw) is infinitely differentiable.
Moreover, the Maclaurin series of f(w) converges to f(w) on R.

Proof. Since f € L, there is an M > 0 such that supp f C
[—M, M]. By (5.19)

R (w)\ TM (=) f (x)e | da

<
n! - n!
<|lflhi— — 0, asn — oo.
n!
Hence,
. < 11" (0
Hy =3 0 e
k=0 ’
The theorem is proved. [ |

If f € C* and the Maclaurin series of f converges to f on R,
then f is called an entire function. Theorem 6.5.4 confirms that
the Fourier transform of a compactly supported function is an entire
function.

Even though the Fourier transform of a compactly supported func-
tion f is very smooth, it may decay very slowly as x — oo. For instance,
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the Fourier transform of a compactly supported function may not be
in L. It is the smoothness of f, not the compactness of f, that results

in the fast decay of f . The following is such a result.
LEMMA 6.5.3. If f € Coo and f' € L*, then f € L' and
] " (=2) = 1@
Proof. We leave the proof as an exercise. [ |

5.3. The Poisson Summation Formula for Compactly Sup-
ported Functions. We now apply Lemma 6.5.3 and the Poisson sum-
mation formula to obtain a result analogous to Theorem 6.5.3, but for
compactly supported functions.

THEOREM 6.5.5. If f € Cyo and f' € L', then

(5.20) 3 ‘f(w+2k7r))2— Z I, fl(R)e ™, weR.

k=—o00 k=—o00
Proof. We leave the proof as an exercise. [ |
Exercises

1. Prove (5.17) by completing the following steps.
(a) Let Dy(x) =1+2>;_ cosz. Prove

n - (Cn+1)z

. sin ~———=
D, (z) = k;ne““ = ﬁ x £ 2jm,j € L.
(b) Prove
2”: (1— il ) ””—1—1—22”:(1— )cosk;m— ! Zn:Dk(x)
= n+1 — n n+1k:0
(c) Prove

(2n+1)x

n . 2
Sin
D Dile)=| 2| . z#2njel
=0 S1n 5

(d) Prove (5.17).
2. Prove (5.18) by applying the Poisson summation formula (5.10)

e R I ST e

to the function h(z) =

0 otherwise
k) = 1.
3. Use 1dent1ty (5 18) to show that Y >, (2n 7 = %2 and then
> =5 =" Hint: set x = £ in (5.18).
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. By applying the Poisson summation formula (5.6) to the function
2

xr
ﬁe‘ﬂ, prove

T ~— (e+2km)? >
_\xaakm) 1.2 .
\/; E e @ = g e Fleikz ¢ 5.

k=—o0 k=—o00

. By applying the Poisson summation formula (5.6) to the function

2_y

e EWYR prove
- ) _ - —|kly jikz
2 = > 0.
k;@ 2+ (x + 2km)? k;@ cor Y

. Prove the following (weak) Poisson summation formula: If f €

L and( f (k:))k € [' then the Poisson Summation Formula
€z

(5.6) holds almost everywhere.
Prove Lemma 6.5.3.

. Prove that if f € Cyo and f™ € L2, then

wn

lim

n—oo

. Complete the proof of Theorem 6.5.5.
10.

Let f € L? be compactly supported. Write g = |f\2 Prove that
> rez 9(x + k) is convergent almost everywhere.

Use the result in Exercise 10 to prove that (5.20) holds almost
everywhere for f.
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CHAPTER 7

Orthonormal Wavelet Bases

In the previous chapter, we introduced Fourier series and the Fourier

transform. As has been shown, the basis used in Fourier series, {e‘“”} e, )

is an orthonormal basis for the space L2, and many important prop-
erties of a function can be described by its Fourier coefficients. This
is one of the main points of interest in the theory of Fourier series.
The Fourier series of a function defined on a finite interval other than
[—7, 7] can be obtained by dilating the orthonormal basis {e=**},cz.
For instance,

{e_m(ﬂ }keZ

is an orthonormal basis of the space L2, .

However, each element in the basis {e ' }k oz lsa complex sinu-
soidal wave, which is “global” in the x-domam Hence, the coefficients
of the Fourier transform of a function do not provide the “local” be-
havior of the function in the z-domain. For example, consider the
2m-periodic function f(z) of Example 6.1.5. It is defined by

/2, x€(0,m),
fr)=4 0,  z=0
—n/2, x € (—m,0),

[t is essentially a constant in each of the “local” areas (—m,0) and (0, 7).
We have f(z) =2>"7, sin@n—1)z - The Fourier coefficients of f do not

T on—1
provide direct information of the “local” behavior of f(z)'. Besides,

the Gibbs’ phenomenon revealed in that example indicates that the
Fourier series does not provide a good approximation of f(x) in the
neighborhood of z = 0.

Another shortcoming of Fourier series exists in convergence. In
1873, Paul Du Bois-Reymond constructed a continuous, 27-periodic
function, whose Fourier series diverged at a given point.

'Here we use the word “local” in an intuitive sense. Roughly speaking, the
local behavior of f(x),z € R, on a finite interval (a, b) is the behavior of the cut-off

_{ f(@), xe(ab),

function fioc(x) = 0 otherwise.

189
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Therefore a question arises: “Is it possible to find other orthogonal
systems for which the phenomenon discovered by Du Bois-Reymond
cannot happen and the ‘local’ behavior of a function can be easily
recognized from its coefficients?” To answer this question, Haar (1909)
began with the function on [0, 1]

and defined H,,(v) = 2//2H(2x — k) for n = 27 + k, where j > 0 and
0 < k < 2. He added a function Hy(z) = 1,z € [0, 1], to the function
sequence Hy(z), Hyo(x),--- . Then the system {H,(x)}3>, became an
orthonormal basis for L?[0, 1].

The functions in this system are all locally supported: The support
of H,(z) is the dyadic interval I, = [k277 (k + 1)279] C [0,1]. Be-
sides, they are essentially generated by a single function Hi(x) (except
Hy(x)). It is also easy to see that any continuous function f € C10,1]
can be represented by a series >~ a, H,(z) and the series is uniformly
convergent to f(x) on [0, 1]. Since all functions in the system have their
supports in [0, 1], by taking integer translates, it is easy to extend the
orthonormal basis {H,(z)}°2, on L?[0,1] to an orthonormal basis on
L?(R). The functions H,(x),n = 0,1,--- , are not continuous, and this
limits applications of the system. Haar’s idea of using the translates
and dilations of a locally supported function to construct an ortho-
normal basis opens a wide door to the construction of an orthonormal
bases. This route leads to wavelets. In this chapter, we shall introduce
wavelet functions and show how they generate orthonormal bases of
L?(R), which are called “wavelet bases”. Briefly, a wavelet basis is the
basis generated by the dilations and translates of a “wavelet” function
1. More precisely, if

(0.21) {27202 —k)},

forms a basis of L?(IR), then we call 1) a wavelet and call the system
(0.21) a wavelet basis. Wavelets are usually compactly supported, or
exponentially decay, i.e. they are “local” functions in the x-domain.
Then each element in the wavelet basis (0.21) is also a “local” function.
Hence, wavelet bases are useful tools for analyzing the “local” behaviors
of functions in the z-domain.

Wavelet analysis also considers many topics other than the con-
struction and analysis of wavelet bases in L?(IR). The contents of wavelet
analysis include continuous wavelet transforms, wavelet bases in the
function spaces other than L?(IR), wavelet frames, vector-valued wavelets,
and their applications in many areas. Since our purpose is to introduce
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wavelets in a real analysis book, we have no desire to cover all topics.
Readers can refer to [4] and [6] for more in-depth studies. We select
the study of wavelet bases in L?(R) as our main topic, which seems a
suitable topic in the landscape of this book.

1. Haar Wavelet Basis

To understand the idea of the construction of orthonormal wavelet
bases of L?, we introduce in this section a simplest orthonormal wavelet
basis of L?, called the Haar basis. Since in the remainder of the book
we mainly discuss functions in L? we shall abbreviate || - ||2 as || - ||-

1.1. Approximation by Step Functions. We start from a well-
known result: Any function in L? can be approximated by step func-
tions. In particular, let

@=L Th<e <2+,
Xnk\T) =90, otherwise.

Then for any function f € L?, there exist step functions

fn(x) = ch,k’Xn,k(x)a n < N>

keZ
such that
Tim £, — fl| = 0.
We define

(1.1) V, = {gn

In = Z A,k Xn ks (an,kz)kez € l2} .

kEZ

Then {V, } is a sequence of subspaces of L?, which approximates L? in
the sense that, for any f € L2, there are functions f,, € V,, such that

i [|f, ~ 71| =0.

We call {V,,} an approximation of L?. It is obvious that the larger n
is, the “finer resolution” the space V,, has. Note that the subspaces
{V,.} are nested:

(1.2) .cVayocWwacwvic-
It is easy to see that

(1.3) Uv.=r

neL
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and
(1.4) () Ve ={0}.

The basis of the space V,, has a simple structure. First we construct
an orthonormal basis of V. Let B(x) be the box function defined by

1, 0<z<1,
B(x) = { 0, otherwise,

which is the characteristic function of the interval [0, 1). It is clear
that the function system {B(z — k) }rez forms an orthonormal basis of
Vo. An orthonormal basis of V,, can be obtained by dilating the system
{B(x — k) }rez- For a function f € L? we write

far(z) =2"2f(2"c — k), k€Z nez,

and abbreviate fox as fx. The system { B, x}rez then forms an ortho-
normal basis of V,,.

1.2. The Haar Wavelet Basis. With the aid of the nested struc-
ture of (1.2), we can construct an orthonormal basis of L?. Let W,, be
the orthogonal complement of V,, with respect to V,,;1 :

W, ®V,= Vo, W, LlV,.
By the nested structure of (1.3) and (1.4), we have
(1.5) =W, W, LWyn#n'
neZ

Since each subspace V;, is a 2"-dilation of Vy, W, is also a 2"-dilation of
Wo. Recall that dilation preserves orthogonality. Therefore, if {ex }rez
is an orthogonal basis of W, then its 2"-dilation is an orthogonal basis
of W,,. Thus, our task is reduced to finding an orthonormal basis of
Wy. To do so, we define

1, 0<z<3,
H(z)=< -1, ;<z<Ll
0, otherwise,

which is called the Haar function.
LEMMA 7.1.1. Let
(1.6) Hy(z)=H(x—k), keZ.

Then the system { Hy }kez is an orthonormal basis of Wy. Consequently,
the system {H,, j(x)}rez is an orthonormal basis of the space W,.
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Proof. We only need to prove that the functions in (1.6) form an
orthonormal basis of W It is clear that { Hi(x)}rez is an orthonormal
system in Wy. We now claim that it is also a basis of Wj. Let g be a
function in Wy. Then g € V; and there is a sequence (c;) € [? such
that

g= Z ckBig = 2(02131,21 + corp1B12141)-

keZ leZ

Since qg 1 ‘/0, we have Col+1 = —Co;. Note that Hl = % (Bl’gl — Bl,2l+1) .
Hence,

g = \/520211‘[[, (021) € l2.

leZ

The lemma is proved. [ |

From the lemma, we can obtain the following theorem.

THEOREM 7.1.1. The system {H, ;}nkez forms an orthonormal
basis of L2.

Proof. 1t is obvious that {H, s }nkez is an orthonormal system in
L?. The fact that it is a basis of L? is a consequence of (1.5). |

We usually call the space W,, the Haar space and call {H,, i} kez
the Haar basis of L?. The geometric meaning of the Haar decomposi-
tion of a function can be explained as follows. Note that each element
H, , in the Haar basis represents a square wave centered at 2212111 with
width 2% Hence, we may say that H, , has the Haar frequency of
2™. The functions in the same Haar subspace W,, have the same Haar
frequency 2". Unlike sin = or cos x, the Haar function H,, j is a “small”
local wave. Thus, the width of the wave provides the frequency in-
formation, and the center of the wave provides the spatial (or time)
information. In other words, the first index n of H,j indicates the
frequency of the function while the second index k indicates its spatial
(or time) location. Thus, the Haar system becomes a useful tool for
local time-frequency analysis.

Orthonormal bases having structure like the Haar basis are ex-
tremely useful in many applications. Hence we give the following defi-
nition.

DEFINITION 7.1.1. A function v € L? is called an orthonormal
wavelet if {Vpmtnmez forms an orthonormal basis of L?. The basis
{Unm tn.mez generated by ¢ is called an orthonormal wavelet basis

of L.
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The term “wavelet” refers to the intuitive idea that the function
1 represents a “small wave.” For example, the Haar function H(z)
consists of only a small (single) square wave on [0, 1], which can be
partially reflected by the property

(1.7) /RH(x) dzx = 0.

Hence, (1.7) can be used to define wavelet functions in a general sense,
as is done in the following.

DEFINITION 7.1.2. In general, a function ) € L' is called a wavelet

if
(1.8) /Rzﬂ(x) dz = 0.

We now return to analyze the relationship between the box function
and the Haar wavelet. Note that the box function satisfies the following
equation:

(1.9) B(x) = B(2z) + B(2x — 1),
and the Haar wavelet has the following relationship with B(z) :
(1.10) H(z) = B(2z) — B(2x — 1).

Equation (1.9) reveals the relations of two box functions with dif-
ferent scales. Hence, we call (1.9) the two-scale equation (or the
refinement equation) of B. Correspondingly, (1.10) is called the
two-scale relation of H and B. The general definitions of these
concepts will be given in the next section. They play a central role
in the construction of wavelet bases and in the fast wavelet transform
algorithm as well.

1.3. The Decomposition of Functions Into Haar Wavelet
Series. Since {H, }nrez is an orthonormal basis of L?, any function
f € L? can be expanded as a Haar series

(1.11) f = duHu,

where the coefficients d,.;, n,k € Z, can be computed from the inner
product

Vi =P wi

k<j

However, since
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and V; will be reduced to the trivial space as j — —oo, the hybrid
series

(1.12) F=> B+ > > duHu

keZ n2j kel

sometimes is more useful than the bi-infinite Haar series (1.11). With-
out loss of generality, we can always assume j = 0 in (1.12). Thus we
have

f= Z By + Z Z i Hp,.

keZ n=0 keZ

Besides, in many applications, a function is often represented by a
truncated series, along with an error remainder. For example, we use
Taylor polynomials (which are truncated Taylor series) to approximate
analytic functions, and use trigonometric polynomials (which are trun-
cated Fourier series) to approximate periodic functions. Similarly, we
can approximate a function f € L? using a truncated Haar series. Let

N-1
(1.13) fn = Z kB + Z Z djrHjx

kEZ j=0 k€Z

be a truncated Haar series. Then
fn = Projy, f
and
lfn—fll =0 as N — oo.

Using the basis of Vy, we can decompose fy into another series

(114) fN = ZCNkBNk‘

keZ

The algorithm to compute (cx), (dx), (di), - -+, (dny-1x) in (1.13) from
(cng) in (1.14) is called the Fast (Haar) Wavelet Transform, and
the algorithm doing the reverse is called the Fast Inverse (Haar)
Wavelet Transform. Using formulas (1.9) and (1.10), we can perform
the Fast (Haar) Wavelet Transform as follows:

(1) Take the sum of two successive boxes numbered 2k, 2k + 1 on
level n for f, and then multiply it by 1/v/2. This gives the & box
function component of f on level n — 1.

(2) Take the difference of two successive boxes numbered 2k, 2k + 1
on level n for f, and then multiply it by 1/4/2. This gives the k' Haar
function component of f on level n — 1.
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ExXAMPLE 7.1.1. Let

f@) =" cadu(x)

k=0

where cqg = 1,¢c41 = 2,¢40 = 4,45 = —2, and cqy = —3. Then c* =
(Cag) is

¢’ =(--,0,1,2,4,-2,-3,0,---).
By (1.9) and (1.10), we have

3_

3 3
=vV2(--.0.21.-20..--
C \/_( Y 727 Y 27 Y )7

_57 _57 ")7
5 3
2 9 e
a ( >0a4a 4307 )7
1 3
b2 =92(.. 0, —°
( 70747 4707 )7
1 1
a :2\/5( a071707 )a
b! =2v2(---,0,1,0,---),
aO _4< : 707_707 )7
and
b0:4( a07_707 )
Thus,
1 1 1 3
f(x) = §B($)+§H($)+2\/§H170(93)+§ 2,0(55)—5 21(2)
V2 3v/2
— 7 3’0($) + 3\/§H371($) — THg’Q(x).
Let
: 0 0 : :
L_va| vz 2 0 0

0 0 1/2 1/2
Lot o00 0
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and
: 0 0 : :
B e 1/2 =172 0 0
H=v21 %" ¢ 12 -1/
: : 0 0
Then the Fast Haar Wavelet Transform can be formulated as
=L
and
Jdl=H cj,

for j = N,N—1,---,1, while the Fast Inverse Haar Wavelet Transform
recovers ¢ from

0 d0 ... gh-t!
using the following algorithm
ot ="+ H'd, j=0,1,---,N—1.
Exercises

1. Let f(x),z € R, be a continuous function such that lim, ., f(z) =
b and lim, . ., f(x) = a, where a and b are two real numbers.

Let

Prove that there are functions f, € U,,n € Z, such that
lim sup | (z) — fu()] = 0.
n—oo IEER

Jn = g A k- Xk SUD | k] < oo} )
keZ kez

2. Let f(x),x € R, be a continuous function and

Un - {gn Gn = Zan,an,k} .

Prove that there are functions f, € Un, n € Z, such that
lim sup | £(z) — fu(x)| = 0.
n—oo IEER

3. Let V,, C L? be given by (1.1). The distance from a function f
to V,, is defined by

A(F.V2) = inf |1 =gl

Let f(x) = x[0,1/3(2). Find the distance d(f, V).
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4. Prove (1.4), where {V},} is generated by the box function.
5. Let function f(x) € V, be defined by

5, 0<z< l,
—1, <z < 99
<z<l,
1, 1<z< %,
0, otherwise.

[y

-
—
=
I
N
I

(a) Expand f(z) as a linear combination of {By}.
(b) Decompose f(x), step by step, into a wavelet series as

f(fl?) = Z a’O,mBO,m + Z bO7mH0,m + Z bLmHl,m'

6. Let f(z) = Xpoa/8(2). Expand it to the series ), _, ;B +

ano ZkEZ dnank
7. Let f(z) = Xjo,q(x), where a € (0,1). Expand it to the series

Y kez CkBr + ano > ke dnkHyg. (Hint: write a = > 777, ap27",
where a;, is 0 or 1.)
8. Prove that if a function g € L?(R) is in the subspace

W = span{ H i }rez. ;>0
then

k+1
/ g(x)dz =0, forall k€ Z.
k

9. Let S, be a subspace of Lfmb] defined by

/abf(x)dxzo}.

Prove that all Haar wavelets H;;, with supp Hj; C [a,b] form an
orthonormal basis of S .

Slap] = {f € L[2a,b]

2. Multiresolution Analysis

In the previous section, we constructed a Haar basis of L2, which has
very simple structure. Unfortunately, the Haar function is not contin-
uous and this limits its application. Hence, we want to construct other
wavelet bases. In this section, we establish a general principle for the
construction of orthonormal wavelet bases of L?. As seen in the previ-
ous section, the sequence of nested subspaces {V,,} plays an important
role in the construction. We first study such subspace sequences in L2
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2.1. Definition of Multiresolution Analysis.

DEFINITION 7.2.1. A multiresolution analysis (shortly, MRA)
of L? is a nest of subspaces of L?

.cVycVycVviC---

that satisfies the following conditions.

(1) QJEZ‘/j = {0}7

(2) UjezV; = L2,

(3) f(-) € V; if and only if f(2-) € Vj41, and

(4) there exists a function ¢ € Vi such that {p(x — n)}tnez is an
unconditional basis of Vj, i.e. {d(x —n)}nez is a basis of Vo, and
there exist two constants A, B > 0 such that, for all (c,) € I?, the
following inequality holds:

(2.1) AY e < HZ endb(- — n)H2 <BY Jeu

In the literature, an unconditional basis is also called a Riesz
basis and the constants A and B in (2.1) are called the low Riesz
bound and the up Riesz bound respectively. Condition (2.1) is called a
stable condition, and a function ¢ satisfying (2.1) is called a stable
function. The function ¢ described in Definition 7.2.1 is called an MRA
generator. Furthermore, if {¢(z — n)},ez is an orthonormal basis of
Vo, then ¢ is called an orthonormal MRA generator.

From the discussion in the previous section, we know that the box
function is an orthonormal MRA generator. When {¢,, } mez is an un-

conditional basis of V{, we can claim that { @y, ,m }mez is an unconditional
basis of V,,. In fact, by Condition (3) in Definition 7.2.1, ¢, € V;, and

[ entun] = [ ensn]

This implies that {¢y m }mez is an unconditional basis of V/,.
Since ¢ € Vj is also in V;, we can expand ¢ into a linear combination
of the basis of V] :

(2.2) ¢(x) =2y h(m)¢(2r —m), (h(m))mez €

meZ

where the coefficient sequence (h(m)) is in [ because {¢1,,} is an
unconditional basis of V;. In (2.2), we put a factor of 2 on the right
hand side to simplify the notation in future discussions.

Equation (2.2) is a generalization of (1.9). We call it a two-scale
equation (or refinement equation). Because of the importance of
(2.2), we study it in detail.
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DEFINITION 7.2.2. A function ¢ € L? which satisfies a two-scale
equation (2.2) is called a scaling function (or refinable function).
The sequence of the coefficients (h(n))pez in (2.2) is called the mask
of ¢, while the series H(z) := >, h(m)z™ is called the symbol of
¢. If {¢(x — n)}nez is an orthonormal system, then ¢ is called an
orthonormal scaling function .

Taking the Fourier transform of (2.2), we obtain

(2.3) o(w) = H(e™/*)g(w/2),

which represents the two-scale equation in the frequency domain. For
convenience, we also call (2.3) a two-scale equation (or refinement equa-
tion) of ¢. The notation

H(w) = H(e ™/?)

is often used in later discussions. A common technique in wavelet
theory is, when dealing with a problem, to go back and forth between
the time domain and frequency domain.

In general, for an arbitrary given sequence (h(m)), the L?-solution
of (2.2) may not exist, or the L2-solution of (2.2) exists, but it may not
be an MRA generator. A scaling function ¢ being an MRA generator
should satisfy two requirements. First, ¢ should be stable. Second, the
subspace of L? spanned by {¢,, m }mez must approximate L? as n — oo.
We now discuss these two requirements in detail.

2.2. Stability of Scaling Functions. An MRA generator must
satisfy the stability condition (2.1). Hence, we give a necessary and
sufficient condition for the stability of a function.

THEOREM 7.2.1. A function ¢ € L? satisfies the stability condition
(2.1) if and only if

(2.4) 0< ess z'nfz ) (w + 2km)|?
r€R ke
and
(2.5) ess sup Z |p(w + 2k7)|* < oo.
Tz€R keZ,

Proof. Let f(z) be a function in Vj Then

f(z) = Z cm@(x —m), (cm) € 12

MEZL
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Hence T'(w) = Y,z Cme™ ™ € L? and [|T(w)|[2, = 3 ,ez lem[*- By
the Parseval Formula (Theorem 6.4.2) ||f||> = || f||> and

/ Z Cmp(T — — = T(w)p(w).

Hence,
171 = 3= [ M)t do
Z/ w)[|p(w + 2km)[? dw
kEZ
1
= — Z|¢ w+2k7r)|2> dw.
27 Jo (keZ
Let

= |p(w + 2km)[”.

kEZ

F(w) is a 2m-periodic, measurable function. Set

(2.6) M, = ess sup F(w)
zeR

and

(2.7) M, = eiseéan(w).

If (2.4) and (2.5) both hold, then we have (2.1). On the other hand, if
M; = 0, then for an € > 0, the measure of the set

E.={w| F(w) <e¢wel0,2m)}
is positive. Let 6 = M(E,). We now define a 27-periodic function 7'(w)
by

ers
T(w) = Ve we Ee’
0, otherwise.
Then T(w) € L? and ||T(w)|[?, = 1. Let T(w) = Y, cme™ and

f(@)=>" cnd(x —m). Then > |cm|*> =1 but
1, 4 1
1= 51 = 5 [ IT@PR@)s <

which implies that there does not exist a constant A > 0 such that the
left part of the stability condition (2.1) holds for all (¢,,) € (2. Similarly,
if M, = oo, then there does not exist a constant B > 0 such that the
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right part of the stable condition (2.1) holds for all (¢,,) € I?>. We leave
the details for this part to the reader. [ |

The following corollary is directly derived from Theorem 7.2.1.

COROLLARY 7.2.1. If the function

F(w) =Y |¢(w + 2km)[

kEZ

is continuous, then {¢(x — k)}rez is stable if and only if F'(w) > 0 for
allw e R.

2.3. Completeness of Scaling Functions. We now discuss the
conditions under which a scaling function generates an MRA of L2
Recall that ‘@,k(w)’ = 273|$(27w)|, which implies that if ¢(0) = 0,
then for any integer n, the Fourier transform of a function f € V,
vanishes at w = 0. However, it is obvious that there exist functions
in L? whose Fourier transforms do not vanish at 0. This fact shows
intuitively that the Fourier transform of an MRA generator does not
vanish at 0.

~ THEOREM 7.2.2. Let ¢ € L' N L% be an MRA generator. Then
9(0) # 0.

Proof. Assume ¢ is an orthonormal MRA generator, which gener-
ates the MRA --- Cc V., Cc Vy C V, C ---. Let f € L? be defined

by (@) = Yfrm)(@). Then [[f|ls = || fll2 = 1. Since Uy, Vo = L2,
there is an integer n > 0 such that the function

fn - Z<f7 ¢n,k>¢n,k

kEZ

satisfies ||f, — f]|3 < 5. Hence, |[f,||3 > 3. By the orthogonality of
(Pnk) ez We have

S L b = (1l >

kEZ

N —
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Note that

1, — 1 —
(F ns) = gl o) = 5= | du(whis
1 K

:g B

1 27"

=~

=5 _2_%2% (w)e‘ik“’dw

1 " n " —ikw
— o [ 2 @B,

which is the k" Fourier coefficient of the function 2™/ 2X[_2_nﬂ72nﬂg. By
Parseval’s formula for Fourier series (Theorem 6.4.2), we have

= 27" —2
<Y U b = 112X (2 rm2nm Bl 2 = / 2" ¢(w>‘ dw, n>0.

= —27nm

N =

Since ¢(w) is continuous, we have

T

n—00 270 | _9-n

—2 1
a@’m21;>0

The theorem is proved for orthonormal MRA generators. In general
cases, applying this result to the orthonormalization of ¢, we can get
the conclusion. We leave the proof of this part as an exercise in the
next section. |

We now establish the inverse proposition. Assume a nested sub-
space sequence --- C V_; C Vp C Vi C --- is generated by a scal-
ing function ¢. We prove that ¢(0) # 0 is the sufficient condition for
UnezV, = L2. For this, we establish a lemma, which describes the
translation invariance of the space U, czV,,.

LEMMA 7.2.1. Let ¢ € L? be a scaling function. Define

(28> Vn - 5pan2{¢n,m}m€Z

and

(2.9) U={JV
nez

Then for anyt € R and any f € U, f(-+1t) € U.
Proof. It is clear that, if f € U and

t=2"m, n,mé€Z,
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then f(-+t) € U. Assume now ¢ € R. Then there is a sequence {2"my}
such that 2™m; — t as k — oo. It is known that

(2.10) klim f(-+2"my) — f(-+t)|| =0.
Since U is a closed subspace of L?, then f(-+t) € U. [ |

The following theorem gives the condition for U = L2

THEOREM 7.2.3. Let ¢ € L' N L? and U be the space defined by
(2.9). Then ¢(0) # 0 implies U = L.

Proof. If U # L2, then there is a non-vanishing function g € L?
such that g L U. By Lemma 7.2.1, for any ¢t € R and f € U, we have
f(-+1t) € U and therefore

(2.11) /@f(xﬂ)dx:o, forallt € R, f € U.
R

By Plancherel’s Theorem (see Section 6.4 and Theorem 6.4.5),
(2.12)

—/ Zt“’alcu—/ gx)f(r+t)de =0, forallteR, fel,

which implies

§W)f(w)=0 ae forall feU.
It is clear that ¢(27z) € U. Hence, we have
(2.13) J(W)o(277w) =0, je

Since ¢ € L* N L2, ¢ is continuous on R. By ¢(0) # 0, there is a § > 0
such that ¢(w) # 0 on (=4, ) and therefore ¢(27w) # 0 on (2774, 275).
Then (2.13) implies

G(w)=0, ae. on(27626), jeL,

i.e. §(w) = 0 a.e., which yields a contradiction. Hence, ¢(0) # 0 implies
U=1I2 |
Exercises

1. Prove that if condition (2.5) in Theorem 7.2.1 fails, then there
does not exist a constant B such that

[ st —n| < BY Jeur

holds for all (c,) € I2.
2. Prove that the function ¢ = xjo3) is a scaling function, but it
does not satisfy the stability condition (2.1).
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3. Let ¢; and ¢, be scaling functions in L' N L2 Prove that their
convolution ¢; * ¢ is a scaling function in L?.

<z<
4. Prove that the function f(x) = { L, 0<=z<3/4 does not

0, otherwise,
satisfy any two-scale equation.
5. Let ¢(x) € L' N L? be a scaling function satisfying

o(x) =2 h(m)o(2x —m), (h(m))mez € .

meZ

Prove that if ¢(0) # 0 then 3° _, h(m) = 1.

. Prove Corollary 7.2.1.

7. Let ¢(x) € L? be a stable scaling function and b(x) be the box
function. Prove that the convolution ¢ * b is also a stable scaling
function.

8. Prove the limit (2.10).

9. Let ¢ be a stable scaling function with the lower Riesz bound
and the upper Riesz bound A and B respectively. Let {V;} be
the MRA generated by ¢. Assume f € V_; satisfies || f|| = 1.

(a) Prove that

o 27 RN 1/2
[Tirenes 2 ([T pepa)

(Hint: Let f;(x) = 22 f(272). Then f; € V;. Expand f; as a
series of {¢(x — k)}, then apply the stabilty condition for ¢ in
the frequency domain.)

(b) Use (2.13) to prove that

(Vi ={0}.

JEZ

D

3. Orthonormal Wavelets From MRA

In the previous section, we learned that a stable two-scaling function
¢ can generate an MRA. In this section we discuss how to construct an
orthonormal wavelet basis from an MRA generator. We shall show that
an orthonormal wavelet can be easily constructed from an orthonormal
MRA generator. Hence, we first discuss how to orthonormalize a stable
scaling function.

3.1. Orthonormalization. The stability of {¢(x — k)}rez does
not imply its orthogonality. However, a stable scaling function can be
orthonormalized. To show how to orthonormalize it, we give a criterion
for orthonormalization of {¢(x — k) }rez.
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THEOREM 7.3.1. For ¢ € L2, the following statements are equiva-
lent:
(1) {¢(x — n)}nez is an orthonormal system, i.e.

(3.1) /Rgé(x W@ ) dr = by, ki) €L
(2)

(3.2) > ldw+ 2k’ =1 ae.,

and
(3)

1 ~ .
o / () 2™ duw = G,
R

|1, ifk=0,
where dor, = { 0, otherwise.

Proof. (1)<=(2): We have
27( ~ ~
(3.3) /0 %\gb(wmm)\?dw:/R\gb(w)\?dw.

Since ¢ € L?, we have |¢|? € L' and therefore

F(w) =Y |p(w+2km)]> € L".

kEZ

The k" Fourier coefficient of F(w) is

1 27 . ]
— 9 2 —ikw
Cr _27r/0 g |p(w + 2k7)|“e™" dw

kEZ

— 57 [ lopea
1 N I —
S
- /R ()80 T F) da.

By (3.1), c& = dox, i.e. the Fourier series of >, _, |p(w + 2k7))? is 1.
Hence,

Y ldw+2kmP =1, ae.

kEZ
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(1)==(2) is proved. Reversing the above proof, we get (2)=-(1).
Finally, (2)<=(3) can be proved from (3.3). |

EXAMPLE 7.3.1. [t is trivial that B(x) is an orthonormal MRA
generator. By Theorem 7.3.1,

(3.4) S [Bw+2km)P =1 ae.
keZ

The identity (3.4) can be used to prove the following interesting identity:

(e}

(3.5) > Lo ! . zeR\7Z

(x +km)2  sin’z

k=—o00

In fact, we have B(w) = =62 = ¢=w/2592 Ly pich implies that

iw w/2
. in?(w/2)
1= B %) |2 = _sin*(w/2) o
Z| (w+ 2k)]| Z(w/Q—i—knr)? a.e
keZ =

It follows that (3.5) holds a.e. It can be verified that both functions
> (H}WP and —4— are continuous on each interval (jm, (j+1)7),j €

Z. Therefore (3.5) holds on R\ 7Z.

EXAMPLE 7.3.2. Let ¢(x) = Xjo,2)(x). Then g%(w) _ lette o

w
2

- sin“ w w
Z \gﬁ(w + 21{?77')‘2 = Z m = 4C082 5,

keZ keZ

By (35); Zzoz—oo (w/Qikﬂ)z - sinzlw/2‘ H@TLC@,

3 |d(w + 2P = g = dcos® =

keZ

is a continuous function vanishing at w = w. Hence, {¢(x — n)}nez is
not stable.

By Theorem 7.3.1, we can orthonormalize a stable system {¢(x —
n)}nEZ-

THEOREM 7.3.2. Assume {¢(x —n)}nez 15 an unconditional basis
of Vo. Define ¢ € Vi by

Hw)
(Sres 9l + 26m)2)

Then {(B(x —n) tnez is an orthonormal basis of Vj.

(3.6) b(w) =
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Proof. We first prove that the function ¢ defined by (3.6) is in Vj.
Write F(w) = Y4z |0(w + 2km)[?. Define M, and M; as in (2.6) and
(2.7) respectively. By Theorem 7.2.1 we have

1 1 1
(3.7) < < a.e.

vM, — JF VM
Since ¢ € L2, by (3.7) we have \j% € L%. Hence, there is a function
¢ € L? such that (3.6) holds. Note that (3.7) also implies \/m € I2.
Then (c,) € [?, which

inw : : 1
Let >, o7 cne™ be the Fourier series of T

implies
o(r) = chqb(x —n) € V.
ne”Z

Obviously, the function ¢ satisfies condition (2) in Theorem 7.3.1.
Hence {¢(x — n)},ez is an orthonormal basis of V. |

If the function ¢ in Theorem 7.3.1 is also a scaling function, then
we can derive a property of the symbol of ¢ from identity (3.2).

COROLLARY 7.3.1. If ¢ satisfies the two-scale equation (2.2), and
the system {¢(x — m)}mez is an orthonormal one, then

(3.8) H(e ™)+ |H(—e ™) =1 a.e,
which is equivalent to
HwW)]? + Hw+m)*P=1 a.e,
or
(3.9) 2) h(m)h(m —2k) = dor,  for all k € Z.

meZ

Proof. By Theorem 7.3.1 and (2.2), it holds almost everywhere that
1= |¢(2w + 2km)|”

kEZ

=Y [H(e™)Plg(w + k)|
kEZ

= [H(e™)|d(w + 2Am)* + Y [H(—e ) P|d(w + (21 + D))
lEZ ASYA

= [H(e™™)) " |d(w + 20m)* + [ H(—e ™) * D [o(w + (20 + 1)7)|”

leZ leZ

= [H(e )"+ [H(—e")[".



3. ORTHONORMAL WAVELETS FROM MRA 209

The proof of (3.8) is completed. To prove (3.9), we need the Fourier
series of |H(e™™)|? and of |H(—e~*)|?. Since H(e ™) = > h(n)e"™

we have
—zw —zkw Z h —z(n—i—k
and
He @) = 3 hime,

Therefore

i o ‘H( —iw)‘2 —ikwd

271' e e w

_ i o H( —iw) —ikwmd

= 27‘(‘ ; (& (& (& w

= h(n)h(n -

nel

Similarly, we have
1 2

27 Jo

|H(—e ™) 2e™ % dw = Z(—l)”h(n)h(n — k).

nez
Since |H(e7™)|? 4+ |H(—e ™)|? = 1 a.e., we have
1 [ . . .
0= o [ (HE )P 4 (e )P e do
T Jo

=2 h(n)h(n —

neZ
The proof is completed. [ |
A sequence (h(n)) € I?, whose symbol H(e ™) = >~ h(n)e "

satisfies equation (3.8), is called a conjugate mirror filter. (Here
h(n) is normalized by > _, h(n) = 1. In some books, it is normalized
by > ,.czh(n) = v/2.) Thus, we have already shown that the mask of
an orthonormal scaling function is a conjugate mirror filter. However,
the reverse is not true. For example, the function ¢ = x|o 3 satisfies
the following two-scale equation

¢(x) = o(2r) + 622 — 3).

The symbol of ¢ is 1+223, which satisfies (3.8). But {¢,,} is not an

orthonormal system.
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3.2. Orthonormal Wavelets. We now can construct an ortho-
normal wavelet basis from an MRA. We assume that the MRA:

-.cVayaccVycVice-

is generated by an orthonormal MRA generator ¢. As we did in Section
7.1, let Wy be the space such that

Vipwo=vi, Wo LW,

and let W; be the subspace such that g(-) € W if and only if g(277-) €
Wy. From the multiresolution structure of {V;}, we can verify that

ViEW; =Vin W; LV, jez

Thus, we have
L’ =Pw..
nel

Furthermore, we have the following (which generalizes Lemma 7.1.1):

LEMMA 7.3.1. Let ¢ € L?. Then {¥nm}mez is an orthonormal
basis of Wy, if and only if {m tmez s an orthonormal basis of Wy.

Proof. By definition, 1, ,, = 229(2"x — m) € W,,. We also have
<¢n,m7 ¢n,k> - <wm7 wk>7

which implies that {1, m}mez is an orthonormal system in W, if and
only if {¢,, }mez is an orthonormal system of Wy. All that remains is
to prove that {1y, m }mez is a basis of W, if and only if {¢y, }mez is a
basis of W,. Let g be an arbitrary function in W,,. By the definition of
Wy, g(27"x) € Wy. If {¢), bmez is a basis of Wy, then

g(27"x) = dib(x — k),

keZ

which yields

g(x) =Y (272dy) 252"z — k).

keZ
Hence, {{n.m}mez is a basis of W,,. If {t,, s }mez 1s a basis of W,,, in
the similar way, we can prove that {1, }mez is a basis of W. [ |

From Lemma 7.3.1, we see that to construct an orthonormal basis
of L?, we only need to find an orthonormal basis of Wj. Such a basis
can be found as follows:



3. ORTHONORMAL WAVELETS FROM MRA 211

LEMMA 7.3.2. Let ¢ be an orthonormal MRA generator, which
satisfies the two-scale equation:

(3.10) $x) =2 h(k)p(2r — k), () € I*.

Let v be defined by

(3.11) Y(x) =2 g(k)p(2z — k),

where
g(k) = (=120 +1—Fk) for somel € Z.

Then {tm}mez is an orthonormal basis of W.

Proof. We first prove that {i,,}mez is an orthonormal system in
V1. Note that

/Rw(z —n)(r —m)dr = /Rw(x +m —n)(z) dz.

Hence, we only need to prove

/¢x— x)dx = o, forall k € Z.

By (3.11), it is clear that ¢y := (- — k) € V} for all k € Z. Note that
{®1.m }mez 1s an orthonormal basis of V;. We have

Yl —k) =2 (—1)"h(2l+1-n)p(2(x — k) —n)

ne”L

=223 (=1)"h(2l + 1 — n)2'¢(22 — (2k + n))

nez

=223 (=1)"h(2l + 1 — n)$1 2hn-

ne”L
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Hence,

(= k)y(z) de

R

= /]R (Z(—l)”h(l +20 — n)¢17n+2k) (Z(—l)mh(l + 20 — m)(blm) dx

nez meZ
— / <Z(—1)Sh(1 +2l— s+ 2k)¢1,s) (Z(—l)mh(l + 20— m)¢1m> dzx
R seZ meZ
=2) Y (1) A1+ 2 + 2k — s)h(1 + 20 — /¢ls¢md5
meZ sc€l

=2) h(1+20+ 2k —m)h(1+ 2l —m) =2 h(s— 2k)h(s) = dox.

meZ SEZ

The last equality is from (3.9). Therefore {1y, }mez is an orthonormal
system. Second, we prove that {¢,, }mez C Wo. Note that if a function
g€ Viand g LV, then g(- +m) L Vj for all m € Z. Hence, we only
need to prove ¢ L V. We have, for any k € 7Z,

| okt ds
/ <Z h(m cblmm) (Z(—l)“h(l +21 —n)cbm) dz

meZ nez
=23 ) (=1)"h(s — 2k)h 1+2l—n/q§1s¢1ndx
SE€EZ n€EZ

=2 (=1)"h(n —2k)h(1 + 2 — n)

neE”L

=2 (Z h(2n = 2k)h(1+ 20 — 2n) = > " h(2n+ 1 — 2k)h(2l — 2n)>

=0,

which implies {¢, }mez C Wo. Finally, we prove that {¢, }nez is a basis
of Wy. It is clear that if {t,, }nezU{®n nez is a basis of Vi, then {¢,, }rnez
is a basis of Wy. Hence, in order to prove {1, },ez is a basis of Wy, we
only need to prove {1, }nezU{®n }nez is a basis of V;. We now show that
®14,1 € Z, can be expanded as a linear combination of {¢, },cz and
{bn}nez. Since spaces Vi and Wy both are integer-translate invariant,
we only need to prove that ¢(2x) and ¢(2x — 1) can be represented as
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a linear combination of {1, },ez and {¢, }nez. Let

(3.12) Ge ™) = —e_i(zlﬂ)wm.

Taking the Fourier transform of (3.11), we get

(3.13) d(w) = Gle™)d(w/2).

By (3.12), we have

(3.14) H(e ™)G(e™™) + H(—e /%) G(—e2) =0,
which implies

(3.15)

<H(e—%‘w/2) H(—e—?w/z)) H(e ™) aEe™?) 1\ _
Gle™P?) G(=e™™) ) \ H(=e=#/2) G(—e /2)

Write
H(z) = Ho(2%) + zH,(2%)

and

From (3.15), we have
(3.16) 2 ( He(e™) Ho(e ™) ) ( He(e ™) Ge(e‘f“’% ) g

Since
o(w) = H(e™?)p(w/2) = H(e™™)d(w/2) + ¢/ Hy(e™)(w/2),
D) = G(e?)P(w/2) = Gele™™)d(w/2) + e 2Go(e™)d(w/2),
by (3.16), we have
¢(w/2) = 2H (7 ?)$(w) + 2G (e~ /)¢ (w) and
¢ P0(w/2) = 2Hy(e*)p(w) + 2Go(e P (w)).
In the time domain, we have the representations

ZhQn d(x+n) +Zg2n Y (z +n) and

neL nez
o(2x —1) Zh2n+1 x+n)+Zg(2n+1)¢(x+n),
neZ nez

where g(n) = (—=1)"h(20 + 1 — n), for all n € Z. This completes the
proof. [ |
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We often state Lemma 7.3.2 in the frequency domain as follows: Let
¢ be an orthonormal MRA generator satisfying the two-scale equation:

(3.17) dw) = H(e™*)g(w/2).

Let G(e ™) be defined by (3.12) and ¢ defined by (3.13). Then
{¥m }mez is an orthonormal basis of Wj. Besides, in applications, the
integer in (3.12) is often chosen to be 0.

From Lemmas 7.3.1 and 7.3.2, we have the following.

THEOREM 7.3.3. Let ¢ be an orthonormal MRA generator satis-
fying (2.2). Then the function ¢ defined by (3.11) is an orthonormal
wavelet.

Exercises

1. Complete the proof of Theorem 7.2.2 in the previous section.
2. Let ¢ € L'N L? be an orthonormal MRA generator with the
symbol H(e~*). Prove the following.
(a) H(1) =1 and H(-1) = 0.
(b) ¢(2kn) = do s, for all k € Z.
(¢) Y pez ®(x — k) =1 almost everywhere.
3. Prove that the results in Exercise 2 hold for a stable scaling

function ¢.

4. Prove that a stable scaling function ¢ € L' N L? is an MRA
generator.

5. Prove the equivalence of (2) and (3) in Theorem 7.3.1.

6. Prove (3.14), (3.15), and (3.16).

7. Prove that if ¢ € L' N L? is an orthonormal MRA generator and
1 is its corresponding wavelet, then ¢ (0) = 0.
8. The function v defined by

oy |1, wel=2m, —m)U[m, 2m)
Ylw) = { 0, otherwise

is called the Shannon wavelet.
(a) Prove that {%nm }n.mez is an orthonormal basis of L.
(b) Find the corresponding scaling function ¢ for the Shannon
wavelet.
(c) Find the two-scale equation of ¢ and the two-scale relation
for .
9. The Lemarié-Meyer wavelet 1 is defined as follows: ¢(w) =
b(w)e™/? where

sin(3(Jw| - 3m), 27 <[] < 3
Her— o), dn<lol<in
0 otherwise.
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11.

12.
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(a) Prove that ¢ is an orthonormal wavelet.

(b) Find the Fourier transform of its corresponding scaling
function. R
Let ¢ = Xo,3)- Derive an explicit expression for ), ., |p(w +
2km)|? and then show that ¢ is not an orthonormal scaling func-
tion.
Let ¢ be an orthonormal MRA generator, and v the correspond-
ing orthonormal wavelet. Prove that

() 3@ = T2, [H(29w)? a.e.

(b) Tper Xopoy [9(2 (w + 2km))|* = 1 ace.
Assume that g € L?(R) and {g(- — k) | k¥ € Z} forms an ortho-
normal system. Prove that

|supp g| > 2,

and equality holds if and only if |§| = xx, where K is a measur-
able set with m(K) = 2.

4. Orthonormal Spline Wavelets

As an application of the theory of the previous section, we now
derive the construction of orthonormal spline wavelets, which were first
introduced by Battle (in 1987) and by Lemarié (in 1988) independently.
Hence, they are also called Battle-Lemarié¢ wavelets .

4.1. Cardinal B-splines. Splines are piecewise polynomials. Be-
cause they are more flexible than polynomials, splines become an im-
portant tool in numerical analysis and other fields. Cardinal B-splines
are the splines defined on uniform partitions with minimal support.
We now give the definition of cardinal B-splines.

DEFINITION 7.4.1. The cardinal B-spline of order m, denoted
by Np(x), is inductively defined by the multi-convolution of the box
function:

(4.1) Ni(z) = B(z), Np(z)= Npyp_1* Ni(x)= /0 Npi(x —t) dt,

1.€.

m

It is easy to verify that cardinal B-splines have the following prop-

erties.
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THEOREM 7.4.1. The cardinal B-spline of order m satisfies the fol-
lowing:

(1) supp Ny =[0,m],

(2) N,,, € C™2(R) and N,, is a polynomial of exact degree m — 1
on each interval [k, k+ 1,0 < k <m — 1,

(3) Np(x) > 0, for all z € (0,m), and

(4) N,,(z) is symmetric with respect to x =m/2 :

(4.2) Ny (x) = Ny(m — x).

Proof. We leave the proofs of (1) — (3) to the reader. We now
prove (4.2) by mathematical induction. It is trivial that (4.2) is true
for m = 1. Assume that it is true for m — 1 (m > 1). We claim that
(4.2) is also true for m since

Nm(m—x):/ole_l(m—x—t)dt
_ /0 Ny ((m —1) = (2 — (1 — £))) dt
_/1Nm_1(x—(1—t))dt

= /1 Nm_l({lj - t) dt = Nm(x)

Therefore, (4.2) is true for all m € N. |
We now give the explicit expressions of Ny, N3 and Ny:
x, z €[0,1),
(4.3) No(z)=<¢ 2—2x, x€]l,2),
0, otherwise,
éﬁ, x €[0,1),
_ ——($—%)2, € [1a2)7
44 A I T )
0, otherwise,
and
s®, x €[0,1),
—3(@—-2P—(z—-2)2+2, z€ll,2),
(4 5) N4(flf) = %($—2)3—(I—2)2—|—%, VS [273)7
s(4—x)%, € [3,4),
0 otherwise.
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The Fourier transforms of cardinal B-splines are very simple. Since
Ni(w) = =22 by the Convolution Theorem (Theorem 6.4.1), the

w
Fourier transform of Ny, is

(4.6) Non(w) = (1 _,e_w)m.

1w

We can see that N, is a scaling function. In fact, by (4.6), we have

. e—iw/2 mo
(47) Nm<w>—(%) F(w/2)
and
(4.8) N, (0) = 1.

Going back to the time domain, we have the following two-scale equa-
tion for N,,(x) :
1 —(m

(4.9) Non(2) = 5 ; ( . ) N (22 — k).

By (4.2), the center of the cardinal B-spline NV, is at x = . In appli-
cations, we sometimes prefer the B-splines with center x = 0. Hence,
we define the central B-spline by Nf,(z) = Ny (z + %). However,
only the central B-splines of even orders are scaling functions. For an

even m, we have
W) = (22)

w/2
— cos(£)\ ™% __
(4.10) Vo = (5 R,
and
m/2
C o 1 m C _
(4.11) Ny(@) = 5 k:§/2< kot m)2 ) N¢ (22 — k).

For a cardinal B-spline of an odd order, we shift it to the center z = 1/2.
We define

— 1+ e w/2 1 + cos
wa)—( g )( .

where [z] denotes the integer part of z. Then we have

() [m/2)
2) Ns (w/2), mis odd,

1 [m/2]+1

T 3 <k+7[’:n/2])1v;(2x—k).

k=—[m/2]

Ny (z) =
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In applications, the linear splines (order 2) and the cubic splines (order
4) are more popular than those of other orders.
For splines, we have the following

THEOREM 7.4.2. The cardinal B-spline of order m is an MRA gen-
erator.

Proof. We prove that N, satisfies both the stability condition and
the completeness condition. In fact, we have

%;N'w+QMﬂ _ (g%%%%)m'

Recall that >, , <M> is a 2m-periodic function. By the in-

w/2+km
equality (under the assumption that % =1 for x =0),
2 sinz ™
- < , ITE [O, —] )
s T 2
We have
2 2m . 92 2m
(_) < (M) welon]
T w/2
and

(%)Qm < (%)Qm w € [m,27].
Thus, when z € [0, 27),
o) () (25

On the other hand, from the fact that |sinz| < |z| and =

D ke W (see (3.5)), we have sin? w
Z <sm (w/2) ) 2m B Z (Sin(w/2+k7r))2m
€z w/2+ kr keZ w/2+ km
oy ()

(k) -
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Hence, Ny, () is stable. It is clear that N,, € L' N L? and N,,(0) = 1,
which yield the completeness of N,,. The theorem is proved. [ |

4.2. Construction of orthonormal spline wavelets. Since car-
dinal B-splines are MRA generators, applying the results of the previ-
ous section, we can construct orthonormal spline scaling functions and
wavelets. Write

(4.12) B(w)=>_ (M)zm

~ w/2+ km
By Theorem 7.3.2 and Theorem 7.3.3, we have the following:
THEOREM 7.4.3. The function N,, defined by

(4.13) No(w) = (@)

s an orthonormal MRA generator, which satisfies the following refine-
ment equation:

(4.14) Now(w) = H(e ™/} N, (w/2),

where

2 B (2w)’
and then the function S,, defined by
(4.15) Son(w) = —e 2 H(—e- )N, (w0/2)

1s the corresponding orthonormal wavelet.

. 2
Proof. We have By,(w) = > .oy |Nm(w+2km)| . By Theorem

7.3.2, the function N,, defined by N,,(w) = Mm@ 35 an orthonor-

\/ Bm(w)
mal MRA generator. Then the equation N, (w) = (#)mﬁm(wﬂ)
yields (4.14). Note that y/ B, (w) is a real valued 27w-periodic function.
By Theorem 7.3.3, Sp,(x) in (4.15) is the corresponding orthonormal
wavelet. [

The function B,,(w) plays an important rule in the construction
of orthonormal spline wavelets. We now give the explicit formula of

B(w).
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THEOREM 7.4.4. Let B,,,(w) be the function defined by (4.12). Then

m—1
(4.16) B (w) = Z Nop(m + k)e™
k=—m+1
or, equivalently,
m—1
(4.17) By (w) = Nap (m) + 2 Nog(m — k) cos kw.

k=1

Proof. B,,(w) is a 2m-periodic function. When m > 1, it is differ-
entiable. Hence, By, (w) = >, (Bn)"(k)e ™. We have

(B,) k) = — /_7T B (w)e™ dw

o7
1 " \ ikw
:%/ S [N (w + 20e) Pt doo

T kel
1 A .
- /R N ()P du
1 .~ .
= — / N(w)N(w)e* duw.
21 R
By Parseval’s Formula (see Section 6.4 and Theorem 6.4.2),
1 [—— . . -
—/N(w)N(w)e’k“ dw = / N () Ny (z + k) dy.
2r Jr R

Since N,,(z) is a real-valued function and N,,(x) = N,,(m — x), we
have

/RNm(x)Nm(x + k) dy = /RNm(x)Nm(m —k—x)dz
= (Np * Np) (m — k) = Nop(m — k).

Thus,
Bn(w) = Z Nop(m — k)e ™
keZ
m—1
= Ny, (m) + 2 Z Nop(m — k) cos kw.
k=1
The theorem is proved. [ |

EXAMPLE 7.4.1. Compute the values of Ny, (k),k € Z,m > 1, nu-
merically and then derive the formula of By, (w).
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Note that the support of Ny, is [0,m]. Hence, Ny, (k) =0 if k <0
or k > m. We only need to compute N,,(k), 1 <k <m — 1. From the
two-scale equation of N, we have

Nin(1)

= s (N(2) + N (1)

N,(2) = % (Nm(4) +mN,(3) + (m) N, (2) 4+ (m) Nm(l))

Nop(m = 1) = —— (mNy (m — 1) + Ny (m — 2))

2m—1

which is a homogeneous linear system of [Ny, (1), , Np(m —1)]. The
system has a non-trivial solution, which is the 0-eigenvector of the sys-
tem. Therefore, if v.= [v1, - ,Um_1] is a solution, so is cv. The
required solution [Np,(1),---, Ny(m — 1)] should be normalized by the
condition N,,(0) = 1. This condition yields Y kez Nm(k) = 1 (see Ea-
ercise 3).

When m = 2, the system is reduced to the equation No(1) = No(1).
Any non-zero real number is a non-trivial solution of this equation. By
the normalization condition, we have Ny(1) = 1. Hence, By(w) = 1.
This also proves that Ni(x) is an orthonormal scaling function.

When m = 4, the system is reduced to

Ni(1) = SNL(2) + 4Ny(1)
Ny(2) = S(ANU(3) + 6N, (2) + ANy (1)

Ni(3) = SANA(3) + Ni(2)

which has as a solution (1,4,1). Applying the normalization condition,
we have Ny(1) = 1/6, Ny(2) = 2/3, Ny(3) = 1/6. Therefore, By(w) =
Na(2)+2N 5(1) cosw = 2+1 cosw. We leave the computations of By(w)
as exercises.

The Fourier transform of~Nm is already given by (4.13). We now
derive the representation of N,, as the linear combination of the trans-
lates of N,,(z) in the time domain. Since —=— is a differentiable

\/ Bm (w)

2m-periodic even function, let > c,e”*“ be its Fourier series. Then
L =% c,e” ™ and the coefficient ¢, is given by

v/ Bm (w)
(4.18) Cp = C_p,

1 [T cosnw

= — ——— dw,
T Jo \/Bm(w)

nezr.
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This yields

(4.19) Z Cn Ny (z —n)
Similarly, let

1 s
b, =0b_, = —/ cosnwy/ By (w)dw, neZt.
T

0

Then

(4.20) N(x) =Y b, Nop(z — ).

EXAMPLE 7.4.2. Compute the coefficients (c,) in (4.18) and (by)
in (4.20) for m = 2. (Round off them to 6 decimal places.)

Recall that
l / cos kw ook > 0.

Q/ COSu}

By rounding off ¢ to 6 decimal places, we have

co = 1.291675, c; = —.174663, co = 0.035210, c3 = —.007874, ¢4 =
0.001848, ¢ = —0.000446, c¢ = 0.000110, ¢z = —0.000027, cg =
0.000007, cg = —0.000002, ¢ = 0,k > 10.

Similarly, by = %f(]% cos kwy / % + % coswdw, k> 0. Hence,
by = 0.802896, b; = 0.104705, by = —0.006950, b3 = 0.000927, by =
—0.000155, b5 = 0.000029, bg = —0.000006, b; = 0.000001, by = 0,k >
8.

To obtain the two-scale equation (4.14) in the time domain, we need

the Fourier series of H(e~™). Recall that H(e™™) = <1+6*“> VBm()

2 V/Bm(2w)
Let
\/ Z ﬁ —zkw
\/B 2w B
Then

cosnwdw, n€Z.

1 iy
(@21 fe=fa=- /

m
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Assume H(e ™) =3 a,e ™. We have

which yields

1 m
(4.22) O = On = o > ( z ) B
Thus, we derive the two-scale equation of Ny, (z) :

x) =2 Z x N, (22 — k)

keZ
By (4.15), we have

—22 Yo, N (22 — k).

For the central B-spline N/, (w1th an even m), its orthonormalization
is N¢ () = Ny, (x + m). Let (af) be the mask of N£,. Then we define

—22 Y*as  N¢ (22 — k).

The function N¢ (z) (with an even m) is an even function, while S¢, (z)
is symmetric with respect to x = % Thus, the function

(M:) (@) =28 N5 2 — k)
7.k
is symmetric about x = 277k and
(S,;) (z) = 255¢ (z — k)
7,k

is symmetric about # = 277(k 4 3). Note that both N¢ (x) (with an
even m) and S¢ (x) have their maxima at their centers and both ex-

ponentially decay. Hence, in applications, when m is even, Nﬁl(x) and
S¢ (x) are used more often than N,,(z) and S,,(z).

EXAMPLE 7.4.3. Compute the mask of N, rounding off to 6 deci-
mal places.

We first compute By, in (4.21):

Bo = 1.0394978, 51 = 0.1168288, B2 = —0.1494296, B3 = —0.0134167,
Bs = 0.0293394, 35 = 0.0027392, B = —0.0065602, 57 = —0.0006023,
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fs = 0.0015367, By = 0.0001405, 310 = —0.0003706, £1; = —0.0000337,
B2 = 0.0000910, Bi3 = 0.0000083, 314 = —0.0000226, (5 = —0.0000020,
B = 0.0000057, 17 = 0.0000006, 315 = —0.0000014, 319 = —0.0000001,
(a0 = 0.0000004.

Applying the formula (4.22), we obtain

ap = 0.578163, ay = 0.280932, a3 = —0.048862, oy = —0.036731,
as = 0.012000, ag = 0.007064, ay = —0.002746, ag = —0.001557,
ag = 0.000653, ap = 0.000362, ay; = —0.000159, a2 = —0.000087,
a1z = 0.000039, a4 = 0.000021, a5 = —0.000010, a6 = —0.000005,
17 = 0000002, Q18 — 0000001, A — 0, k Z 19. dp = gk, k S 0.

Exercises

1. Derive the explicit formulas (4.3), (4.4), and (4.5) respectively.

2. Apply the Poisson Summation Formula (Theorem 6.5.1) to prove
that Y, ., Nm(k) = 1.

3. Prove that LN,,(z) = Nyp1(z) — Nppr(z — 1), m > 2.

4. Use mathematical induction to prove that Ny, (2) = —= (2 Ny—1 (2)+
(m —2)Np—1(z — 1)).

5. Use the formula in Exercise 4 to derive the explicit expressions
of NQ(]I), s ,Nﬁ(l’).

6. Draw the graphs of N,,(z),2 < m < 6.
7. Prove (4.10) and (4.11).
8. Let F,(w) = Zkezm' Prove that N¢,,(w) = m\/ﬁ

e—iw/2
W™/ Fry (w)
9. Use the method of Example 7.4.1 to compute the value N,,(k), k €
Z, for m = 4.

10. Use the formula in Exercise 4 to compute the value N,,(k), k € Z,
form=2,--- 8.

11. Let m be an even number and N& (x) be the central linear B-
spline of order m. Let N¢(z) be its orthonormalization. Let
N¢(z) = SS@&Ne(x — k), Ne(z) = 23 apNe (22 — k), and
So(r) = 257 g Ne. (2 — k).

(a) Find the coefficient relation of ¢, and ¢ in (4.19).
(b) Find the relations of &y and «y in (4.22).
(c) Let S¢ (z) = 23 (—1)*a_, N (22 — k). What is the re-
lation of S¢,(z) and S, (z)?
12. Find the coefficients in the equation

So() = pNa(2x — k).

when m is even, and N¥,,(w) = when m is odd.
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13. Draw the graphs of N§(z) and S5(z) and the graphs of ‘Nf(w))
14. Let Ny(z) be the cubic B-spline and let Ny(x) be its orthonor-
malization. Use a graphing calculator, or mathematical software
such as MAPLE, MATHEMATICA, or MATLAB, to do the fol-
lowing.
(a) Find the coefficient ¢, in the form

Ni(z) =Y exNa(z — k).

numerically. (Round off to 4 decimal places.)
(b) Find the coefficient by, in the form (round off to 5 decimal
places)

and

Ni(z) =Y beNai(z — k).

(¢) Find the mask (ay) of Ny(z) numerically. (Round off to
5 decimal places.)

(d) Let Sy(z) be the orthonormal cubic spline wavelet. Find
the coefficients (wy) and (wy) in the relationships (round off to
5 decimal places)

Sy(x) = Z we Ny (22 — k).
and

Sa(z) = i Na(2z — k).

15. Draw the graphs of N¢(z) and S¢(z) and the graphs of ‘Nf(w)’

and |S§(w)]|.

5. Fast Wavelet Transforms

Let ¢ be an orthonormal MRA generator and v be the orthonormal
wavelet corresponding to ¢. Since {¢, m }n.mez is an orthonormal basis
of L%, any function f € L? can be expanded into a wavelet series

(5.1) f(ZE) = Z Z bn,m'¢n,m>

n€Z meZ

where b, = (f, ¥n.m). The way to compute the coefficients b, ,,, of the
wavelet series of f(x) here is similar to that of computing coefficients in
Fourier series. It does not take advantage of the multi-level structure of
wavelets. Stépheane Mallat in 1989 discovered a fast way to compute
the coefficients in wavelet series. We now introduce Mallat’s method.
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5.1. Initialization. Mallat’s method first finds an approximation
of f in a subspace in MRA, say a function f,, € V,,. By the property of
MRA, if n is large enough, then the approximation error ||f — f,|| will
be less than a given tolerance. This step is called initialization of
the fast wavelet transform. We may obtain f,, by orthogonal projection.
By the orthogonality of the basis (¢nm)mez, the orthogonal projection
of fonV, is

Fo =Y _f, Gnm) Prm-

meZ

However, sometimes the integral (f, ¢,, ) is not easy to compute, or f is
obtained experimentally so that only the values of f at sampling points
are known. In these cases, interpolation is often used for initialization.
A function f, € V,, is called an interpolation of f if

(5.2) Fa(27K) = f(27), ke

Let us write f, = >, <z Gnm®n,m and b, = 27"/2f(27"k). Then equa-
tion (5.2) can be written as >, _; Gnm®pm(27"k) = f(27"k), which
yields

(5.3) > bk —m)ap, =by, k€L

meZ

This is an infinite linear system. Assume >, _, ¢(k)e " is convergent
everywhere. In Chapter 8, we shall prove the following.

LEMMA 7.5.1. The linear system (5.3) is consistent (for all (b) €
') if and only if >, ., ¢(k)e™ ™ £ 0 for w € R.

Applying the Poisson Summation Formula (Theorem 6.5.1), from
this lemma we have the following.

THEOREM 7.5.1. If¢ € L*NL? is continuous, the seriesy ., gAé(w—l—
2km) is uniformly convergent, and (¢(k)),o; € I', then the linear sys-
tem (5.3) is consistent if and only if

(5.4) > dw+2kw) #£0, weR.
keZ
Proof. We leave the proof as an exercise. |

Condition (5.4) is called the interpolation condition for ¢. We
say ¢ € L'NL? satisfies that interpolation condition if it is continuous,
(0(k)) ez, € 11, Y oeg @(w + 2km) is uniformly convergent, and (5.4)
holds.
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EXAMPLE 7.5.1. We have N§(k) = 6o . Hence, >, ., N5(k)e ™ =

1, which implies that N§ satisfies the interpolation condition. In fact,

we have fn(x) == ZkEZ f(2_nk)N2c(2]x_k) = ZkeZ 2—n/2f(2—nk:) (NQC)J,k (IL')

EXAMPLE 7.5.2. We have N§(—1) = N§(1) = &, N{(0) = 2, and
Ni(k) = 0 for |k| > 1. Hence, >, N§(k)e ™ 2+ Lcosw =
% + % coszg > % Therefore, N§ satisfies the interpolation condition.

1
6’

EXAMPLE 7.5.3. We have N3(1) = N3(2) = 5 and N§(k) = 0 for

all integers. Hence, Y, , N§(k)e ™ = Ze™™ + 2¢7" which vanishes
at w = m. By Lemma 7.5.1, N3 does not satisfy the interpolation con-

dition. We can also use Theorem 7.5.1 to verify the conclusion. Recall
O —iw 3
that N3(w) = <1_e—> . Hence,

W

S Naw + 2k) = (1—7)2 (ﬁl%ﬂ)

k€Z keZ

Let w = w. We have
R &7 1
N. 2km) = — — =0
2 Nyl +2km) = Qk+1p
kEZ keZ

which implies the inconsistence of the interpolation.

In general, when m is even, IV, satisfies the interpolation condition,
and when m is odd, it does not. This is why splines of even orders are
more often used in application than splines of odd orders. We leave
the proof of the result as an exercise.

Assume now that ¢ satisfies the interpolation condition. For realiz-
ing the interpolation, we can construct the Lagrangian interpolating
functions in Vj.

DEFINITION 7.5.1. If ¢ € L' N L? satisfies the condition ¢(k) =
do i, then it is called an interpolating scaling function.

If an MRA generator ¢ satisfies the interpolation condition, then
we can construct the interpolating scaling function as follows.

THEOREM 7.5.2. Let ¢ € L*NL? be a continuous two-scaling func-
tion, which satisfies the interpolation condition. Then the function

(5.5) Pin(w) = —2)
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s an interpolating scaling function. Therefore a function f € V, can
be represented as

=3 fR7k)¢m(Pz — k).

keZ
Proof. We leave the proof as an exercise. [ |

Assume now an MRA generator ¢ satisfies the interpolation condi-
tion. Let f € L? be a continuous function and f,, be the interpolation
of fin V,,. It is known that ||f — f.||2 — 0 as n — oco. (We will not
show the proof. Readers can refer to [4].) This result allows us to use
the interpolation f, to approximate f.

In many applications, we are not given the sampling data, say
f(27™m), m € Z, but given a certain average of f around each sampling
point x = 27"m. Write the given data as (¢, )mez. Therefore, we can
approximately assume ¢,, = (f, ¢n.m) for a certain function f € L.
Thus, the function f, := > ¢,¢,,m represents the data (c,,). This is
the initialization for the fast wavelet transform.

5.2. Multi-Scale Decomposition. We now assume the initial-
ization is completed (in a certain way). That is, we have

(56) fn - Z anm¢n,m7

where (anm)mez is a known sequence. By (5.1), f,, can also be repre-
sented as

(5.7) Fa=Y_  bimtim:
j<n meZ

Mallat’s algorithm computes (b;,,) from (a,.,). To explain Mallat’s
idea, we adopt a concise expression of (5.7):

(5.8) fa=>_ g
j<n
where g; = > 7 bjmtim € Wj.
To avoid the infinity of j-indices in (5.8), we apply the relation
Vi=pw,, lez
j<l
Therefore, there is a function f; € V} such that f; = > j<1 95~ Thus, for

any [ < n, f, can be expanded as

n—1

fn:fl-i-zgj? fl€W>gj€Wja

J=l
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or equivalently,

n—1
(59) Z ammaﬁn,m = Z a17m¢m + Z Z bj,m@bj,m.

mez j=l meZ
Particularly,
E an,m¢n,m - E CLn—l,mgzsm + E bn—l,m¢n,m7
meZ meZ
E an—17m¢n,m = E a'n—2,m¢m + E bn—27m¢n,ma
meZ meZ

Z a'l+17m¢n,m = Z a'l7m¢m + Z bl7m¢n,m'

MmEZ MEZ

These equations provide a way to compute (a;m), (bim), - (bp—1.m)
from (@ym). For convenience, without loss of generality, we always as-
sume n > 0 and set [ = 0 in (5.9).

The algorithm used in computing the coefficients (a;_1,,) and (b;_1,,)
from (a;,) is called a Fast Wavelet Transform (FWT), and its reverse
is called a Fast Inverse Wavelet Transform (FIWT). The algorithm
computing the coefficients (ao,,) and (b;,,),0 < j <n—1, from (an,m,)
is called a decomposition Pyramid Algorithm and its reverse is called
a recovering Pyramid Algorithm. They are also called Mallat’s
algorithms because they are first developed by S. Mallat (in 1989).

5.3. The Fast Wavelet Transform. We now develop FWT and
FIWT. Let f; € V; have the expansion

(5.10) fi= anbin

which can be represented as

fi(x) = fi1(x) + gj-1 (),

where

(5.11) fia(x) =) aj 1k0j-1k(x) € Vi
and

(5.12) gi—1(z) = b pti1k(z) € Wiy

THEOREM 7.5.3. Let ¢ be an orthonormal generator of an MRA
{V.}, which satisfies the two-scale equation (3.10) and let 1 be the
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corresponding wavelet defined by (3.11). Let f; € V;, ajk, aj_1%, and
bj_1k, be the coefficients in (5.10), (5.11), and (5.12) respectively. Then

(5.13) aj_1p = \/52 h(l — 2k)a;,
and

(5.14) btk = V2> gl —2k)ay,
where

g(k) = (=1D)'n@2m +1—k) for somem € Z.

Conversely, the coefficient a;; can be recovered from (aj_1k),c, and
(bj—16) ez bY

(5.15)  ai = V2 (A= 2K)a; 1+ Y g = 2k)b; 1)
Proof. By (5.10), we have
dj—1h(x) =207 VP02 e — k)
= 20002 N " n(i)p(2(2 e — k) — i)

1E€EL

= 20-D/25" p(i)g(27x — (2K + 1))

1E€EL

=207 D2N " (i — 2k)¢(2x — i)

1E€EL

- ﬂQ) Z h(i —2k)¢; ()

i€Z
and similarly
Vi k() = 2(j—1)/2¢(2j—1x — k)
= 2002 N " (i — 2k)p(2x — i)

1E€EL

— \/(2) Zg(z —2k)¢;i(x)

i€z
where
g(i) = (=1)'h(1 +2m — i) for some m € Z.

Hence we obtain
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aj-1e = (i, Pj-1) = <Z aj 1P, ¢j_1,k>

I€Z.
= Z aj,l<¢jla ¢j—1,k>-
I€Z.
By the orthogonality of the basis {¢,x | k € Z}, we have

(5.16) (D djo1k) = V2D h(i — 2k) (0, &1) = V2h(l — 2k),

1E€EL

which yields equation (5.13). Similarly, we can obtain

(5.17)  {Gjuthjmrw) = V2D gli — 2k)(d0, &1a) = V29(1 — 2k),
€L
which yields (5.14).
On the other hand, we have

aji = (fj» ¢ia) = (fi-1 + gj-1, $ia)
= (aj-16{Dj-10> D7) + bj—1k(WYim1k, B10)) -

keZ
By (5.16) and (5.17), we obtain (5.15). [

The relationships (5.13) and (5.14) together give a fast wavelet
transform (FWT), while relationship (5.15) gives a fast inverse wavelet
transform (FIWT).

5.4. Pyramid Algorithms. Based on FWT and FIWT, we de-
velop the pyramid algorithms, which perform the multilevel wavelet
decomposition and reconstruction. We start with the decomposition

n—1

fn = fO-l—Zgja fo€Vo,9; € Wj,

i=0

or, equivalently,

n—1
(5.18) Z an,m¢n,m = Z aO,mem + Z Z bj,mqvbn,m'

meZ =0 meZ

Let a, = (an,m> and Ay = (ao,m),bo - (bO,m)a T, bn—l = (bn—l,m>
be the coefficient sequences in (5.18). Our purpose now is to develop
the algorithms for decomposing a,, into ag, by, - - - , b,,_1 and recovering
a, from ag, by, -+, b,_1. For representing the algorithms concisely,
we introduce the following operators.
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Let H and G be two [? — [? operators defined by

Ha(n) = ﬁZakh(k —2n),

keZ

Ga(n) = ﬁZakg(k —2n),

keZ

where h = (h(n)) and g = (g(n)) are the sequences in (3.10) and (3.11)
respectively. For an operator F : [2 + [2, its dual operator F™* is
defined by

(Sa,b) = (a, S*b), for all a,b € [*.
Then
(Ha) (n) = V2 aph(n — 2k)

and
(G'a) (n) = V23" arg(n — 2k)

respectively. Therefore, the FWT algorithm can be written as
(5.19) a,_1 = Ha;, b;_; =(Ga;,

and the FIWT algorithm can be written as

(5.20) a, = H'aj_; + G"b;_;.

Repeating the FWT, a, can be decomposed into ag, bg,--- ,b,_1 as
follows:

H
a, — an—1
G

N )

This is called a decomposition pyramid algorithm, or Mallat’s de-
composition algorithm.

Reversing it, we obtain the recovering pyramid algorithm, or
Mallat’s recovering algorithm:

S Q |z

H* H* H* H*
m - a — An—1 —  an

G* G* G* G*

/ / / /

e b, .
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5.5. Approximation of Functions by Wavelet Series. Before
we finish this section, we briefly discuss the wavelet series of a function
in an intuitive way. For illustration, we use spline scaling functions
and wavelets as examples. The analysis of them are applied to other
wavelets. Let {V;} be the MRA generated by N,, and {W;} be the

corresponding wavelet subspace sequence. It is known that ‘N m(w))

is essentially con-

is essentially concentrated in [—m, 7|, while ‘gm(w)

centrated in [—27, —7|U[m, 27]. (See Section 7.4, Exercises 13 and 15.)
Therefore, for any function f, € V;, its frequency is essentially con-
centrated in [—m, 7] since )gb( —|—k:)(w)‘ = |¢(w)|. Similarly, for any
function gy € Wy, its frequency is essentially in [—2m, —7| U [7, 27].
After dilation, we can see that, for any function in Wj, its frequency is
essentially in [—27T1r 2i7] U [27T17, 297]. Hence, in the decomposition
f=fo+go+ g1+ -, different functions occupy different frequency
channels. Therefore, we can say that fy is a course version of f while
9o, g1, - - , hold the details of f at different levels. Then in some sense
the “cut-tail” approximation f0+zgl;& g; removes high frequency com-
ponents of f, which contain the details of f which can only be seen in
high resolution. This approximation is called linear approximation
of wavelets. Linear approximation of wavelet series functions be-
haves in a similar way as Fourier series.

However, the “local” behaviors of wavelets are quite different from
that of sine and cosine functions. For example, both Ny, and S, are
concentrated about their centers. Hence, although the function S¢, has
propagated waves, the amplitude of the waves decay exponentially so
that only the main wave around 0 is significant. For j > 0, <5’§1 (x)

. 7k
shrinks S¢ () horizontally by 27, stretches it vertically by 22, and then
shifts it to the center 277 (k + 3). That is, for (5’51) the amplitude

jk
of the main is enlarged while its length is reduced. We now return to
discuss the wavelet series of f € V,, in the form

f(x) = folz) + nz::l 9;(x)
B =Y (W) @ S S () )

where a large |d; x| indicates that f has a large oscillation around 277k.
In other words, a large |d; x| occurs only if f has a sharp change around
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277k. In applications, many functions are often smooth in most parts of
their domains and have sharp changes in a relatively small area. There-
fore, for these functions, most of their wavelet coefficients d; ;, are small
and negligible, only a few of them large and significant. These wavelet
coefficients indicate the local sharpness of functions, which is often
called the local singularity of functions (see [18]). In this sense,
wavelet analysis is different from Fourier analysis. As Meyer says [21]:
“Wavelet analysis is a way of saying that one is sensitive to change.”
He also says: “... contrary to what happens with Fourier series, the co-
efficients of the wavelet series translate the properties of the function or
distribution simply, precisely, and faithfully,... the properties that cor-
respond to strong transients: everything that is rupture, discontinuity,
the unforeseen.” Therefore, wavelets are a mathematical microscope,
which detects the details of functions at different resolutions.

Based on the discussion above, we can approximate f by deleting
the wavelet terms in (5.21) with small coefficients. To do so, we set a
threshold € > 0. By deleting the terms with coefficients less than €, we
obtain an approximation of f :

flay =37 eon (N5), @)+ 55 (5:) @

€0,k € J=0 dj e

An alternate way to obtain an approximation of f is the following. We
first sort all the terms in (5.21) by descending coefficients. Then we use
the sum of the first N terms as an approximation of f. These approx-
imations are non-linear approximation of wavelets (see [18]).

Exercises

1. Prove Theorem 7.5.1.

2. Prove that when m is even, N,, satisfies the interpolation condi-
tion; when m is odd, it does not.

3. Prove Theorem 7.5.2.

4. Let ¢ be an orthonormal MRA generator. Prove that ¢ * ¢ is an
interpolating scaling function.

5. Let {V,,} be the MRA generated by N,. Let N;, be the interpo-
lating scaling function in V5 Do the following.

(a) Get the coefficients (o) (rounding off to 4 decimal places)
in the representation of N;,(z) = > apNy(z — k) and draw the
graph of Ny,(z).

(b) Find the symbol of N;, and then derive the two-scale
equation of N;,.

6. Derive equation (5.14).
7. Derive equation (5.17).
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10.

f

11.
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Let H : 1> — |2 be an operator defined by

Ha(n) = \/52 agh(k — 2n).
keZ
Prove that its dual operator H* is

(H*a) (n) = V2 aph(n — 2k).

keZ

. Let ¢ be an orthonormal generator of an MRA {V;}, and ¢ be the

corresponding orthonormal wavelet, which generates the wavelet
subspaces W;,j € Z.
(a) Let f € Vi and write

F=> o= cou j>0.

Develop a formula to compute (c,i) from (c?).

(b) Let g € Wy and write
g=> dWo. =Y clom >0

Develop a formula to compute (c,i) from (dY) .
Use a graphing calculator, or mathematical software, such as
MAPLE, MATHEMATICA, or MATLAB, to calculate the fol-
lowing wavelet decompositions. (Round off to 4 decimal places
for each coefficient.)

(a) Decompose f(z) = N§(4z) into the form

(x) = ZakNQC(x —k)+ Z beSS(z — k) + ch§§(2x — k).

(b) Decompose f(x) = N¢(4z) into the form

= aNi(w—k)+ > bSix—k) + Y anS5(22 — k).

Let f(z) = N§(z) + 23:0 S¢(27z). Use a graphing calculator, or
mathematical software such as MAPLE, MATHEMATICA, or
MATLAB to find the coefficients (ax) in f(z) = 3 ap N§(2'z—k).
(Round off to 4 decimal places for each coefficient.)

Let {V,} be the MRA generated by Ny. Define f € Vj by
16z x €[0,1/16)
1 z € [1/16,1]
flx)=q 16(5f — =) = € (1, ]
0 x > %

f=z) <0
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Use a graphing calculator, or mathematical software such as
MAPLE, MATHEMATICA, or MATLAB to do the following.

(a) Find the coefficients (asy) in f(x) = > asg <N§>4k (x).

)

(Round off to 5 decimal places for each coefficient.)
(b) Use the pyramid algorithm to decompose f(z) into the
wavelet series

fla) =3 aox (85) @)+ Z >t (35) (@)

(Round off to 5 decimal places for each coefficient.)

(c) Let € = 107, Get a non-linear approximation f of f by
removing the coefficients less than e. 3

(d) Use the pyramid algorithm to recover f and then draw
its graph.

(e) Get a non-linear approximation f,, of f by finding the 8
terms whose coefficients have the largest absolute values.

(f) Use the pyramid algorithm to recover f,, and then draw
its graph.

6. Biorthogonal Wavelet Bases

In the previous section, we discussed how to use FWT and FIWT
to decompose and recover functions. As we already have shown, FWT
algorithm needs an initial function f, € V, as a staring point. In
some cases, the orthonormal basis of V,, is not consistent with the
initialization. For example, let the MRA {V,} be generated by the
linear spline Ns. Assume we are given the sampling data (f(27"k)),
of a function f. If we choose { N5 (2"x — k) }kez as a basis of V,,, then the
initialization is simply obtained by setting f,,(z) = >_ f(27"k)NS(2"x—

)

k). However, if we choose the orthonormal basis {(NQC) } , then the

initialization involves a tedious computation for the coefficients (ay, )
in the expansion f,(z) = > an <N§> (x). This motivates us to seek
k

more flexible wavelet structures than the orthonormal one.

In this direction, we consider FWT and FIWT in a general frame-
work. Assume now the generator ¢ of the MRA {V,,} is not ortho-
normal. Let the initial function f be in Vi1 @ for1 == D Cht1 kPrt1 k.-
FWT will decompose it into f,+1 = fn+gn, where f, = > cprni. € Vi
and g, is in a supplemental subspace, say W,,, of V,, (with respect to
Vio1.) Since {¢y, x} is no longer an orthonormal basis, ¢,k 7# (f, Pnk)-
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To compute ¢, , we need another scaling function &5 such that

(61) <¢n,k> an,l> = 5k7l> <gna gbn7k> = 0, k € 7.

Then, we have ¢, = (f, (Zﬁnk)

We now discuss the subspace W,,. Let {Vn} be the MRA generated
by ¢. By the second equation in (6.1), we have W, L V,. Recall that
W, ®V, = V.41 and {V,,} is an MRA. Hence, there is a wavelet v (it
may not be orthonormal) such that (¢, ) forms a Riesz basis of W,.
Thus, the function g, can be expanded as gn = Y by xtn k. In order to

compute (b, k), we need a wavelet w € V; such that <¢nk,¢ ) = Ok,
and (¢nk,¢ ) = 0. Thus, the wavelet subspace W, generated by ¢
satisfies W, J_ V, and V, & W, = Vn+1

In this new structure, we call ¢ and ¢ biorthogonal scaling
functions or dual scaling functions, since <¢n,k,g~bn7l) = 0;. The
MRA {V,,} and {V, }, which are generated by ¢ and ¢ respectively, are
called biorthogonal MRA, or dual MRA. Similarly, {b and 1 are called
biorthogonal wavelets, or dual wavelets. In this section, we shall
introduce the principle of the construction of biorthogonal scaling func-
tions and wavelets.

6.1. Construction of Biorthogonal Wavelet Bases. We first
give the formal definition of biorthogonal scaling functions.

DEFINITION 7.6.1. Assume the scaling functz’on

(6.2) (t) =2 h(k)(2t — k

ke
generates the MRA {V-}jez and the scaling functz’on

(6.3) () =2 h(k)o(2t — k

kEZ

generates the MRA {V}jez If
(6.4) / St — )t — m) dt = b,

then ¢ and ¢ are called biorthogonal scaling functions, or dual
scaling functions; {V;}jez and {V},cz are called biorthogonal
MRA.

From (6.4), we can derive

(Bjns jom) = Onm, for all j € Z.

Similarly, we give the following.
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DEFINITION 7.6.2. Let ¢ and i be two functions in L2. If {¢jk }jkez
and {1 ;;.}j kez are both bases of L* and they satisfy

(6.5) (Wi ;) = 03300, for all i, j, k1€ Z,

then v and ¥ are called biorthogonal wavelets and {Yjk}jrez and
{¥;1}jkez are called biorthogonal wavelet bases.

Our purpose is to construct biorthogonal wavelets via biorthogonal
scaling functions. To this end, we first establish the following.

THEOREM 7.6.1. If ¢ gnd{b are biorthogonal scaling functions with
masks h = (hy) and h = (hy,) respectively, then

2> " h(k)h(k — 21) = bo,

which is equivalent to

(6.6) H(2)H(2)+ H(—2)H(-2) =1, ze€T,

where H(z) := ST h(k)zFand H(z) = S h(k)z* are symbols of ¢ and
¢ respectively.
Proof.We leave the proof as an exercise. [ |

In a way similar to the construction of orthonormal wavelets via
orthonormal scaling functions, we can construct biorthogonal wavelets
via biorthogonal scaling functions.

THEOREM 7.6.2. Let ¢ and &5 be biorthogonal scaling functions
which satisfy the refinement equations (6.2) and (6.3) respectively. Write

g(k) = (—1)h(1 — ),
(6.7) 3(k) = (—1)*h(1 — k).

Define

(6.8) Y(t) =2 g(k)p(2x — k),
and

(6.9) =2 Z G(k)p(2x —

Then v and {b are biorthogonal wavelets.
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Proof.Let {V;};ez and {V;};cz be the MRA generated by ¢ and ¢
respectively. As usual, for a function f we write f;; = 2//2f(2/z — k).
For any j, k, k' € Z, writing | = k — k’, we have

Jar

— [ ons®Buglt)
_/ 42]1 2t—2m—lZg 2t—n dt

meZ nez
/ (Zh )hrma( ) (Z(—l)”h(l —n)ém(t)) dt
meZ neL
=23 ) (=1)"h(s — 21)h 1—n/¢1n¢18dt
SEZ nEZL
_QZ )"h(n — 2)h(1 —n)
neE”L
(6.10) =2 h(2n—20)h(1—2n) = > h(2n+1 - 20)h(—2n).
nez neZ

Setting n = [ — m in the second sum of (6.10), we get
(6.11) / ¢j,k(t)1~ﬂj7k,(t) dt =0, for all j,k k' € Z,

which implies {Dj,k, L V;. In the same way we can prove 1, L f/] It is
clear that v;; € Vi1 and ¢, € \7j+1. Hence we have

(Wi ip) =0, i3]

The proof that <¢]k,¢] k) = O follows the method of the proof of
(6.11). Finally, @b w L Viand ¢, L V (for all j € Z) imply that

{{pj,k}j,,fez and {1}, ., are bases of L% We leave the details as
exercises. u

The wavelet subspaces generated by ¢ and v are constructed in the
normal way. Let

(6.12) W; = spzan{wj7k \keZ}, W,= spzan{{bj,k | ke Z}.

Then they are wavelet subspaces generated by ¢ and v respectively.



240 7. ORTHONORMAL WAVELET BASES

COROLLARY 7.6.1. Let ¢ and ¥ be defined as in Theorem 7.6.2.
Then
(6.13) Vim=V,oW,, Viu=V,eoW, foradljc,
where
(6.14) W, 1V;, W,;L1V, foradllj € Z.

Proof. We leave the proof as an exercise. [ |

Theorem 7.6.2 provides a way to construct biorthogonal wavelets
via the biorthogonal scaling functions ¢ and ¢. The construction of
other biorthogonal wavelets via ¢ and ¢ are possible. We say that
¢ and 1 are biorthogonal wavelets corresponding to ¢ and ¢ if the
wavelet subspaces W; and W; satisfy (6.13) and (6.14). It is trivial
that if ¢ and 1 are biorthogonal wavelets corresponding to ¢ and ¢,
then for any k € Z, 1)(z—k) and ¢(z—k) are also biorthogonal wavelets
corresponding to ¢ and ¢. A more general result is the following.

COROLLARY 7.6.2. Let ¢ and i be biorthogonal wavelets corre-

sponding to ¢ and ¢. Let A(w) be a continuous 2m-periodic function
such that A(w)e=™* >0 for k € Z and for allw € R. Let

—ikw 1 —ikw
A(w) %ake AW % bre ™.
Then p = Y cqtor and fi := Y, ., bk{po,k are also biorthogonal
wavelets corresponding to ¢ and .
Proof. We leave the proof as an exercise. |
We often need the Fourier transforms of (6.8) and (6.9). Since

~ ~

o(w) = H(e™)d(w/2), ¢(w)=H(e)(w/2),

we have
b(w) = —e P H(—emw/2)p(w/2), P(w) = —e WPH(—em/2)(w/2).
As we have done for orthonormal wavelets, we write G(w) = —e™® H(—e—/2)

and G(w) = —e ™ H(—e~®/2). From (6.13) and (6.14), we have the fol-
lowing.

THEOREM 7.6.3. Let ¢ and v be biorthogonal wavelets defined by
(6.8) and (6.9) respectively. Then their masks (and symbols) satisfy the
following:

23, 9(k)g(k — 21) = b,
Sehbglk—20) =0, kilcZ
> h(k)g(k —21) =0,
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or equivalently,
G(em@)G(e™™) + G(—e~™)G(—e™™)
Gle ™)H (e=™) + G(—e ™) H(—e")
Gle™)H(e™™) + G(=e7™) H(~¢ ™)

Proof. We leave the proof as an exercise. |

1
0,
0

We now discuss a special case of biorthogonal scaling functions and
wavelets. Assume V; = Vj, i.e. ¢ and ¢ generate the same MRA. In this

case, W; = Wj, W; L V; and W; @ V; = Vj1;. Therefore, the structure
of MRA in this case is the same as in the orthonormal case, but ¢ and
1 may no longer be orthonormal. Hence, we give the following.

DEFINITION 7.6.3. Let ¢ and ¢ be biorthogonal scaling functions
and ¥ and ¥ be their corresponding biorthogonal wavelets. If ¢ and
QE generate the same MRA, then ¢ andg?ﬁ are called semi-orthogonal
scaling functions and and i are called semi-orthogonal wavelets.

EXAMPLE 7.6.1. Let ¢ = N, (x),m > 2. Then its dual scaling
function ¢ is determined by d(w) = ¢(w)/Bm(w). Hence, the symbol of
¢ is H(e=™) = B (L4 ym  Thyg we have

Bm (2w) 2
- 14 e /2 = B,,w/2) [ 1+ /2
( g (M) e

o) = (L5 o). B =
By Theorem 7.6.2, their corresponding biorthogonal wavelets ¢ and [b
are determined by

~ e_i""/2 w T _e—iw/2 mA
©019) i) = - (12050

and

610 de) = (250 G

By Corollary 7.6.2, an alternate choice of the biorthogonal wavelets is
the pair of ¢ and v defined by

_ —iw/2

6.17) (@) =~ Bo(w/2+7) (%) Dw/2)

and

= ) —ew/2\" =
(6.18)  B(w)= —c 1@(1 ) )
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Note that v in (6.17) is compactly supported with supp ¢ = [0, 2m — 1].
We leave the proof of the results in this example as exercises.

6.2. Decomposition and Recovering of Functions. Biorthog-
onal wavelets can be used to decompose and recover functions in a
similar way as orthonormal wavelets. In this subsection, we derive fast
wavelet transform (FWT) and fast inverse wavelet transform (FIWT)
algorithms based on biorthogonal scaling functions and wavelets. Let
1) and 9 be the biorthogonal wavelets. Then a function f € L? can be
expanded as a wavelet series:

f= Z Ej’k¢j,k (or f= Z bj,k{pj,k)
e ke

where
b — / T FODa0) dt (b= / ROt db).

As mentioned before, to perform fast wavelet transform, we need to ini-
tialize functions. Let ¢ and ¢ be biorthogonal scaling functions, which
generate biorthogonal MRA {V,,} and {f/}n respectively. Assume
and 1) are biorthogonal wavelets obtained from ¢ and ¢ via (6.8) and
(6.9). Let f, € V, be the initial function for fast wavelet transform.
Following the strategy in Chapter 7 Section 5, we decompose f,, into

(6.19) fo=Jfo+go+ -+ gna

where

fi =Y cixtin€V;
and

9= dixtbir €W,

We first develop FWT and FIWT for one-level decomposition and re-
covering. Write ¢; = (¢;j) and d; = (d;x). Then we can derive ¢; and
d; from c;i; using the following:

FWT algorithm :

Cjk = \/52 E(l - Qk)cj—i-l,lu
dir = V23 gl — 2k)cjy1,

To recover ¢,y from c; and d;, we use the following:
FIWT algorithm:

(6.21) Ciara = V2 Wl = 2k)c;x + V2 h(l — 2k)d;.

We now generalize the Mallat’s algorithm for the multilevel de-
composition (6.19). This discussion is parallel to that of the previous

(6.20)
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section. Let ¢, = (¢,m) be the coefficient sequence of f,, and ¢, dy, - - -
d,,_1 be the coefficient sequences of fy, go, - , gn_1 respectively.
Let H, G, H, G be operators on [? defined by

Ha(n) = V2 agh(k — 2n),
Ga(n) = @kf arg(k — 2n),
Ha(n) = \/§k§ axh(k —2n),
Ga(n) = ﬂgakg(k —2n),

respectively. Therefore, the FWT algorithm (6.20) can be represented
as

Cji—1 = gC]’, dj—l = éd],
and the FIWT algorithm (6.21) can be written as
C; = H*Cj_l + G*dj_l.

Finally, the multilevel decomposition can be completed using the fol-
lowing decomposition pyramid algorithm.

C E) Cn—1 E} Cn—2 E) E} €a
(6.22) ¢ ¢ ¢ ¢
- ol
The corresponding recovering pyramid algorithm is:
[Cal Iz; C Iz; Co g cee g [Cul

where H* and G* is the dual operators of H and G respectively.

DEFINITION 7.6.4. Let ¢ and ¢ be biorthogonal scaling functions
with the symbols H(z) and H(z) respectively. Let v and 1 be the corre-
sponding biorthogonal wavelets. In algorithms (6.22) and (6.23), ¢ and
Y are called the analysis scaling function and wavelet respec-

tively, while ¢ and ¥ are called the synthesis scaling function
and wavelet respectively.

By definition, a scaling function is an analysis one or a synthesis
one depending on its function in the algorithm. It is obvious that we
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can interchange the analysis pair and synthesis pair, which results in a
new pair of decomposition and recovering algorithms.

Exercises

1. Prove Theorem 7.6.1. R
2. Prove that two scaling functions ¢ € L'NL? and ¢ € L' NL? are

biorthogonal if and only if 3 d(w + 2km)p(w + 2k7) = 1,w € R.
3. Let ¢ and ¢ be defined as in Theorem 7.6.2. Complete the proof

of (¢, ¢j,13/> = O -

4. Let ¢ and ¢ be defined as in Theorem 7.6.2. Complete the prove
that {1} and {¢;,} are bases of L?.

5. Prove Corollary 7.6.1.

6. Prove Theorem 7.6.3.

7. Prove the scaling functions ¢ and ¢ in Example 7.6.1 are biorthog-
onal scaling functions, 1 and {b in the example are their corre-
sponding biorthogonal wavelets.

8. Obtain the mask of &5 in Example 7.6.1. Find also the sequences
((;zk) and (Gg) in¢(x) = 2> app(2k—x) and in(x) = 2> Brd(2k—
x).

9. Let Lo, be the interpolating cardinal spline of order 2m. Let
¢ = N,, be the cardinal B-spline of order m. Let {V,,} be the
MRA generated by ¢ and {W,} be the corresponding wavelet
subspaces. Prove that the m'™ derivative of Loy, Lg;? (x) € W.
Write ¢ = Lgﬁ). Find ¢ € V; and ¢ € W, such that ¢ and ¢ are
biorthogonal scaling functions and ¢ and {b are the corresponding
biorthogonal wavelets.

10. Let ¢ and ¢ be biorthogonal generators of biorthogonal MRAs
{V;} and {V;} respectively. Assume they satisfy (6.2) and (6.3)
respectively. Let i and {ﬁ be the corresponding biorthogonal
wavelets defined by (6.8) and (6.9), respectively.

(a) Let f € Vp and write

= ch%k = chﬁjk, Jj>0.

Develop a formula to compute (c},) from (c}) .
(b) Let g € Wy and write

9= o => com j>0.

Develop a formula to compute (c,i) from (dY) .



CHAPTER 8

Compactly Supported Wavelets

In the previous chapter, we introduced multiresolution analysis and
derived a method to construct orthonormal wavelets via orthonormal
scaling functions. There the orthonormal scaling functions were ob-
tained by orthonormalizing existing scaling functions. This approach
leads to the construction of the orthonormal spline scaling functions.
Note that the mask of an orthonormal spline scaling function form an
infinite sequence. Hence, the corresponding fast wavelet transforms
(FWT) and fast inverse wavelet transforms (FIWT) require the com-
putation of infinite sums, which will cause truncation errors. From
the point of view of numerical computation, the shorter the mask, the
faster the FWT and FIWT algorithms. In this chapter, we introduce
compactly supported orthonormal scaling functions and wavelets which
have finite masks. We will also briefly introduce orthonormal wavelet
packets and compactly supported biorthogonal scaling functions and
wavelets. All of them provide effective FWT and FIWT algorithms.

1. Symbols of Orthonormal Scaling Functions

In the previous chapter, we introduced the orthonormalization ap-
proach to orthonormal scaling functions. That method usually leads
to the orthonormal scaling functions with infinite masks. While seek-
ing orthonormal scaling functions with finite masks, Ingrid Daubechies
introduced the mask (or symbol) approach in 1989 (see [6]). In this
section, we first discuss the structure of the symbol of an orthonormal
scaling function.

Let ¢ € L'(R) be an MRA generator with a finite mask, i.e. ¢
almost everywhere satisfies a two-scaling equation

N
$x) =2 hpp(2x — k), M <N.
k=M

245
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Later we will assume M = 0. Otherwise, writing ¢(x) = ¢(z + M), we
have

N
Oa) = dlx+ M) =2 hy ¢(2x — k +2M)
N o N—-M

Z $(2r — (k= M) =2 h(2z — k).

k=0

Then the mask of ¢ starts from 0. Since ¢ is an integer translate of ¢,
ng and ¢ generate the same MRA. Therefore, ¢ can be replaced by ng
We now study the scaling function ¢ given by

(1.1) é(x) = 2 XN: hid(2z — k), N >0,

where we always assume hohy # 0. If ¢ is continuous, then equation
(1.1) holds everywhere. For simplicity, we agree that (1.1) holds every-
where for continuous functions and holds almost everywhere for others.
Recall that if ¢ generates an MRA, then ¢(0) # 0. Hence, we always

assume the function ¢ satisfies the normalization condition ¢(0) = 1.
The Fourier transform of (1.1) is

~

(1.2) O(w) = H(e™™/*)(w/2),
where H(e™™) = S hre ™ is the symbol of ¢.
1.1. Basic Properties of the Mask. The first important rela-

tion between the mask h and the scaling function ¢ is the following.

THEOREM 8.1.1. Assume a scaling function ¢ € L? satisfies (1.1).
Then supp f C [0, NJ.

We skip the proof of the theorem, for it requires the Paley-Wiener-
Schwarz Theorem (see [29]), which is beyond the contents of this text.
Readers can fin the proof in [6]. By Theorem 8.1.1, ¢ is an entire
function. Hence, ¢ is continuous. From (1.1), we have

:/R¢(x)dx:22hk/IR¢(2x—k)dx= (th) 3(0)

which yields the following.
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LEMMA 8.1.1. If the scaling function ¢ in (1.1) is in L* and $(0) #
0, then H(1) =1, i.e.

(1.3) > hy=1.

LEMMA 8.1.2. If ¢ in (1.1) is an MRA generator, then

(1.4) > hop = hyp = %

Proof. We leave the proof as an exercise. [ |

DEFINITION 8.1.1. In (1.1), if (1.4) holds, then we say that ¢ (or
the mask h) satisfies the sum rule.

The sum rule ensures a unit partition of the integer translates of ¢.

THEOREM 8.1.2. If a scaling function ¢ € L* in (1.1) satisfies the
sum rule, then

~

(1) ¢(2km) = o k € Z;
(2) the shifts of ¢ form a unit partition, i.e.

Zgb(x—k:) =1 a.e.

keZ

In particular, if ¢ is continuous, then ), , (k) = 1.

Proof. We first prove (1). ¢(0) = 1 is the assumption for ¢. We use

mathematical induction to prove ¢(2kn) = 0, for k € N. When k = 1,
we have

¢(2m) = H(e™™)g(m) = H(~1)p(m) = 0.

Hence, ¢(2km) = 0 is true for k = 1. Assume now ¢(2kn) = 0 for all
1 <k <n. We will prove it is true for kK =n + 1. We have

$(2(n + 1)m) = H(e " I)g((n + 1)7).

If n is even, then H(e {™tH)7) = H(—1) = 0, which yields ¢(2(n +
1)m) = 0. If n is odd, then there is a positive integer m such that
m = (< n). By the induction assumption, d(2mm) = 0, which
yields ¢(2(n+1)7) = 0. We have already seen that d(2km) = 0, for all

k € N. The proof that ¢(—2kw) = 0, for all k € N, is similar.
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We now prove (2). Note that f(z) =, ¢(x — k) is a 1-periodic

function in 13[2071}. We have

1 » 1 »
/0 f(z)e dx —/ Z¢(x— k)e dx

0 kez
= / G(x)e” 2™ dy = G(2mm) = o m.

Hence f(x) =1 a.e. The proof is complete. |

1.2. The Symbol of an Orthonormal Scaling Function. We
now study the symbol of an orthonormal scaling function ¢. To dis-
tinguish the symbol of an orthonormal one from others, when ¢ is
orthonormal, we denote its symbol by m(z). As seen in Section 7.3,
m(z) is a conjugate mirror filter. Since now m(z) is a polynomial, we
have (see Exercise 4)

(1.5) m(2)> + |m(=2)> =1, zeC\{0}.

142

5~) as a factor. Hence, we assume

By Corollary 8.1.1, m(z) must have (
m(z) has the form

(1.6) m(z) = (1§Z)Lq<z>, L>1,

where ¢(z) is a polynomial with ¢(1) = 1 and ¢(—1) # 0. Since the
mask (hy) is real,

m(2)|* = m(z)m(1/z), =2 € C\{0}.
Write P(z) = |m(z)%. By (1.5), we have
(1.7) P(z)+ P(—=2)=1, zeC\{0}.

Applying (1.6), we have

Ple) = (4 *2) (* *;’”)L a(e)qle)

= (e ()" ate )a(e).

Note that g(e™™)q(e™) is a polynomial of cos(w). Setting y = sin*(¥),
we have

cos® (g) =1—y, cos(w)=1-—2y.
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Hence, there is a polynomial B(y) such that B(y) = q(e”™)q(e™). We
now have

(1.8) P(e™™) = (1-y)"B(y)
and
P(—e™™) =y"B(1 —y).
Then equality (1.7) becomes
(1.9) (1-9)"Bly) +y*B(l—y) =1.
The polynomial B(y) is given in the following lemma.

LEMMA 8.1.3. The polynomial B(y) in (1.9) has the form
I 1
B(y) = Br(y) +y"R 5 Y)

where

(1.10) BL(y)ZLi(LH;—l )y’“

k=0

and R(z) is an odd polynomial, chosen such that B(y) > 0 fory € [0, 1].
Proof. 1t is clear that

B(y) = ale™*)q(e™) = |a(e™™)] > 0.

Since (1 — y)¥ and y* have no common roots, by Bézout’s Theorem
(see Exercise 5), there exist two unique polynomials r; and ry of degree
L — 1 such that

(1= y)riy) +yrraly) = 1.
Substituting 1 — y for y, we have
1=yl —y) +y"n(l-y) =1

The uniqueness of r; and ry implies r1(y) = r2(1 — y) and therefore
(L= y)'riy) +y"nl —y) =1
Hence

ri(y) =1 —y) "1 —y"r1—y)

—L

Applying the Taylor expansion of (1 —y)~" (see Exercise 6), we have

(1—y)~"=Bi(y) + Oy"),
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where O(y") stands for a general power series in the form of y* 77 | axy*.
It follows that the Taylor series of ri(y) has the form:

ri(y) = (Be(y) + O(y")) [1 =y ri(1 —y)]
= (B(y) +O(y") (1 —O("))
= BL(y) + O(y").

Since r1(z) is a polynomial of degree L — 1, we obtain r1(y) = Br(y).
Let B(y) be any polynomial of degree > L which satisfies (1.9). Then

(1—y)"[B(y) — Be(y)] + y"[B(1 —y) — Br(1 —y)] = 0,

which implies that y is a factor of B(y) — Br(y). Hence, there is a
polynomial A(y) such that

B(y) — Br(y) = y"A(y).
Then
(1—y)"[B(y) — Bo(y)] +y"[B(1 —y) — BL(1 —y)]
= (L—=y)"y"(Aly) + A1 —y)) =0,
which leads to
Aly) + A1 —y) =0,
i.e. A(y) is antisymmetric with respect to 3. The lemma is proved. W

We now return to a discussion of the symbol m(z). By (1.8), we
have

P(e™) = (1= y)"Bu(y) + (1 — y)"y"Aly),
where A(y) = —A(1 — y). If we choose A(y) = 0, we get P(e™™) =
(1—y)"Br(y).
Later we only discuss my,(z) such that
me(2)]* = (1 - y)"Br(y).

For convenience, we write z = e~ and Pr(z) = (1 —y)L'BL(y).

Byy = sin2(§), we have 1—y = (%Z) (%) and y = (1;2Z) (1_§_l> :
Hence,
1+ 2\" (141"
2 2
where

(112)  My(2) :::: ( R ) (1;Z)k (1 _22_1)k'
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Then

(1.13) )= (157) o

where |q1,(2)|> = Mp(2).

LEMMA 8.1.4. Mp(z) satisfies the following condition:
(1.14) 1< Mpe™) <2272 weR.

Proof. We have miny, -y My(z) = Mr(1) = 1 and

%‘i}l{‘ML(Zﬂ —ML(_l)_L_l ( L+k_1)
) ) - )

The lemma is proved. [ |

All My (z) are Laurent polynomials, the polynomials which may
have negative integer powers. My (z), 1 < L < 6, are listed in the
following.

Ml(Z) = 1,
1 1
MQ(Z) = —52 ! + 2 — 52«’,
3 9 19 9 3
M. _ 7 -2 Y -1 - Y <2
3(2) g 17 + 1 4z+ 3%
5 5 131 131 5 5
Mi(z) = —2 =32, -2 290 -1, qg_ 222 22 9 3
1(2) 16Z + 2z 16 z7 +13 16 z+ 2z 16Z ,
35 175 95 1825
Me(z) = 22 —4_ 209 -3 79 2 21049
G =15" ~wmF tse 64
2509 1825 , 95 , 175, 35 ,
64 64 8 64 12877
63 189 4123 833 13555
M _ b0 5 169 4 220 g 899 5 10999
o) =55 te1T T et T 16° 128 °

4335 13555 833 , 4123 5 189 , 63 ;

— 2+ —=z —z —_—Z - —Zz".
32 128 16 256 64 256
To find qr(2) by qr(2)qr(1/2z) = ML(z), we need the following Riesz
Lemma.
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LEMMA 8.1.5. [Riesz Lemma] Assume a real Laurent polynomial
R(z) satisfies R(z) = R(1/z) and R(z) > 0, for all z € I'. Then there
is a real polynomial c(z) such that

R(z) =¢(2)c(1/2), =ze€ C\{0}.

Proof. We write R(z) = Z]kV:_N ayz*, where all a; € R. R(2) has
2N complex zeros. Since R(z) is a real Laurent polynomial, if zp ¢ R
is a zero of R(z), so is Zg. By R(z) = R(1/z), if zo(# %£1) is a zero of
R(z), then so is 1/zy. Because R(z) > 0 on I', any zero of R(z) on I’
must have even multiplicity (Exercise 7). Hence,

(1.15) R(2) = anyz NP (2)Py(2)

where

and

J
PQ(Z) _ H(Z _ eiwj —zwj 2
j=1

,’:]x

-1
(z—ri)(z—ry ), wj,mp €R.

k=1
Recall that, for z € T,
|(z = 2)(z =7 )| = |zl 7z — &l
and
(2 =) (z =1 )] = [l 7z = .

Consequently, for z € I', we have

R(z) = |R(Z)|

20

H zwj —e iwj)

=1

)z —7Z)

=1

where C = \/\aN\ 1M, 102 [T, |r4|-. Define
(1.16)

M

c(z) :CH(z—zz z2—7Z) ) —6_iwj)H(Z—7”k)a

i=1 ]:1 k=1

::]g

Then ¢(z) is a real polynomial such that

R(z) = |c(2)|?, forall z€T.
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Hence,
R(z) =c¢(z)c(1/z), forall ze€ C\ {0}.

The proof is completed. [ |

The following corollary is a direct consequence of Lemma 8.1.5.

COROLLARY 8.1.1. There exists a real polynomial qp(z) with qp (1) =
1 and qr(e7™) # 0, for all w € R, such that

qr(2)qr(1/2) = My (2).

Proof. By Lemma 8.1.5, there is a polynomial ¢ (z) such that
qr(2)qr(1/2) = My(z). Recall ¢7(1) = Mp(1) = 1 and My(e™™) >
0,w € R. Thus we can select gr(z) so that ¢;(1) = 1 and gz (e™™) #
0,weR. |

We have derived the structure of the symbol of an orthonormal
scaling function.

THEOREM 8.1.3. Let mp(z) = (132)%q(2). Then mp(2) is a con-
Jugate mairror filter.

Proof. The proof is straight forward. We leave it as an exercise. B

Note that deg M; = 2(L — 1), which has L — 1 different roots
inside the unit circle I, say z1,--- , 2,1, and has another L — 1 roots,
1/z,--+,1/zp 4, outside the circle. Asin the proof of Lemma 8.1.5, we
can freely select one of the pairs (z;,1/%), 1 <i < L — 1, to construct
qr(2) using formula (1.16). Thus, there are 2°~1 different choices for

qr(2). Hence, there are 2171 different conjugate mirror filters (of degree
2L — 1) in the form of m(2) = (12) gL (2)

DEFINITION 8.1.2. Let my(z) = (1£2)%qL(2) be a conjugate mirror
filter of degree 2L — 1. If the polynomial q;(z) is selected such that the
magnitudes of all of its roots are > 1, then it is called the Daubechies
filter of order L.

EXAMPLE 8.1.1. Let L = 2. Then
1 1 21

My (z) = —§z_1 +2-ca=—"(2— (2 V3N (2 — (2+V3)).

If we choose the zero of qa(z) with the larger magnitude, then we have
V3—1  V3+1

— z+ 5

qa(2) =



254 8. COMPACTLY SUPPORTED WAVELETS

and consequently,

1+ 2\?
il = (157) )
:1+\/§+3+\/§Z+3—\/522+1—\/§Z3’

(1.17)
hg(O) — 1+8\/§’h2(1) = 3 +8\/§,h2(2) = 3 _8\/57]13(2) = ! _8\/57

which 1s the Daubechies filter of order 2.

Tables 8.1 and 8.2 list Daubechies filters of order 2 to 10. There the
values v/2hy (k) are given because they are used in FWT. (See Section
7.6.)
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Table 8.1. Daubechies filters of order 2 to 8.
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k| V2h(k) k| V2h(k)
L =20 | 482962912145 || L =7| 0 | 077852054085
1| .836516303738 1| 396539319482
2 | 224143868042 2 | .729132000846
3 | -.129409522551 3 | 469782287405
L =30 | 332670552950 4 | -.143906003929
1| .806891509311 5 | -.224036184994
2 | 459877502118 6 | 071309219267
3 |-.135011020010 7 | 080612609151
4 | -.085441273882 8 | -.038029936935
5 | 035226291882 9 |-.016574541631
L =40 | 230377813300 10 | 012550998556
1| 714846570553 11| .000429577973
2 | 630880767930 12 | -.001801640704
3 |-.027983769417 13| .000353713800
4 | -.187034811719 |[ L =8 | 0 | 054415842243
5 | 030841381836 1| 312871590914
6 | .032883011667 2 | 675630736297
7 |-.010597401785 3 | 585354683654
L =50 | .160102397974 4 | -.015829105256
1| .603829269797 5 | -.284015542962
2 | 724308528438 6 | 000472484574
3 | .138428145901 7 | 128747426620
4 | -.242294887066 8 |-.017369301002
5 |-.032244869585 9 |-.044088253931
6 | 077571493840 10| 013981027917
7 |-.006241490213 11| 008746094047
8 |-.012580751999 12 | -.004870352993
9 | .003335725285 13 | -.000391740373
L =60 | 111540743350 14| 000675449406
1| 464623890398 15 | -.000117476784
2 | 751133908021
3 | .315250351709
4 | -.226264693965
5 | -.120766867567
6 | .097501605587
7 | 027522865530
8 |-.031562039317
9 | .000553842201
10| 004777257511
11 | -.001077301085
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Table 8.2 Daubechies filters of order 9 and 10.

k V2hy (k) k V2h (k)
L=9] 0 | .038077947363 ||| L =10| 0 | .026670057901
1 | 243834674637 1| .188176800078
2 | .604823123676 2 | .527201188931
3 | 657288078036 3 | 688459039453
4 | 133197385822 4 | 281172343660
5 | -.293273783272 5 | -.249846424326
6 | -.096840783220 6 |-.195946274377
7 | .148540749334 7| .127369340336
8 | .030725681478 8 | .093057364604
9 |-.067632829060 9 |-.071394147166
10| .000250947115 10 | -.029457536822
11| .022361662123 111 .033212674059
12 1 -.004723204758 12| .003606553567
13 | -.004281503682 13 1 -.010733175483
14 | 001847646883 14 | 001395351747
15| 000230385764 15| .001992405295
16 | -.000251963189 16 | -.000685856695
17| 000039347320 17 [ -.000116466855
18 1 .000093588670
19 1 -.000013264203

Exercises

1. Prove the following: Let ¢ € L? be a scaling function satisfying
(1.1). Let B(e™™) = Y 1oz |6(w + 2km)[*. Then

[H(e™)PB(e™) + |H(—e ) "B(—¢") = B(e™™), weR,
which is equivalent to
[H(2)[?B(2) + |[H(=2)"B(—2) = B(z"), |z =1.
. Use the result in Exercise 1 to prove Lemma 8.1.2.
. Let ¢(z) be the polynomial in (1.6). Prove that g(e™)q(e™*) is
a polynomial of cosw.

. Let P(e™™) be a trigonometric polynomial. Assume P(e™*) +
P(—e ™) =1 for all w € R. Prove

P(z)+ P(—z) =1, forall ze C\ {0}.

. Prove Bézout’s Theorem: Let P and () be two polynomials such
that deg P = n, deg@@ = m, and let them have no roots in
common. Then there exist two polynomials A (of degree m — 1)
and B (of degree n — 1) such that AP + BQ = 1.
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6. Prove that (1 —y)~ %t =>1"} ( L +]]§ -1 y* + R(y*), where

R(y) is a power series in the form of y* > 7 axy*.
7. Assume the Laurent polynomial R(z) > 0 on I'. Prove that any
zero of R(z) on I must have even multiplicity
8. Find a polynomial ¢(z) such that [c(z)]* = ¢ (27" + 4+ 2) .
9. Prove Theorem 8.1.3.
10. Compute (numerically) the mask of the Daubechies filter of order

3 and 4.
11. Let my(2) := 3275  hez* be the Daubechies filter of order L.
Let my(z) := (2)¥q.(z) be the conjugate mirror filter such

that all roots of g (2) satisfy |z| < 1. Prove that hy, = s .
12. Write Pr(z) = \mL(z)\2 Prove that

(a) Pi(e7™) =1—1 [sintdt;
(b) Py(e™®)=1-3 fow sin® t dt;
(c) P3(e™™) =1—2 [“sin®tdt.

2. The Daubechies Scaling Functions

Consider the solution of the refinement equation
2L—1

(2.1) ¢r(x) =2 Z hi(k)orL(2z — k),

where S22 by (k)2* = my(2) is the Daubechies filter. We have the
following.

THEOREM 8.2.1. [Daubechies] Let mp(z) be the Daubechies filter of
order L(> 2). Then the refinement equation (2.1) has a unique solution
o1 € L? which is an orthonormal scaling function.

The proof of the theorem is tedious. We will complete it through
several steps. Since these orthonormal scaling functions were first dis-
covered by Daubechies, we give the following.

DEFINITION 8.2.1. For L > 2, the orthonormal scaling function ¢y,
satisfying (2.1) is called the Daubechies scaling function of order
L. Correspondingly, the wavelet defined by

2L-1

(22> wL =2 Z gk¢L 2*7: - )7 gk = (_1>khk (2L —1- k)?

1s called the Daubechies wavelet of order L.

We now start to prove Theorem 8.2.1.
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2.1. The Infinite Product Form. To prove Theorem 8.2.1, we
first derive the infinite product form of ¢ .- We will discuss it in a more
general setting where ¢ satisfies refinement equation (1.1), whose mask
only satisfies the sum rule. Note that ¢ satisfies the following equation:

(2.3) d(w) = H(2)p(w/2), =z=e™/,
where H(z) = fozo hy2*. Tterating (2.3) for n times, we have

~

o(w) = H(e ™) H(e™ > )d(w/2")

H(e ™) d(w/2").

I
=

e
Il
—

If the infinite product [[2, H(e™*/*") converges, then we have

$(w) = lim T H(e ™) tim d(w/2m)
k

n—00
=1

=TT e )00,

By ¢(0) = 1, we obtain
(2.4) o(w) = [T He ™),
k=1

which is an infinite product form of .

EXAMPLE 8.2.1. For the m*" order cardinal B-spline N,,, we have

Rin(w) = (”%M)mww/z).

Therefore

~ > e_i‘*’/2k " ~
No(w) =[] (%) N (0).

k=1
Since [ Ny () do = 1,we have

. (1T e\
() ()

It follows that

(2.5) Np(w) = emime/? (Sm—E) .
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We now prove that [[7>, H(e=®/?") is always (point-wise) conver-
gent. To this end, we introduce the following lemma.

LEMMA 8.2.1. Let (ay) be a positive sequence. Then [[,—, ax is
convergent if and only if - (a — 1) is convergent.

Proof. 1f 3% (ar, — 1) is convergent, then limj_..(ax — 1) = 0.
Without loss of generality, we can assume |ay — 1| < 1, k =1,2,---.

Since lim,_.g w =1, we have
| In(1 -1
lim nar lim n(l+ (o ) = 1.
ap—1 ap — 1 (ak—l)—>0 (ak — 1)

Then, by the limit form of the comparison test the series > ;- Inay is
convergent if and only if > 7 (ay — 1) is convergent. Note that

n

[ - e

k=1
Hence, [[,2, ax is convergent if and only if >~,7  (ay — 1) is convergent.
|

THEOREM 8.2.2. Let H(2) be a polynomial with H(1) = 1. Then
for a given R > 0, the infinite product [[,—, H(em™/2%) s uniformly

convergent on |w| < R . Consequently, the function f(w) = ]3>, H (e ™/*")
s continuous on R.
Proof.By the inequality |[e=™ — 1| < |w|, w € R, we have
)| - 1] < ) —
N N
< hile® = 1) < Y k| w].
k=0 k=0
Write ¢ = | 327 khy|. Then
HH(e‘iTjw)‘ - 1‘ < 27w| <277R, |w| <R,
which yields
lim (‘H(e—”‘jw)‘ - 1) —0
j—o0
and the limit holds uniformly for |w| < R. By Lemma 8.2.1, [[2>, |H(e~"/?")

is uniformly convergent for |w| < R. Hence, [[,, }H (e=w/ zk)‘ is a con-

tinuous function on [—R, R|, which implies that [];~, ‘H (e=w/ 2k)) is
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bounded on [—R, R]. We write II,(w) = []r_, H(e~™/?"). By the uni-
form convergence of [[;7, ‘H(e‘i“’pk)’ , there is an M > 0 such that
()| <M,n=1,2---.
We now prove that [[;>, H (e ™/?") is uniformly convergent for
lw| < R. We have
[T (@) = Mg ()] = [ (w)|[1 = H (e ™))
<cMR2™™ |w| < R,neN.

Therefore,

3
L

T (@) = M (@) < D Mgr (@) = Tgpgn ()]

e
Il

<cMRY 27" <cMR2™,
k=1
which indicates that the sequence (II,(w))s, is a Cauchy sequence

and the infinite product [[;o, H(e ™/ 2" is uniformly convergent on
lw| < R. [ |

2.2. Proof that ¢; € L?. We now discuss the conditions under
which the solution ¢ of (1.1) is in L?. By Fourier transform theory,

¢ € L2 if and only if ¢ € L2 Tt is known that if |f(w)| < ——4mre for

1+‘w‘1/2+e
2 . 00 1+ —iw/Qk m .
an € > 0, then f € L? Based on this fact and [[,_, (%) =
w

<—1_6_w> , which decays as fast as |w|™™, we have the following.

LEMMA 8.2.2. If the symbol of ¢ :

(26) 1) - (M) )

2
satisfies
2.7) max ()| <275,
then ¢ € L?.

Proof. It is clear that

Hlw) = EH(W‘“’/Q’“) _ (*—B_”)m@«u),

1w
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where Q(w) =12, g (e""u/zk) € C. We now estimate the growth rate

of Q(w) as |w| — oco. Since

—iw m—2
max [q(e™)] < 277z,

there is an € > 0 such that

—iw\| __ m—1
max[q(e™™)[ = 2"7=

Write
N
Q) =[Ta (™) Q") New
k=1

For an w such that 2 < |w| < 2V T,

Q2" WV Hw)| < C = max |Q(w)]

|w|<1

and by (2.7),

1

< 2N(m—§—e) )

N
flo()
k=1

Since 2V < |w|, we have

|Q(W)| < CoN(m=1/2—¢) < C|w‘m_%_ﬁ.
Note that

m

1— —iw
‘-——fl—- < 2™ min(1, |w|™™).

W

Therefore, we have for any w € R,

6(w)| < Clol™ 32 min(1, | ™)
cam
Tl |wzte

Hence ¢ € L2. [ |

LEMMA 8.2.3. The scaling function ¢, in (2.1) is in L%

Proof. We have my,(z) = (ﬁ)L qr(2). By Lemma 8.1.4, max,cr |q(e7™)| <

p
2L-1 By Lemma 8.2.2, ¢y, € L2 [ |
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2.3. Orthogonality of ¢;. We now finish the proof of Theorem
8.2.1 by proving the orthogonality of ¢.. For this, we define

k
fk((d) = [H mL(e_iW/QJ )] X[—2km,2k 7] (w)7 k= 0,1,---.
j=1

Then it is clear that

lim fy(w) = (), weR,
where ¢, € L2 We first prove that there is a C' > 0 such that
(2.8) [fe@)] < Clow)l, weR.

Since fix(w) =0, |w| > 2%7, we only need to prove (2.8) for |w| < 2Fr.
By Lemma 8.1.4,

min \qL(e_i“’)| > 1,
wER

which yields

HqL(e—z‘w/2j> > 1.
j=1
We also have
, (1—5“}) Lo |sing|® (2)L
min - = min |—; > | — .
|w| < w |w| <7 5} ™
Thus,
. 2\~
) (2
min ¢L(w‘ > (W) ,
which implies
b1(w)] A

dr(w)],  |wl <2

|ﬁ@ﬂ—ﬁg;aﬂs(§

Inequality (2.8) is proved. By the Lebesgue Dominated Convergence
Theorem (Theorem 3.3.1), we have

(2.9) Lim [[fi, = 6] = 0.

Hence,

(2.10) lim/|fk(w)|2em“’dw:/)gb(w)rem“’dw, ke Z.
R R

k—oo
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Let
1 [ 2,
hnk_i/h@wemww neZkeN.
27T R

)

We have, for k € N,

1 okr k / 2 1 ok+1p k / ]
_ —iw /27 mnw . —iw /27
I = o _2kﬂ]1;[1 ’mL(e )| e dw = ], U ‘mL(e )
1 okg k 9 1 ok+tlr k
_ —iw/27 inw —iw /23
— my (e )| e dw+ — ‘m
27T 0 ng ) T kg H
- Ili,n + Ilg,m
where
1 okgr k 2
]1n _ _/ ‘mL(e—iw/23> einw dw
k, 2m Jo ]1:[1

1 g2kl 2 2

_ —iw/27 —iw/2k

= — | | ‘mL(e )‘ ‘mL(e )
2m Jo e

and, by changing w to 287 + w,
ok+1np k
/ H ‘m —zw/27

ok k—1

2
:/ H\m ()| a2 e
0

Z’I’LUJ dw

. 2 ) 2

Recall that ‘mL(e_Z“’pk)‘ + )mL(—e_“’/zk) = 1, We have

1 2k k—1

[k’,n — % H )mL —zw/23 znw dw
0 Jj=
1 2 NNTE
— ‘mL(e_“"/y) e Joo = Ik—lm-
2 _9ok—1, "
7j=1

It follows that Iy, = Iy—1,, = - -+ = Io,. Since

™
nw
Iy, :/ e dw = ooy,

—T

eznw dw

" .

2
e d

ZTLW dw
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we have Iy, = do.n, k € Nyn € Z. By (2.10), we have

/]R ‘QASL(w)r ™ dw = 0pn, n € Z.

That is, ¢y, is an orthonormal scaling function. [
Exercises
1. Prove 5 = [[77,(1 — ).
2. Prove
H (1+2*), |z| <1

3. It is known that

smx:xH <1— n27r2)’ x eR.

n=1

Use this result to prove the infinite product for = :
2.9.4-4-6-6---
1-3-3.5.5.7...

m =

4n
= QE G )En 1)

4. Assume the scaling function ¢ has the symbol H(z) = (32)?(5—
%). Prove that ¢ € L?.
5. Let h(w) be a 2m-periodic function satisfying
(@) + [h(w + ) =1
and suppose the infinite product [[2, h(27"w) is convergent a.e.
to a function f. Write

k
= H h(2_nw)X[—2k7r72k7r] (w).

n=1
Prove the following.
. ,
2) [0 | fi(w)] dw =
27?.

R 2 2
(w+ W)‘ dw, and therefore, [~ )fl (w)‘

}fk—i—l ‘ dw = fooo ‘fk(w)rdw for all £k € N.

( ) f € L? and ||f||2 < 2.
6. Suppose the 27-periodic function h(w) in Exercise 5 is continu-

ously differentiable in [~7, 7] and

min |h(w)| > 0.

w|<n/2
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10.

11.

12.
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Let f be the function whose Fourier transform is f(w) = [[°°, h(2 "w).

n=1
Use the Lebesgue Dominated Convergence Theorem to prove

that f is an orthonormal scaling function. (See the method in
the proof of the orthogonality of ¢y .)

. Prove the following result: In Theorem 8.2.2 if condition (2.7) is

replaced by

—iw/2k n(m—1/2)
I}Jlgﬂg\gq(e )| <2 , foranneR,

then ¢ € L?.

. Prove the following: Let the symbol (2.6) satisfy

—iw m—1
max [g(e”™)] < 277

Then ¢ € L.
Prove that the condition in Exercise 8 can be replaced by

n

[T ate ™)

k=1

max < 2"m=D " for an n € N.

weR

Prove the following: Let ¢ be a scaling function satisfying (1.1)
and let its symbol h(z) be (2.6). If

—iw (m—s)—1/2
max [g(e™™)] < 2 :

then ¢ € W3. The condition can also be replaced by

n

—iw/2k n(m—s—1/2)
max Hq(e )| <2 , foranneR.
k=1
Assume the scaling function ¢ has the symbol H(z) = (1£2)?(2+

52). Prove that ¢ € W3,
Assume ¢ the scaling function satisfies (1.1) and its symbol H(z)
is in the form of (2.6). Prove that, if

—iw m—s—1
max [q(e™™)] < 2 :

then ¢ is almost everywhere equal to a function in C*.

3. Computation of Daubechies Scaling Functions

Daubechies scaling function ¢y, is not given in an explicit expression.
In this section, we discuss how to compute ¢, from its mask (hy(k)).
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3.1. Cascade Algorithm. We introduce an iterative method to
compute ¢r(x). We first illustrate the method in a general setting
without consideration for convergence. Let ¢ be the scaling function
determined by the refinement equation (1.1). The equation yields the
algorithm:

N
(3.1) Flr)=2> hd/ ' 2e—1), j=1,2,---,
k=0

which produces a sequence {¢7}52,. If it converges to a function ¢ €
L* (or € C), then ¢ is a solution of the refinement equation (1.1).
Algorithm (3.1) is called the Cascade Algorithm. The algorithm needs
an initial function ¢° € L?. We always assume the initial function of a
cascade algorithm satisfies the following.

CONDITION 1. ¢ is compactly supported with quO(O) =1, and )", ; ¢"(x—
k)=1 a.e.

The box function B(x) and the hat function Ny(z) are often chosen
as the initial functions. We now denote the cascade algorithm (3.1) by

(3.2) ¢ =Tpe' !

and call T}, the transaction operator (with respect to h).
The cascade algorithm has the following properties.

LEMMA 8.3.1. Let (¢7) be the sequence obtained in (3.1). Then

(1) Jgd/(x—k)de =1,

(2) Dopez @ (x—Fk) =1, a.e. Particularly, if ¢° € C, then Y, , & (x—
k) =1 holds everywhere.

Proof. We have [, ¢'(x — k) dx = [, ¢’(x) dx for k € Z, and

which inductively yields [, ¢/(z —k)dx = [, ¢°(x) dz =1 for all j > 0.
We now prove (2). Assume

d @ —k) =1

keZ
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Recall that in (3.1), h satisfies the sum rule. Thus,
> @ —k)
k
=23 Y g 2r—2k—1) =2 Y he ¢’ (22— 5)
kool ks

-y (z $ h> G2 —s) =3¢ (2 — )

which inductively yields
Y @ia—k)=> ¢"2z—k)=1, forallj>0.
keZ keZ
The lemma is proved. |

In practice, to compute the values of ¢’(x), we write the cascade
algorithm (3.1) in a vector form. For ¢, we define the vector-valued
function ®(z) on [0, 1] by

(3.3)  ®(x) = ((2),p(x+1), -, p(x+N—-1)", zel0,1].

Thus, the i component of ®(z) is ¢|;—1,. Let Ty and 77 be two N x N
matrices defined by

ho

ha  hy h
(3.4) To=2(homnpur =2 2 0 0

hy  hy-1
and
hi  hy

i, T—o(hy, N —g|
( ) 1 ( 2 )m,n—l h’N hN—l hN—2

h

respectively. For convenience, we call (7y, 7)) the CA-(matrix) pair for
h. By (1.1), we have

Ty®(2z), x€]0,1/2
(3.6) P(x) = { qu)(gfl; _)1)7 T ee [[1/2,/1]].

Let 7:[0,1] — [0,1] be the mapping

| 2z, x € [0,1/2),
T 221, z€(1/2,1

~—



3. COMPUTATION OF DAUBECHIES SCALING FUNCTIONS 269

For 0 < x < 1, define the binary sequence d(z) := (dn(x))5, by

n=1
r = i d,(z)27".
n=1

Thus,

Now (3.6) becomes

(3.7) O(x) = Ty ()®(T2), 2€][0,1).
In general,
2, zelf0,27)
g 2x—1, x €277, 2(277)) ’

and

Therefore,
®(@) = Tay@) Ty - Ty @(72), § =1,
which yields the vector form of the cascade algorithm (3.1):
(1) = Ty o) -+ Ty (0@ (),  j > 1.
Thus, ®’(x) converges to ®(z) if and only if ¢/(z) converges to ¢(z).
ExAMPLE 8.3.1. Let us consider the CA-pair for (1.17). We have

1+v3 0 0
To=7 3—V3 3+V3 1+V3 |,

0 1-+v3 3-3
3+vV3 1+v3 0
1-v3 3—V3 3+3
0 0 1—+3

A

T
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Let ¢°(z) = No(z) = { ijx, igﬁ:% . Then ®°(z) = (z,1 —

2,007, 2 €0,1], and

1+2\/§> T
TO(I)O(Q.Z’) — <¥) - \/gl’ y X S [07 %]
1 <1—\/§ _ 1—\/§> "
o () = 4 2
(35
T,3°(22 — 1) = <5—4¢§> x|, ozeld 1l
\ 0
1.e.
( 1+2\/§> z, T € [0, %]
—11-@) +tx, welb]
S| (E2) Ve aelly
(9_4\/§> -, z €[22
<5_i\/§) - <1_2\/§> x, X € [27 g]
\ 0, z € [3,3]

3.2. The Recursion Algorithm. If the scaling function ¢ is con-
tinuous, then it is uniquely determined by its values at all dyadic num-
bers, which can be computed by the Recursion Algorithm. We de-
scribe it as follows.

First we compute the values of ¢(x) at all integers, i.e. get the value
of (0). By (3.7), we have

®(0) = To®(0).

Hence, ®(0) is the right 1-eigenvector of the matrix Tp. Once ®(0) is
obtained, then the values of ¢ at half integers can be computed by

P (%) — Ty0(0).

Continuing, we have
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and so on. In general,

(38) @ 2k+ 1Y _ Ty®(341), 2% +1 < 251
' 2 T\ (R -1), 2 <2k +1 <

271

Thus, we can compute the values of ¢ at all dyadic numbers recursively.

The recursion algorithm starts from ®(0), which is a right 1-eigenvector
of Typ. Since h in (1.1) satisfies the sum rule, then the vector e =
(1,1,---,1)T is a left 1-eigenvector of Tj. The relation between e and
®(0) can be derived from the following lemma.

LEMMA 8.3.2. Let A be a simple eigenvalue of an n x n matriz M.

Let u be a left \-eigenvector of M and v be a right \-eigenvector of M.
Then uv # 0.

Proof. Since M has a simple eigenvalue A, there is an invertible

matrix S such that
B A0 _1
w=s(3 3)sn

where B is an (N —1) x (N —1) matrix. The first column of S, denoted
by c, is a right A-eigenvector of M, and the first row of S~!, denoted

by r’, is a left A-eigenvector of M. Since S™'S = I, we have r’c =1,
which yields u’v # 0. [ |

From the lemma, we have the following.

COROLLARY 8.3.1. Assume h satisfies the sum rule and (Ty,T})
1s the CA-pair of h. Assume also the eigenvalue 1 of Ty is simple. Let

v be the right 1-eigenvector of Ty. Then >  v(k) # 0. Besides, for any
vector u RN S (Tyu) (k) = - u(k).

Proof. Under the condition of the corollary, Ty has the unique left 1-
eigenvector e (up to a constant). By Lemma 8.3.2, v =5 v(k) # 0.
We also have

> (Tow)(k) = e"(Tou) = (" Ty)u =e"u=>» u(k).

The corollary is proved. |

LEMMA 8.3.3. If ¢ € L? in (1.1) is a continuous MRA generator,
then >, ¢(k) = 1.
Proof. We leave the proof as an exercise. |

Note that ®(0) = (¢(0), ¢(1), - - - ¢(N—1))7 is the right 1-eigenvector
of the matrix 7p. By Lemma 8.3.3, e’ ®(0) = >, #(k) = 1. Hence,



272 8. COMPACTLY SUPPORTED WAVELETS

it is uniquely determined. Now ¢(0) = 0, ®(0)=(4(0),a)", where

a=(¢p(1), - ,p(N —1))7 is the right 1-eigenvector of Ty, i.e.
(3.9) a=Tya
where
hi  ho
T, = 2<h2m—n—1)%7n:2 —9 ce e
hn  hn-i

EXAMPLE 8.3.2. Let us still consider the CA-pair for (1.17) in the

previous example. We have
7o L(3+V3 1+V3
*Ta\1-v3 3-v3 )

Solving the equation a =Tya, we get a = <—1+2\/§,

1++3 1—\/§)T

®5(0) = (0

2 2
Then
1 3+3V3
(I>2 (5) - Tl(bg(O) = 0 5
H- 13
1 1 5+ 5 V/3
Py <1) = To®, <§) = %+ %\/g ’
§- 53
9 . fﬁ?+fﬁ\/§
o () =n%(5)=| -3 |
5 _ 3

ie. $2(0) = 0,¢2(5) = =+ V3, ¢2(3)

foV3,0a(1) = 152,

5

Ju—
=2}

NI=
+
=

\/§7¢2(%) = % +

3.3. Convergence of the Cascade Algorithm. We now briefly
discuss the convergence of the cascade algorithm (3.1). It is clear that
if the algorithm converges, it is convergent to the solution of equation
(1.1). However, the following example shows that the converse may

not be true.

ExaMPLE 8.3.3. Consider the refinement equation ¢(x) = ¢(2x)+
¢(2x + 3). Under the condition ¢(0) = 1, it has the unique solu-

tion p(x) = 5xp,3 € L*. We consider the cascade algorithm ¢’ (x)
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¢ (2x) + ¢/ 12z + 3) with the initial function ¢°(x) = X[o,1). Let

i1 [3k 3k+1
L =uUl {— ) :

207 2

Then ¢ = X1;, whose range contains only 0 and 1. It is obvious that
@’ (x) is not convergent to ¢(x).

We now prove a convergence theorem for the cascade algorithm
(3.1).

THEOREM 8.3.1. Let (¢7) be the sequence generated by the cascade
algorithm (3.1) with ¢° € C. Assume 1 is a simple eigenvalue of Ty and
T1, and the modulus of other eigenvalues of Ty and Ty are less than 1.
Then {¢7} uniformly converges to a function ¢ € C.

Proof. Let
®(z) = (¢(2), -, @@+ N-1)", ze0,1]

and e = (1,---,1)7. Then e’ ®/(z) = Y., ¢/(x — k) = 1. By Lemma
8.3.1, we have

(3.10) e’ (®"(x) — ®™(x)) =0, forallaz<c0,1], n,m €N,

We denote the orthogonal complement space of e in RY by E. By
(3.10),

P"(z) — ®™(x) € E, forall z € [0, 1].
Write
A = max([|To|[, || T1]])-

Since 1 is a simple eigenvalue of Ty and T, and the modulus of other
eigenvalues of T and T} are less than 1, we have A < 1, which yields

|| &7 () — @ ()|
<N T - Tay)l |6l |2 (7 2) — @°(772)||
< CA’, forallze|0,1]

where

C = max [|®'(z) — ®°(2)||z
z€[0,1]

< max (|9 (@)] +[¢°(x)]).
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Hence (®"(z)) is a Cauchy sequence that uniformly converges to a
vector-valued function ®(x) on [0, 1]. Hence, there is a continuous func-
tion ¢ such that

lim max |¢"(z) — ¢(x)| = 0.

n—o0 z€[0,N]
Since for any j, ¢/ € C, then ¢ € C. The theorem is proved. [ |
ExXAMPLE 8.3.4. We apply Theorem 8.3.1 to study the convergence

of the cascade algorithm for Daubechies scaling function ¢o. Recall that
we have

. 143 0 0
To=7 3—V3 3+V3 1+V3 |,
0 1—+v3 3—-3
. 3+vV3 14+V3 0

0 0 1—+/3

Ty has three eigenvalues 1,1/2, and # and Ty has three eigenval-

ues 1,1/2, and 1—T\/§. By Theorem 8.3.1, the cascade algorithm for
Daubechies scaling function ¢o is convergent and ¢ € L2.

Exercises

1. Let ¢ be the hat function Ny(z). Let T,, be the cascade al-
gorithm created by the binomial filter of order m = 3 and 4,
respectively. (The binomial filter is the mask of N3 and Nj.
When m = 3, h =£(1,3,3,1); when m =4, h = (1,4,6,4,1).
Run the cascade program 20 times (numerically) to obtain ¢2°
(for m = 3 and 4 respectively.) Then draw the graph of ¢2.

2. Find the maximum error of max,cg |N,,(7) — ¢?%(z)| and L*-
error ||N,, — ¢2||,m = 3, 4.

3. Let ¢¢ be the hat function Ny(x). Let Tp be the cascade al-
gorithm created by Daubechies filter of order L = 2,3, and 4,
respectively. (See Table 8.1.) Run the cascade program 20 times
(numerically) to obtain ¢% (for L = 2,3, and 4 respectively.)
Then draw the graph of ¢%°.

4. Estimate the error ||¢3 — ¢2°|||c and ||¢F — ¢3°|]2.

5. Prove the following without using Theorem 8.1.1: If ¢ satisfies
(1.1) and the cascade algorithm with respect to h is convergent,
then supp ¢ C [0, N].

6. Let N,,(z) be the cardinal B-spline of order m. Find the CA-pair
for N,,(x), m = 2,3, and 4. Then use T, to compute the values
N (k) k € Z.
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7. Use the recursion algorithm to compute Nm(l—%),k‘ € Z,m =
2,3, 4.

8. Let ¢r(x) be the Daubechies scaling function of order L. Find
the CA-pair for ¢r(x), L = 3,4. Then use Ty to compute the
values ¢ (k), k € Z.

9. Use the values in Example 8.3.2 and Exercise 7, and apply the
recursion algorithm to computer qSL(g%), keZ,L =2,34. Draw
the graph of ¢, L = 2,3, 4.

10. Prove Lemma 8.3.3.
11. Prove that if the cascade algorithm is convergent to a continuous
function ¢, then for any vector v eR¥~! with Y v(k) =1,

lim (Ty)" v =(6(1), -+, 6(N = 1))".

n—oo

12. Let ¢’ be the function obtained in the cascade algorithm (3.1).
Assume ¢ is the initial function of the algorithm. Prove

oi(w) = [ H(e ™/ )0 (27w).

13. Let ¢° = N,. Prove the cascade algorithms for Daubechies scal-
ing functions ¢3 and ¢, are uniformly convergent.

4. Wavelet Packets

4.1. The Construction of Wavelet Packets. Assume ¢ is an
orthonormal MRA generator, and its corresponding orthonormal wavelet
is ¢. Then

(4.1) ¢(x) =2 h(k)p(2z — k),
(4.2) Y(z) =2 glk)p(2x — k),
k=0

where g(k) = (—1)*h,,—, for some odd integer n. Both {¢;;};xez and
{éok, jx | j > 0,k € Z} are orthonormal bases of L?. To find other
orthonormal bases with structures similar to these wavelet bases, we
introduce wavelet packets.

To simplify notation, in what follows, we denote

Ho(x) = 6(z)
(43) { () = $(a) -
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Correspondingly, we write
po(z) =D h(k)2*, pi(z) =) g(k)2.

Then the Fourier transform of (4.1) and (4.2) are

fio(w) = po(e™/?) iy (w/2)
(4.4) { fi (W) = pr(e?)fig(w/2)

DEFINITION 8.4.1. Let the set of functions {u}2, be defined in-
ductively by

fron(@) = po(e™ )i (w/2)
(45) { ﬂ2n+1(w) _ pl(e—iw/2)lan(w/2) n=20,1, )

Then {}2, is called a wavelet packet of L? relative to ¢.

To find the infinite product form of [i;, 0 < I < oo, we assume the
dyadic expansion of a nonnegative integer n is

(4.6) n= Zeij_l, e; € {0,1}.
=1

Then we have the following.

THEOREM 8.4.1. Let n be a nonnegative integer and let its dyadic
expansion be given by (4.6). Then the infinite product form of fi, is
given by

ﬂn (w) = H Pe, (6—iw/2j )
j=1

Proof. We leave the proof as an exercise. [ |

We now prove the orthogonality of the integer translates of the
wavelet packet.

THEOREM 8.4.2. Let u, be defined by (4.5). Then

(47) /R,Ln(x V(e — ) de = 53
and
(43) [ e = Dot = ) dz =

Proof. We prove (4.7) by mathematical induction. It is clear that
(4.7) is true for n = 0. Assume that (4.7) is true for all k, 0 < k <



4. WAVELET PACKETS 277

n — 1. We prove it is also true for n. In fact, since {p(x —1)},o, is
orthonormal,

> |iw(w + 20m) P = 1.
=0

Let the dyadic expansion of n be given by (4.6). We denote the integer
part of x by [z]. Then

n
- 2 |:_:| ’
n 5 + e

By (4.5), we have
- _ —iw/2\ A w
[l (W) = pe, (e )M[g] <2> .
Note that [5] < n for n > 1. Hence,

1 o
/ pin (T — ) pin (2 — k) dv = —/ i1, (w)|? € F du
R 2m Jr

1 - 2 w
_ —iw/2
o /R }pm (e )‘
1 (o]

2 )
g ()] 4 du
A(k+1)7 o
> [ ale

2
B 2 .

=—00

Recall that [pe, (e7™/ 2)}2 is a 4m-periodic function, so we have

/R,un(x — Jn(z — k) dz

1 47 ) 9 ©° w 2 .
. —iw/2 ~ i(k—j)w
=5 ) | e, (e77%)| k;oo u[g}(§+2l7r)‘ k=i g,
1 4 ) . .
_ 2_ }pel (e—zw/2>‘2 ez(k—])w dw
T Jo
- i I —iw/2 2 __—iw/2 2 i(k—j)wd
T2 [Pes (e )|+ [pes (—e7%)[" ) “
™ Jo
2
= i €i(k_j)w dw = 5'/437
27T 0 !

which is (4.7). We leave the proof of (4.8) as an exercise. |
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4.2. Orthonormal Bases From Wavelet Packets. We now dis-
cuss how to use a wavelet packet to construct various orthonormal bases
of L?. Let {1, }32, be the wavelet packet relative to the orthonormal
scaling function ¢. Write

pin g () = 2P (P — k).
We define
UP = closy span {2°p,(Px —k) |k €Z}, j€Z, nelr.
Let
e CVCVoCViC -

be the MRA generated by ¢ and {W,},cz be the wavelet subspaces of
L? generated by 1. Then we have

VVj ©® ‘/] = ‘/j+17 VV]J“/J
Converting to the new notation, we have

Ul =V, jez,
U]-1:Wj jEZ,

and
0 1_ 770 0771
UjeU; =U;,, U;jLU;.

We can generalize these relationships to the subspaces UJ', n € 7+,
Jj € Z.

THEOREM 8.4.3. For anyn € Z", we have
n - 2n 2n+1 2n 2n+1 -

Proof. It is obvious that U;* C U}, and Uf”“ C U}y The
relation U?" LU?"*! is a consequence of Theorem 8.4.2. We now prove
Ury, = Uf”@ Uj2”+1. Recall that U7, ; is spanned by {fin j 1.k} jez. We
only need to prove that each j, ;41 € U2 @ U7, Recall that

po(2))* +Im(2))* =1, zeTl,
which implies

> (h(l = 2k)h(m — 2k) + g(1 — 2k)g(m — 2k)) = Gy,
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Thus, for any m, j € 7Z,

2 Z (m — 2k)j120(272 — ) + g(m — 2k)ptzs1 (P — )
= Z Z m — 2k)1(1) + g(m — 2k)g(1) (2 — 2k — 1)
= Z Z m — 2k)h(l — 2k) + g(m — 2k)g(l — 2k)) (272 — 1)

= un(QJH —m).

The theorem is proved. |

By Theorem 8.4.3, we can split each wavelet subspace in various
ways.

COROLLARY 8.4.1. For each j =1,2,---, and each k,1 < k < j,
we have
W, =U oU% e aU ™!, 1<k<]
Proof. We leave the proof as an exercise. [ |

We now may use wavelet packets to construct various orthonormal
bases of L?, by splitting WW; in different ways. We may choose to split
some W; spaces less often, or to split some of its subspaces more than
others. To obtain the best bases for an application, we set an objective
functional for the application, then choose the bases minimizing the
objective functional.

EXAMPLE 8.4.1. Let pg be the box function and py be the Haar
wavelet. Then

pa(z) = X[0,1/4)U[1/2,3/4) (z) — X[1/4,1/2)u[3/4,1)($),
M3(9€) = X[071/4)u[3/471)($) — X[1/4,3/4) (x),
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Consider the space S = span{uosk | k = 0,---,7}. Using the wavelet
packet relative to g, we have
S = span{ i 0,0,k1,1,k f120 | 1 =0,1;k=0,1;1=0,---,3}

= span{piok |1 =0,1;k=0,---,3}

= span{ w2k, 2,1, 31 | k=0,---,3;4=0,1}

= span{ o2k, oo, | kK =0,---,3;i=4,--- T}

= span{ /0,0, 1,2k, | K =0,---,3,;i=0,---,3}

=span{u;1x|i=0,---3;k=0,1}

= span{j; 1, fioo | 1 =0,1;k=0,1;1=4,--- 7}

= span{ i1 fioo | 1 =2,3;k=0,1;1=0,---,3}

= span{ju o0 [ L =0,---,7}

We now set I = [0,1/8) U [1/4,3/8) U [1/2,5/8) U [3/4,7/8),1, =
[1/8,1/4)U 3/8,1/2), and define f(x) = x5, (z) — x1,(x). Then

f=2"3"(u030 — fo31 + Ho32 — f033, + Ho3.4 + Ho36)
1 V2
= 5(#1,270 + 121+ 122+ H123) — 7#0,171
V2
= H5,0,0 — 5 Ho,1,1-
2
If we choose the bases minimizing the number of the non-zero coeffi-

cients in the decomposition of f, then one of these bases is { 4o 1.k, 41,1k, 10,0 |

k=0,1i=4,56,T7}

Exercises

Prove Theorem 8.4.1.

Prove (4.8) in Theorem 8.4.2.

Prove Corollary 8.4.1.

Let {1 }1ez be the wavelet packet in Example 8.4.1. Prove that

Ll o

2" —1

k=0
5. Let {1 }1ez be the wavelet packet in Example 8.4.1. Assume

f(x) = Z Cklio,?,,k(x).

kEZ

Develop an algorithm to computer the coefficients in the series.
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6. Let ¢ be the Shannon scaling function defined by ¢(w) =
X[—r,m (w). Let y1; be defined by fi;(w) = X[~ 14 1)x,—tm)u{im, (14-1)m) (W)
Prove that {1}z is a wavelet packet relative to ¢.

7. Let {{},c, be the wavelet packet in Exercise 6. Let I;; =
(2717, 27(1 + 1)m). Let A and = be two subsets of Z. Prove that
if UjEAJEE gl = [O, OO), and [j,l N [Lk’ = @, then {IujJJi’ ‘ JE A,l €
E,k € Z} is an orthonormal basis of L?.

8. Let ¢5 be the Daubechies scaling function of order 2. Set g = ¢o.
Assume {/},., is the wavelet packet relative to ¢,. Draw the
graph of u;,7 = 2,3.

9. Let {1}z be the wavelet packet in Exercise 6. Assume

f(x) =) crmozn().

keZ
Develop an algorithm to computer the coefficients in the series

7

f(z) = Z Z Cj, k15,0,

j=0 keZ

from (cg)pey, -
10. Let {p}iez be the wavelet packet in Exercise 6. Assume f(x) =

12,00 + H4,0,0- Write

2
f(z) = Z Crfo,0.k T Z Z & g

keZ j=0 kezZ

Find the coefficients (), (d2,).

5. Compactly Supported Biorthogonal Wavelet Bases

The compactly supported orthonormal wavelets offer effective al-
gorithms to decompose functions into wavelet series and recover them
from their wavelet series. In many applications the symmetry of wavelets
plays an important role. But compactly supported wavelets are asym-
metric, except the Haar wavelet (see [6]). In Section 7.6, a more flexible
structure of wavelet bases was obtained from biorthogonal scaling func-
tions and the corresponding wavelets. In this section we study the con-
struction of compactly supported biorthogonal scaling functions and
wavelets, which are symmetric or antisymmetric. In this section, a
scaling function is always assumed to be compactly supported.
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5.1. Symmetry of the Scaling Function and its Mask. We
first discuss the symmetric biorthogonal scaling functions .

DEFINITION 8.5.1. A real function f(x) € L? is said to be symmetric
(about x = c) if and only if there is a ¢ € R such that

flc—2x) = f(c+x), ae.

A sequence h ={hy}?2___ is said to be symmetric (about N/2) if hy, =
hy_i for all k € 7Z.

—0o0

As usual, we write H(z) = Y, hx2", which is called the z-transform
of h in engineering. We say that H(z) is symmetric if h ={h;}7>__ is
symmetric.

LEMMA 8.5.1. A real function f € L* is symmetric about v = c if

and only if eic‘”f(w) is a real function. A real sequence h is symmetric
about N/2 if and only if N2 H (e=*) is a real function.

Proof.We have
/ flc—)e ™" doy = e / fle—z)e™ dg
R R

_ i —iwy dy = eicw ()
e [ sy = =)
and
/ fle+ z)e ™ do = ' f(w).
R
Note that
flc—1z) = f(c+x) if and only if €' f(w) = e f(w),

where the second equation means that e f(w) is a real function. We
now prove the second statement. h, = hy_j if and only if

Z hke—ikw _ Z hN_k€_ikw.

§ :hN_ke—zkw _ 6—2Nw § hN—ke i(N—k)w
= ¢ v g hpe i,

Hence h is symmetric about N/2 if and only if

—tkw _ _—iNw —ik
E hie =e E hpe —Hhw

i.e. if and only if eV“/2h(e~™) is a real function. [

Note that
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For understanding the importance of symmetry, we introduce the
notion of phase. For f € L2 N L', we write

)= |7

The function f(w) is called the phase of f. Sometimes, in order to keep
the continuity of #(w), we often writer

f(w) = Rw)e”™),

where R(w) is a real function such that #(w) is continuous. In this case,
O(w) is called a generalized phase of f. If the phase (or generalized
phase) function #(w) is linear, then we say that f has a linear (or
generalized linear) phase. Lemma 8.5.1 indicates that a symmetric
function has a generalized linear phase.

In applications, when a function is given in the frequency domain,

)| or R(w). Without the information

z@(w

most devices can only measure ‘ flw

of the phase 6(w), we cannot recover f from | f | or R, except the phase
is linear or (or generalized linear). We will discuss phase in detail in
Section 9.2.

The following theorem describes the relationship between the sym-
metry of a scaling function and its mask.

THEOREM 8.5.1. Let ¢ be a compactly supported scaling function
satisfying (1.1).  Then ¢ is symmetric if and only if its mask h is
symmetric.

Proof. By the lemma, if h is symmetric, then eV“/2H (e™™) is a
real function. We write H,(e™*) = M“/2H (e~*). Since

H —zw/2k

; k+1
and Y o0 | €N/ = ¢iN@/2 e have

zNw/2 HH —zw/2k

which is a real function. It follows that ¢(x) is symmetric about x =
N/2. On the other hand, if ¢ is symmetric about x = a for an a € R,

then ¢ ¢(w) is a real function. Because ¢ is compactly supported, its
Fourier transform is an entire function. Then H(e=*/?) = ¢(“’ holds
almost everywhere. We now have that

eiaw/2H(6—iw/2 _ 'e fb(w)
ezaw/2¢(w/2)
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is a real function. Hence, a must be an integer and h is symmetric about
a/2. Recall that h(k) = 0, for k£ > N and k < 0, and h(0)h(N) # 0.
Hence a must be equal to N. The theorem is proved. [ |

When h is symmetric, it is convenient to set its symmetric center at
Oor 1. Thus, if in (1.1) N is even, by setting M = N/2, p(k) = h(M+k),
and ¢(x) = ¢(x + M), we have

(5.1) ) =2 Z p(2t —k), p(k) = p(—k),

which is an even functlon. Similarly if, in (1.1), N is odd then by
setting N = 2M + 1, p(k) = h(M + k), and ¢(z) = ¢(z + M), we have
M+1

(5.2) ) =2 Z p(k)p(2t — k), p(k) =p(=k+1),

which is symmetric about x = %

5.2. The Construction of Symmetric Biorthogonal Scaling
Functions and Wavelets. We now discuss how to construct symmet-
ric biorthogonal scaling functions and wavelets. Assume ¢ and ¢ are
biorthogonal scaling functions. From the discussion above, we see that

1

we may always assume ¢ and ¢ are even or symmetric about r = 3.

Let h and h be the masks of ¢ and ¢ respectively. By Theorem 7.6.1,
we have

(5.3) 2> " h(k)h(k —21) = éo,

which is equivalent to

(5.4) H()H(2) + H(—2) H(—2) = 1,

which is a necessary condition for ¢ and ¢ to be biorthonormal scaling
functions.

Similar to the construction of Daubechies scaling functions, we can
construct the biorthogonal scaling function starting from (5.4). Set

H(2)H(z) = P(z).
Then P(z) satisfies (1.11). That is

Pulz) - (1‘2”)L (20) e

where
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To construct ¢ and ¢, we factor P(z) into H(z)H(z). Recall that we
want both ¢ and ¢ to be even or symmetric about = = % By Theorem

8.5.1, we may choose H(z) and H(z) as follows.
Let ¢ be a cardinal B-spline function of order p. Thus, if p is even,

we choose
T4+ 2\ /14 271\" p
me = (57) (Y5) -k

which yields

Flasy(2) = (1 : ) (1 *fl)m My ().

In this case, both H,(z) and Haj_,(2) are symmetric about 0. If p is
odd, we choose

1+2\" [142z1\""
me - (52) (F5) e

which yields

() = (75 ) (~5) e

In this case, H,(z) is symmetric about 1/2 while Hyy,_,(z) is symmetric
about —1/2. We now set § = 2L — p and Hy,(2) = Hop_p(2). Tt is
known that H,(z) is the symbol of ¢f. Let the scaling function with
the symbol flﬁ,p(z) be denoted by ggﬁ’p, where we assume L is so large

that q~bﬁ,p € L?. Then, ¢z, is the dual scaling function of ¢j. Different
L will create a different version of dual scaling functions of ¢j.

We call ¢ and (;S@p the spline biorthogonal scaling functions
of order (p, ). Table 8.2 gives the symbols Hj,(2) of ¢.,.

Table 8.2: The Symbols of ¢; and g~ém.
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o] 1, 7] B
1[2(1+2) 3] (=2 +214+8+82+2"— 2%
5| me(327 — 3270 — 22277 4 22270 4 128
+128z + 2222 — 222% — 324 + 32°)
2] 1z T +2+2) 2 %(—— +2271 4+ 6422 — 2?)
4| = L (3271623 -162"2+382"1+90
+38z — 1622 — 623 + 32%)
6| Tm(=5270 +1027° + 34571 — 7857

—123272 + 324271 + 700 + - - - )

15 (35278 — 70277 — 3002~° + 670277
8 11228274 — 3126273 — 379622
+10718271 + 22050 + - - - )

3]sz "+3+32+27) 3] 40 2_3—9,2 — Tz +45+ 452+ 1)
5| si(—5277 1527 19277 — 97277
—26,2_1 +350 4 350z + -+ -)
57 (35277 — 105275 — 195277 + 8652+
7 +363273 — 3489272 — 307271
+11025 + 11025z + - - )
17 (—63279 + 18927° + 469277 — 191127°
9| —130827° + 9188z* + 114023 — 2967622
+190271 + 87318 + 873182 + - - +)
Using the method in Section 7.6, we can construct the correspond-
ing biorthogonal wavelets for the pair of ¢, and ¢;,. Write
Gpp(2) = Zpr( z),
Gy(z) = 2Hy(—2).
We define 1;,, by
(5.5) Vs, p( )= pp(e_iw/2)¢p(w/2)
and define {Dm b,
(5.6) Vp(W) = Gple ™), (w/2).

Then 3, and QZM are biorthogonal wavelets. They are symmetric or
antisymmetric. It is clear that the scaling function ¢; and the wavelet

5, are spline functions (but qme and {ﬂm are not).

mg

DEFINITION 8.5.2. Let ¢, and qNbﬁ,p be the spline biorthogonal scal-
functions of order (p,p). Then their corresponding biorthogonal

wavelets V5, and ; , are called spline biorthogonal wavelets of
order (p,p).
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11.
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Exercises

. Assume a real function f € L? N L' is antisymmetric, i.e. there

is a ¢ € R, such that f(c—z) = —f(c+ z) a.e. Prove that f has
a generalized linear phase and find its phase function.

. Prove that if ¢ € L' N L? is an MRA generator, then it cannot

be antisymmetric.

. A sequence (ag)rez € I' is said to be antisymmetric if there is an

integer m € Z such that a,,_, = —ay, for all k € Z. Let f € L? be
a compactly supported symmetric function and (az)rez € ' be
an antisymmetric sequence. Prove that the function Y ayf(x —
k) is antisymmetric.

. A Laurent polynomial P(z) is called reciprocal if P(1/z) =

2*P(z) for a k € Z. Prove that the coefficient of a reciprocal
Laurent polynomial is symmetric.

. Assume P(z) is a reciprocal Laurent polynomial. Under what

conditions is P(—z) also reciprocal? Under what condition are
the coefficients of P(—z) antisymmetric?

. Apply the result in Exercise 7 of Section 8.2 (setting n = 2) to

prove ¢, , € L?.

. Prove that for even p, 1;, and {DM are both symmetric, and for

odd p, they are antisymmetric.

. Obtain the masks for the biorthogonal scaling functions g?ﬁm for

(a)p=4,p=4.
(b) p=>5,p=>5.

. Use the cascade algorithm to draw the graphs of the biorthogonal

scaling functions ¢1,37 ¢1,57 ¢2,27 ¢2,47 ¢3,7a and ¢4,4‘~

Use the results in Exercise 9 to draw the graphs of ¢, 3, {Dl,g,, @272, {DM, @377,

and 12474.
Based on the graphs of the central cardinal B-splines ¢f, ¢5, ¢S,

and ¢f, draw the graphs of 1y 3,11 5, V22, %24, V37, and Yy 4.
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CHAPTER 9

Wavelets in Signal Processing

In this chapter, we introduce an application of wavelets in signal process-
ing: How to use wavelet bases to transform signals. Signals exist every-
where in our world. Speeches, images, geological data, even records of
stock price fluctuations, can be considered as signals. In our contem-
porary scientific and technological activity, we often need to transmit
signals (as in telecommunications), analyze them (for satellite or med-
ical images, or for stock price fluctuations), and compress or synthesize
them (as in computer vision and visualization). These tasks are the
objectives of signal processing. As Yves Meyer mentions [21]: “The ob-
jectives of signal processing are to analyze accurately, code efficiently,
transmit rapidly, and then to reconstruct carefully at the receiver the
delicate oscillations or fluctuations of this function of time. This is
important because all of the information contained in the signal is ef-
fectively present and hidden in the complicated arabesques appearing
in its graphical representation.” To accomplish these tasks, we need to
transform signals (also called code/decode) into a particular form for a
certain task. Fast wavelet transformation provides effective algorithms
for signal coding and decoding.

1. Signals

In this section, we introduce the basic concepts of signals. Mathe-
matically, a one-dimensional signal appears as a function of time, say
x(t). If the time variable is changed continuously, then the signal z(¢) is
called an analog signal or a continuous signal. If the time variable
runs through a discrete set, then x(¢) is called a discrete signal, or
a digital signal, which is a numerical representation of an analog
signal. (In a strict sense, a digital signal means a quantized discrete
signal, whose range is a finite number set. However, we often do not
distinguish digital signals from discrete signals since the discrete signals
are more conducive to a mathematical framework.). We often use the
short term signals for discrete digitals because in signal processing,
we mainly deal with discrete digitals.

289
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1.1. Analog Signals. Let x(t) be an analog signal. If z € L?
then z is called an analog signal with finite energy and ||z|| is called
the energy of z. If z € L3,, then z is called a periodic analog
signal and its energy is [[z|[;; . In this chapter we mainly discuss

the analog signals in L?. The term “function” is often used to stand
for “analog signal.” Oscillations or fluctuations are very important fea-
ture of analog signals. We use frequency to characterize this feature.
The term “frequency” originally comes from the study of waves. It is
known that the frequency of the cosine wave

(1.1) c(t) = Acos(2m ft — 0)

is f (which is the reciprocal of the period). If the unit of time ¢
in (1.1) is seconds, then we say that the frequency of ¢(t) is f Hz.
The circular frequency of ¢(t) is 2nf rad/s. The frequency of a
complex-valued wave is defined in the same way. For example, the
complex simple harmonic oscillator €™ has frequency 5= Hz and its
circular frequency is w rad/s. If an analog signal x is a combina-
tion of several simple harmonic motions with different frequencies, say
z(t) = Y 1 _o Ax cos(kwt — 0), then x has a frequency spectrum which

covers the frequency set {’;—: | k=0,1,--- ,n}, where the highest fre-

quency is 52. In general, if z € f)go, then the frequency spectrum of x

is exhibited by its Fourier series Y oo cpe’®s!. If a function z(t) € L?,
then its Fourier transform Z(w) provides the frequency information of
x. Note that, for a real valued function z(t), #(—w) = &(w). Hence, a
real-valued function is uniquely determined by Z(w),w > 0.
Frequency information is important in analyzing an analog signal.
In Chapter 6, we saw how to use Fourier series to analyze periodic
functions and how to use the Fourier transform to analyze the functions
on R. An important principle in frequency analysis is: High frequency
indicates violent oscillations or fluctuations. For example, we can use
this principle to analyze noise. An analog signal often carries noise.
Let z(t) be a received or observed analog signal. It can be written as

z(t) = y(t) + n(t)

where y(t) is the proper function and n(t) is the noise. Noise is
broadly defined as an additive contamination. It is not predictable.
Hence we often use the term “random noise” to describe an unknown
contamination added on a function. Intuitively, noise has violent fluc-
tuations, i.e. its frequency spectrum occurs in the high frequency re-
gion. Removing high frequency components from a function results in
a smooth function with less noise.
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1.2. Approximation. Changing an analog signal to a discrete
signal is called discretization. A popular way to discretize an ana-
log signal is sampling. In many applications, the analog signals are
continuous functions. Let # € L? be continuous. Then an observer
records a value of an analog signal x(t) after a time step 1" to obtain a
discrete signal {x(nT)},ecz. This method is called sampling. We call
T the sampling period, call vy = % the sampling rate (or sampling
frequency), and call {x(nT)},cz the sampling data (of the signal z).
If 2(t) can be completely recovered from its sampling data {z(nT') },ez,
then the sampling is called a lossless sampling, and z is called well
sampled. Otherwise it is called a lossy sampling and x is said to be
under-sampled. If {x(nT)},cz has a proper subsequence which forms
lossless sampling data of z, then we say z is over-sampled .

In general, a function in L? cannot be well sampled. Only functions
in some subspaces of L? can. Among these subspaces, shift invariant
spaces play an important role.

DEFINITION 9.1.1. A subspace U, C L? is called a (h-)shift
invariant space, if there is an h > 0 such that f € Uy, if and only if
f( + h) € U,.

In general, we can create shift-invariant spaces as follows. Let ¢ €
L? be a function such that >~ ¢ (t—k) is convergent almost everywhere
for any (ci,) € 2. Let

(1.2) U = span 12 {6(t — k) | k € Z}.

Then U is a 1-shift invariant space, and

O

is an h-shift invariant space. For z € L2, we denote its orthogonal
projection on U, by x,. We have the following.

THEOREM 9.1.1. If¢ in (1.2) is an MRA generator, thenlimy,_o ||x—

Proof. Let {V, },ez be the MRA generated by ¢ and let ¢* be the
orthonormal scaling function in V;. Then for any y € L?,

Yo (1) = (Y, 65 )05 (1)

is the orthogonal projection of y on V;. Since {V, },ez is an MRA, for
€ > 0, there is a J > 0 such that

y(t) —yos(t)|| <€, 5=
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Let h > 0 satisfy h < 277. Let j € N and ¢ > 0 be numbers such
thatc—Tand1§2— < 2. Hence j > J. For # € L?, we define

y(t) = a(ct). L '
Tn(t) = Z(y (/5] 1)@ ]k(t/c> = yo-i(t/c).
Then 7), € Uy, and for h < 277,

la(t) = za(@)]] < lla(t) = za(@)]] = [ly(t/c) = ya-s(t/c)l] < V2.
The theorem is proved. |

It is clear that, if {¢(z — k)},c; is an orthonormal basis of U, then
{ﬁgb(% — k)}k:eZ is an orthonormal basis of U, and

)= (0 (- 9))o (5 - +)

is an approximation of x as h — 0. Similarly, if ¢* € U is a dual

7 69

are biorthonormal bases in U}, and

=S oo (;-8)) o (1)

is an approximation of z as h — 0.
Speeches and sounds are important signals. They can be considered
as frequency bounded signals, which are defined as follows.

and

DEFINITION 9.1.2. If the Fourier transform of a signal is com-
pactly supported, then the signal is called a frequency bounded signal.
Let x € L? be a frequency bounded signal such that

wp = max{|w| |w € supp T}.
Then 52 is called the highest frequency of x.
It is clear that the space
S, ={fel?|fel|-on on}
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is a shift invariant space (for any h > 0). For # € L? let x, be the
orthogonal projection of & on S,. Then #,(w) = #(w)X[-orox(w) and

lim ||z — z,|| = 0.
g—00
Hence, x € L? can be approximated by frequency bounded functions.

ExXAMPLE 9.1.1. Let

. sin 7t
sinc(t) = T
7r

where sinc(0) = 1. It is an entire function on R. The Fourier transform
of sinc(t) is

—ov_J L |w<m,
(1.3) sinc(w) = { 0 |w| >

Hence, sinc(t) is a frequency bounded function with highest frequency
1

5
1.3. Sampling Theorems. Sampling theorems state the well-sampling

conditions for analog signals. The following theorem is for frequency
bounded functions.

THEOREM 9.1.2. [Shannon Sampling Theorem] Let x € L* be a
frequency bounded analog signal, which satisfies

(1.4) T(w) =0, |w|>mo, o>0.
Write T = L. Then

(t —nT)
Zx (nT) sinto(t = n Zx (nT)sinc (o(t — nT)).

Wat—nT

ProofLet ©,(w) be the 2ro-periodization of &(w). Then &, € L3
and 7, can be expanded as a Fourier series

—inTw
= E Cre ,

2no

where
C 1 i A~ ( ) inde
= —— Ty(w)e w
210 ) .o "
1 > - inTw
- T(w)e™ ¥ dw
2o J_o

= %x(nT).
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Therefore, we have

(1.6) Bw) = %Zx(nT)e‘mT“’, w| < 7o

Hence,

z(t) = 217r e™ dw = Z Cn ( / e~ mTweite dw)

= Z C, sin W;‘_t ;ﬂfL)T) = Z x(nT)sinc (o(t —nT)).

n

The theorem is proved. [ |

Let & be the smallest number such that (1.4) holds. Then the
number & is called the Nyquist rate of x (or the Nyquist frequency
of z). Since the highest frequency of x is

w00
o 2
the Nyquist rate is twice of the signal’s highest frequency. The Shannon
Sampling Theorem confirms the following.

COROLLARY 9.1.1. In order to get a lossless sampling for a fre-
quency bounded signal, the sampling rate must be equal to or greater
than the Nyquist rate.

EXAMPLE 9.1.2. If we want to sample a speech signal with the
highest frequency 4 kHz without distortion, then the sampling rate is
at least 8 kHz. High quality music signals are assumed to have highest
frequency 22.05 kHz, then the sampling rate for them has to be at least
44.1 kHz.

Note that sinc(t) is a Lagrangian interpolation function in the space
S1, that is sinc(k) = dp 5. Then (1.5) can be considered as a Lagrangian
interpolation formula for functions in .S, From the interpolation point
of view, we can generalize the Shannon sampling theorem to other shift
invariant spaces. Recall that (see Section 7.5) a function ¢ is said to
satisfy the interpolation conditionif ), _, P(w+2km) # 0 for allw € R.

In this case, the function ¢ defined by

~

)
Y okez O(w + 2km)

is a Lagrangian interpolation function in U = span;»{¢(t — k) }xez. The
general sampling theorem is the following.

-0

(L.7) () =
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THEOREM 9.1.3. Assume ¢ satisfies the interpolation condition.
Let U = spanj2{¢(t — k) }rez and U, = {f | f(Z) € U}. Then for any
function f € U,, we have

(1.8) f(t) =) f(k/o)g(at — k),

keZ

where g~é is the Lagrangian interpolation function defined by (1.7).

Proof. We leave the proof as an exercise. [ |

Later, we call ¢ (or ¢) the underlying function for the sampling.

1.4. Discrete Signals. A discrete signal (or shortly, a signal)
is a number sequence. In this chapter we assume any signal x =
(z(n))>€l?, which is also called a finite energy signal. Then |/x||
is called the energy of x. If x has finite nonzero terms, then it is called
a finite signal. Most signals are sampling data of analog signals.

To recover an analog signal from its sampling data, we need to know
the sampling period and the underlying function. For example, assume
the signal x is the sampling data of a function f(¢) in the space U,
generated by ¢. Let ¢ be the Lagrangian interpolation function in U.
Then x represents the function

(1.9) ) =3 a(m)d (% _ n) € Uy

In applications, usually the underlying function q~b is unknown. Hence,
we have to guess ¢ according to known properties of x(t). For example,
if x is sample data of a speech signal, then x(¢) can be considered as a
frequency bounded function.

DEFINITION 9.1.3. The z-transform of a signal X is the Laurent
series

neE”L

The math reduced notation (or Fourier form) of the z-transform
of x is

X(w) = Z x(n)e ™, z=e ",

which s also called the symbol of x.

By (1.9), when the sampling period h and the underlying function
¢ are given, we can obtain the Fourier transform of f(t) by the formula

o~
~ ~

(1.10) f(w) = hX(hw)d(hw).
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EXAMPLE 9.1.3. If x is the sampling data of a frequency bounded
analog signal © with supp &(w) C [—m,w|, then x represents the func-
tion

(1.11) 2(t) =Y x(n)sinc (x — n).

n

It follows that
(1.12) T(w) =X(w), |w| <.

By (1.12), the frequency property of the signal z(t) is totally de-
termined by the z-transform of x. It is reasonable to use X(w) to
characterize the frequency property of the signal x.

Exercises

1. Let I = [nom,(n+ 1)on| U [—(n+ 1)omw, —non],o > 0. Assume
the Fourier transform of the signal w(t) is w(w) with supp w C
I. Find the formula that represents w(t) by its sampling data
{w(n/o)}nez.

2. Let I, = [—-om,on] and f, be defined by Folw) = f(w)xz,. Write
hy(t) = asmc(at) Prove that f,(t) = (f % hy) (1).

3. Let the Fourier transform of z(t) be Z(w) = cos(w)x[—=,(w).
Derive the formula for z(n).

4. Let the Fourier transform of x(t) be Z(w) = |w|X[—xx(w). Derive

the formula for z(n).

. Prove Theorem 9.1.3.

6. Assume the digital signal f = (f(n)),,o; is the sampling data of
the function f € L? which satisfies the condition for the Pois-
son Summation Formula. Let X(z) = >, _, f(n)z" be the z-
transform of f. Prove that

X(e™) =Y f(w+2knm).

kEZ

ot

7. Let the z-transform of a signal x be H(z) = > x(n)z". As-
sume the z-transform of the signal y is H(2?). Represent y(n)
by (z(j))jez- '

8. Let z(n) = f(n/2?),7 > 0, and the z-transform of x be X (z).
Find the z-transform of { f(n)}.

9. Prove formula (1.10).

10. Let x be the sampling data (with sampling period 1) of a fre-
quency bounded function z with suppz C [—m,7]. Prove that
[Ixl]y = [l=(2)]]

11. Let x be the sampling data (with sampling rate o) of a frequency
bounded function x with suppz C [—om, on|. What is the rela-
tion of ||x|[|, to [|z(t)]|?
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12. Assume x is sampling data of an analog function z(t). If x is a
finite signal, then is z(¢) compactly supported?

13. Let the continuous function z(¢) be compactly supported. Is
there a finite signal x that can completely represent x(t)?

14. List a condition so that a compactly supported function can be
lossless sampled by a finite signal x.

2. Filters

To analyze, code, reconstruct signals and so on, spacial operators
on signals are needed. Among these operators, a filter is the most
important one. In this section, we introduce linear filters, which are
convolution operators on /2. We first introduce the natural basis in /2.
Let &5 = (0r.;)jez, which vanishes everywhere except that the k' term
has value 1. Then {dj}rez is an orthonormal basis of 2. Any x € [?
can be represented as

(2.1) x :Zx(k)dk.

keZ

In signal processing, 0y is called a unit impulse at time k.

DEFINITION 9.2.1. An operator S onl? is called a shift operator
(also called a time-delay operator) if

(Sx)(n) =z(n — 1), x€l?
an operator T on [? is called time-invariant if
ST =TS,
and an operator T on [? is called a linear operator if for any x € [?,

(2.2) Tx =Y x(k)Té;.

keZ

A linear and time-invariant operator is called o filter. IfF is a filter,
then Fx is called the response of x.

EXAMPLE 9.2.1. Let T be the operator defined by
(Tx) (n) = [z(n)]".

Then T s a time-invariant operator, but not a linear one. Let L be
the operator such that

(Lx) (n) = z(2n).

Then L is a linear operator, but not time-invariant.
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DEFINITION 9.2.2. The (discrete) convolution of two sequences
h and x is a sequence h x x given by

(2.3) (h * x)( Zh n €z,

provided the series in (2.3) is convergent for each n € Z.
The following theorem identifies the filter with a sequence.

THEOREM 9.2.1. H is a filter if and only if there is a sequence h
such that Hx = h * x.

Proof.We first prove that the convolution
y=hxx, forallxel?

defines a filter H : y = Hx. It is clear that Hé,(n) = >, h(k)dx(n —
k) = h(n — k). Hence,

:Zh(k)x(n—k) = h(n—k)x(k
_Z k)HS,(n), for all n € Z.

Hence H is linear. We also have
(HSx) ( Zh (n—k—1) Zh —Da(n — k)

= (SHX)( ),

which implies that H is time-invariant. Hence H is a filter and Hx = h * x.
We now prove the converse. Assume H is a filter. Let h = Hd. We
claim that

Hx =h=xx, forallx €l
In fact, we have

x =Y x(k)S*s.

k

Since H is linear and time-invariant,
Hx =) z(k)HS*6 = ) " x(k)S*Hs = ) " x(k)S*h
k k k

Therefore

(Hx) (n) = ) a(k) (S*h) (n) = Y a(k)h(n — k),

k k
i.e. Hx = h * x. |
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Since a filter can be identified with a sequence, we shall directly
call h a filter. From the computational point of view, finite filters are
desirable.

DEFINITION 9.2.3. Ifh is finite, then h is called a finite impulse
response filter (FIR filter), otherwise it is called an infinite
impulse response filter (IIR filter). A filter h with h(n) = 0,
for allm <0, is called a causal filter.

The following lemma gives a sufficient condition for filters on the
space [2.

LEMMA 9.2.1. If h €lt, then it is a filter from [*to I?, and for
x €l?,

b x[f, < [[h],f[x[l,

Proof.We leave the proof as an exercise. |

EXAMPLE 9.2.2. The moving average filter, hy, is defined by
ho(k) =0, k#0,1.
Let
(24) X:("'7071a271707”')7
and 'y = hy*x. Then y(n) = +(z(n) + z(n — 1)) and
1
y:§( 70717373717“')'
EXAMPLE 9.2.3. The moving difference filter, hy, is defined
by
hi(k) =0, k+#0,1.

Let x be the signal in (2.4) and z = hyxx. Then z(n) =
1)) and

(x(n) —z(n—

1
= (e 0.1.1.—1.—1.---).
4 2( Y ) Y ) ) ) )
The Identity filter is the sequence § since § * x = x. The shift
operator S is also a filter, which is called the shift filter . We have
Sx = ;1 x x.
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2.1. Representing Filters in the Time Domain. In the time
domain, a filter is represented as a bi-infinite Toeplitz matrix.

DEFINITION 9.2.4. A bi-infinite matriz T}, is called a Toeplitz
matriz relative to a sequence h if

B1) BO) h(—1) - oo

T, = 1) h(O) h(-1) -
o h(1) h(0) R(-1)

o h(1) h(0)

Let x = (--- ,z(—1),2(0),2(1),---)T. Then h * x = T},x.

EXAMPLE 9.2.4. The moving average filter hg performs

y(n) = 3 (x(n) + w0 — 1)),

It can be represented by

oo | [ e

| o ||+
yO = - 0 12 12 -~ 0 2(0)
y() o | =)

0 1/2 1/2

Similarly, the moving differences filter hy performs z(n) = 3(x(n) —
x(n —1)). It can be represented by

D N O A A A N O
200 | =] o -1/2 172 0 - 2(0)
(1) o0 =1/2 1/2 .- (1)

2.2. Filters in the Frequency Domain. Using the z-transform
of signals in [2, we can obtain the representation of filters in the fre-
quency domain. The following Discrete Convolution Theorem plays
the central role.

THEOREM 9.2.2. [Discrete Convolution Theorem| Let h be a filter
and

y = hxx.
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Then
Y(z) = H(2)X(2),
or, in the math reduced notation,
(2.5) Y(w) = H(w)X(w).

Proof.We leave the proof as an exercise. |

By Lemma 9.2.1, we know that h €/! is a filter on [?. But there exist
filters on {? which are not sequences in {!. From the discrete convolution
theorem, we can characterize filters on [2.

THEOREM 9.2.3. A filter h is a bounded operator from 1% to I if
and only if Hw) € L.

Proof.Note that ||x|ls = ||X(w)]|;2 and ||y|l2 = ||Y(w)]|;2. Hence,
to prove the theorem we only need to prove the following. For any
X(w) € L? H(w)X(w) € L? if only if Hw) € L*. We now assume
X(w) € L? and H(w) € L. Then

[B(w)X (W)l 22 < [[H(@)l o [1X(@)]] 22,

which implies that H(w)X(w) € L2. Conversely, assume X(w) and H(w)X(w)
both are in L?. If H(w) ¢ L°°, then there is a strictly increasing sequence
(nk)52y, ni € N, such that the set

Ey={w e [-m7]| ng < [Hw)| < ngs1}

has positive measure for each k. Let my be the Lebesgue measure of
Ex. We define a 27-periodic function X(w) as:

{ L w € By, k eN,

0, otherwise.

Since

we can claim X(w) € L2. However, since n;, > k,

> 2

& > n? n
H(w)X(w)|* dw > Fdw=) L=
/_ﬂuw) ()| w_;/Ekﬁmk b=3 =

which implies that H(w)X(w) ¢ L2. Therefore, X(w) must be in L2. The
theorem is proved. |
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EXAMPLE 9.2.5. Let Hy be the moving average filter and x be the
signal in Example 9.2.2. Then

Hy(z) = %(1 +2), X(2)=1+2z+ 22,
and
Y(2) = Ho(2)X(2) = %(1 + 32+ 322 + 2%,
which yields
y_%(... ,0,1,3,3,1,---).

Let Hy be the moving difference filter. Then

Hi(2) = %(1 )

and
1
Z(z)=Hi(2)X(2) = 5(1 +z— 22— 2%,
which yields

z=—(-,01,1,-1,-1,---).
2

2.3. Lowpass Filters and Highpass Filters. Filters are often
used to extract required frequency components from signals. For ex-
ample, high frequency components of a signal usually contain the noise
and the fluctuations, which often have to be removed from the sig-
nal. We use lowpass filters and highpass filters to decompose signals
by their frequency bands. A lowpass filter attenuates high frequency
components of a signal while a highpass filter does the opposite job.
Since a signal represents a frequency bounded signal with the bound
|w| <, then its low frequency region is centered at the origin and the
high frequency region is near 7. For example, we can divide the fre-
quency domain into two regions: |w| < 7/2 and 7/2 < |w| < 7, where
the former is the low frequency region and the latter is the high fre-
quency region. Then the simplest pair of lowpass and highpass filters
is defined as follows.

DEFINITION 9.2.5. The ideal lowpass filter h =(h(k)) is de-
fined by

1, |w|<7/2,

(26)  Hw) =Y h(k)e™ = { 0, m/2<w<m



2. FILTERS 303

and the ideal highpass filter g = (g(k)) is defined by
Z ik 0, \w| <7T/2,
g(k 1, 7/2<|w| <.

By the Shannon Sampling Theorem 9.1.2, the coefficients of the
ideal lowpass filter are sampling data of %sinc(%t), ie.

1 wk %’ k=0,
hk)==sinc [ — | =8 B k=2m+1meZ, |,
2 2 km .
0, k is even

which decays very slowly as |k| — oo, and so does g(k). Hence ideal
filters are not practical. By Fourier analysis, the slow decay of the ideal
filters is caused by the discontinuity of H(w) and G(w). To design fast
decay lowpass filters and highpass filters, we replace H(w) and G(w) by
smooth symbols.

Let H be a filter with a continuous symbol H(w). If H is a lowpass
filter, then it is assumed that H(0) # 0 and H(7) = 0. It is also clear that
if H is a lowpass filter, then the filter G with the symbol G(w) = H(w+)
is a high filter, since the graph of |G(w)| is the shift of |[H(w)| by 7.

EXAMPLE 9.2.6. The moving average filter hy is a lowpass filter,
while the moving difference filter hy is a highpass filter. Assume the
signal x is the sampling data of a differentiable function f(t) with the
time step h : x(n) = f(hn). When h is very small, 3 (hy *x) is the
approzimation of the sampling data of f'(t) and Zk:o (ho*x) is the
approzimation of fon/h f(t)dt.

EXAMPLE 9.2.7. Let h;y be the ideal lowpass filter and x be the
sampling data of a function f(t) with the time step T : xz(n) = f(Tn).
Assume [ is a bounded frequency signal with the highest frequency 7.
Then x *hiq represents the low frequency component of f with the
Fourier transform fX[ I

EXAMPLE 9.2.8. The lowpass filter H,, = %ZZ;& S* is used to
obtain averages of n terms in a signal. Assume x is the record of the
daily prices of a stock. Then (Hsg) x is the data of 50-day averages and
(Hago) x is the data of 200-day averages for the stock. They indicate
the mid-term and long-term tendency of the stock.

The following theorem is an important result in wavelet analysis.

THEOREM 9.2.4. Let ¢ generate an MRA {V,}, and i) be any

wavelet in Wy :
=2 g(k)o(2t —
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Then the mask of ¢ is a lowpass filter and the mask of ¢ : g = (g(k))
s a highpass filter.

Proof. We leave the proof as an exercise. |

2.4. Dual Filters.

DEFINITION 9.2.6. Let H be a filter from 1* to I*>. A filter HT is
called the dual filter of H if

(Hx,y) = (x, HTy), for all x,y €I’

THEOREM 9.2.5. Assume the matrixz form and the sequence form
of a filter H is T}, and h = (h(k)) respectively. Then the matriz form
and the sequence form of its dual filter HT is (T,)" and hT™=(h(—Fk))
respectively. Thus,

(2.7) (h"+x) (n)="> _ h(k — n)a(k)

kez

and the z-transform of HY is H(z).

Proof. We leave the proof as an exercise. |

It is also clear that if H is a lowpass (or highpass) filter, so is its
dual.

2.5. Magnitude and Phase. In Chapter 8, we introduced the
phase of a function in L? N L'. We now define phases for signals and
filters.

DEFINITION 9.2.7. Let x € I* be a discrete signal and X(z) =
> X(n)z" be its symbol. Write
X(e™) = ‘Xx(e_i“’)‘ W)
Then ¢(w) is called the phase of x. Particularly, for a filter H, we
write

(2.8) H(w) = [H(w)|e ).

Then |H(w)| is called the magnitude of H and ¢(w) is called the phase
of H. If ¢(w) is linear, then we say x has a linear phase .

The phase of H is not unique, they are congruent with a 2km con-
stant. To get the uniqueness of ¢(w), we usually require a continuous
phase function ¢(w). However, in some cases, this requirement cannot
be satisfied even by a continuous H(w). For example, let Hw) = w.
Then

H(w) = [w] e,
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where
T, <0
¢(w>_{ 0’ 1’20,
which has a jump 7 at = 0. It is easy to see that ¢(w) always has
a jump 7 at wy as long as H(w) is real in the neighborhood of wy and
H(w) changes its sign as w goes across wy. Hence, the phase function

¢(w) in (2.8) may have a discontinuity. To avoid it, we introduce the
generalized phase function as follows.

DEFINITION 9.2.8. Let x € I' be a discrete signal and x(z) =
> x(n)z™ be its symbol. Write
r(e™™) = R(w)eww)
where R(w) = £|H(w)| and the sign £ is so chosen that ¢(w) is contin-
uous. Then ¢(w) is called the generalized phase of x. If the gener-

alized phase is a linear function, then we say that X has generalized
linear phase .

THEOREM 9.2.6. If a filter h is symmetric or antisymmetric with
respect to an integer or half-integer, i.e. h(k) = h(N — k) or h(k) =
—h(N — k) for some N € Z, then it has a generalized linear phase.

Proof.Assume h(k) = h(N — k) for some N € Z. Then, if N = 2n,
we have

h(in —k) = h(n + k) := c(k)
and

Hw) = Z h(/{;)e_ik“’ S Z h(k)ei(n—k)w
— e—m‘*’ h(n) + i h(n _ l)eil‘“ + f: h(n o l)eilw

l=—0

=e "™ | hin) + Z h(n + 1)e™ ™ + Z h(n —[)e™
I=1 I=1

=e "™ [ h(n) + Z h(n+ e ™ + Z h(n — 1)e™
=1 =1

=e "™ [ h(n)+2 Z €1 CO8S lw) :
=1

Since the function h(n)+2 32, ¢ cos lw is real, h has generalized linear
phase nw. Similarly, if N = 2n + 1, we have

h(n+1—k) = h(n + k) == d(k)
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and

Bw) = 3 h(k)e e = e e 3 )il ik
_1 o

= Y (=D Y T hin - Z)ei<z+%>“’>
=0

l=—0c0

o0

— pilnt3)w Z h(n + l)e_i(l_%)“’ + Z h(n+1-— l)ei(l_%)“’>
=1 =1

o = 1
— it [ 9 Z dy cos(l — §)w> ;
1=1

which implies that h has linear phase (n + 3)w. In the case that h is
antisymmetric, the proof is similar. We leave it as an exercise. |

2.6. Inverse Filters.

DEFINITION 9.2.9. A filter H from [? to I? is said to be invertible,
if there exists a filter D from [? to [ such that DH = 1. The filter D
is called the inverse filter of H and denoted by H™1.

It is clear that if DH = I, then HD = I. From Theorem 9.2.6, we
derive the following.

THEOREM 9.2.7. An 2 — 2 filter H is invertible if and only if

(2.9) ess inf epna HW)|[ > 0.

In this case, the symbol of the inverse filter H™! is ﬁ

Proof. If (2.9) holds, then D(w) := W}u) € L. Let D be the filter,

whose symbol is D(w). Then it is a filter from {? to [?. Since D(w)H(w) =
1 a.e., D is the inverse of H. The converse is trivial. [ |

By Theorem 9.2.7, we have the following.

COROLLARY 9.2.1. A filter h €l' is invertible if and only if its
symbol H(w) # 0 for all w € R.

Proof. We leave the proof as an exercise. |
Note that

H(w) # 0 for all w € R if and only if H(z) #0 for all z €I

Hence, in order to determine whether H is invertible, we only need to
check whether H(z) = 0 for some z € I'. When h is an FIR, H(z) is
a Laurent polynomial. Hence, the question is whether H(z) has zeros
on I
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EXAMPLE 9.2.9. Let H(z) = 2+ 1z be the z-transform of the filter
H. The root of H(z) is zg = —2 ¢ I'. Hence H s invertible. To find
the inverse filter H™', we expand 1/H(z).

3 1
VAR =315
2
3 1 1 1
— (1= -2 — .3
2( 55T 17 8z+ )
3 1\"*
- _1k - k
OIS (5) -

The following result is often used to convert signals.

THEOREM 9.2.8. Assume ¢ € L? is a continuous function which
satisfies the interpolation condition. Let V = spany{¢(t — k) | k €
7} and ¢ be the interpolation function in V. Let a function f € V be
represented by

F&) = et — k)

keZ
and

F) = f(R)o(t = k).
keZ
Denote ¢ = (¢i), £ = (f(k)) and h = (¢(k)). Then h is invertible,
f,=hxc, andc=h""'xf,.

Proof. We leave the proof as an exercise. [ |

Exercises

1. Prove Lemma 9.2.1.

2. Prove that if T is a linear operator on 2, then for any x;,x, € [?
and A\, u € R, T(Axy + pxz) = \Tx; + pTxo.

3. Prove that if h = (hy) is a lowpass filter (highpass filter), then

g = ((_1)kh1—k)

defines a highpass filter (lowpass filter).

4. Construct a filter h from [? to {2, which is not in [*.

5. Let the filter h be defined by h(0) = 1,h(1) =4, h(2) = 6,h(3) =
4, h(4) = 1. Find its dual filter.

6. Prove that a filter is a lowpass (highpass) filter if and only if its
dual filter is a lowpass (highpass) filter.

7. Prove that the convolution of two lowpass filters is a lowpass
filter.

8. Prove Theorem 9.2.4.
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14.
15.

16.
17.

18.

19.

20.

21.

22.
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. Prove Theorem 9.2.5.
10.
11.
12.
13.

Prove that a filter is invertible if and only if its dual is invertible.
Prove Corollary 9.2.1.
Find the formula of g(k) for the ideal highpass filter.
Prove that a finite filter s = (s(k))X_, has linear phase if and
only if s, = sy_j, and the polynomial S(z) = >~ s(k)z* has zeros
only of even multiplicity on the unit circle I'.
Prove Theorem 9.2.6 for antisymmetric filters.
Prove that a filter has a linear phase (or generalized linear phase)
if and only if its dual filter has a linear phase (or generalized
linear phase).
Prove that the symbol of the filter h * h” has linear phase.
Let h and f be filters with linear phases (or generalized linear
phases). Prove the following.

(a) h*f has a linear phase (or generalized linear phase).

(b) If h is invertible, then h™! has a linear phase (or generalized

linear phase).

Write the matrix representation and the z-transform of the filter
S + S~ Is it invertible?
Assume that the impulse response of filter H is

a™ n >0,
by ={ G0 120

where 0 < a < 1 and 8 > 1.

(a) Find the output y = y(k), k € Z, of H for the input
) = (—i)”'

(b) Is H invertible ? If it is, find H™ .

Prove that neither lowpass filters nor highpass filters are invert-
ible.

Let H be a finite filter with symbol H(w). Assume H is not in-
vertible. Prove that T} has at least a zero eigenvalue, and one of
its 0-eigenvectors has the form v = (c*)gez, where ¢ is a nonzero

complex number.
Prove Theorem 9.2.8.

x(n

3. Coding Signals by Wavelet Transform

In this section, we discuss how to use wavelet bases to transform
(i.e. code) signals. The purpose of coding is to transform a sampling
data x €[? to a new sequence (called the codes of x) in [?. The codes
reveal the hidden information of a signal so that they can be effectively
used in signal processing.
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3.1. Coding Signals Using Shannon Wavelets. To understand
the wavelet coding method, we first study the coding of signals using
the Shannon wavelet.

LEMMA 9.3.1. The function sinc(t) satisfies the following scaling
equation:

(3.1) sinc(t) =2y _ h(k)sinc(2t — k),

where h = (h(k)) is the ideal lowpass filter.

Proof. We leave the proof as an exercise. [ |

THEOREM 9.3.1. The function sinc(t) is an orthonormal MRA gen-
erator. Its correspondmg orthonormal wavelet can be represented as

(3.2) =2 g(k)sinc(2t — k),
keZ
where g = (g(k)) is the ideal highpass filter.

Proof. We leave the proof as an exercise. |

DEFINITION 9.3.1. The function * in (3.2) is called the Shannon
wavelet and sinc(t) is called the Shannon scaling function.

Let {V,} be the MRA generated by sinc(t) and {W,},ez be the
corresponding wavelet subspaces. Assume the signal x is the sampling
data of the function f(t) € V,,, that is z(k) = f(27"k). By the Shannon
Sampling Theorem,

F(t) =" a(k)sinc(2"t — k).

kiZ,
Let
f@)=f{)+aq(t), fit) € Va1, 1(t) € Wiy
Then
Zy ) sinc (2" b — k),. y(k)= f1(2_("_1)k),
kiZ.
) =" 2k @ — k), 2(k) = (27" Vk).
kiZ.

We can use FWT algorithm to compute {y,z} from x and use FIWT
algorithm to recover x from {y,z}. Let h be the mask of sinc(t) in
(3.1) and g be the mask of ¢* in (3.2). Using FWT algorithm, we get

3 Y= Sk = 20)a(k) = ST (2n — K)a(k)
| 2(n) = 55 gk — 20)a(k) = 55 g7 (20 — k) (k)
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which is also called the coding algorithm. Using FIWT algorithm, we
get

(3.4) 2(n) =2 (Z hin —2k)y(k) + Y g(n — Qk)z(k:)) :

which is the decoding algorithm. Formulae (3.3) and (3.4) show that
although x may be the sampling data of a particular analog signal
with a sampling period T" and a underlying function ¢, the coding and
decoding algorithms are independent of 7" and ¢. They only involve the
filters h and g. To link these algorithms to convolutions, we introduce
the following.

DEFINITION 9.3.2. A downsampling (operator) (| 2) on I* is
defined by

Correspondingly, an upsampling (operator) (T 2) on I? is defined by
(T2)x=(-+,0,2(=2),0,2(—1),0,2(0),0,2(1),0,2(2),0,---).
By definition, (3.3) now can be written as
y =(1 2)u=(1 2) (h” xx) = (| 2)H'x
z=(12)v=(12)(g"*x)=(12)G™x’
and (3.4) gives

x = 2(hx(T 2)y + g+(1 2)z) = 2(H(T 2)y + G(1 2)z),
which recovers x from y and z. Combining these two steps together,
we have

H(2(T2)(1 2H)+G(2(12)(1 2)G" =1

We now explain the meaning of the coded signals y and z directly. We
first establish the following.

LEMMA 9.3.2. If a continuous function v € L? satisfies supp® C
[—7m, =7 /2] U [r/2, 7], then

(35 o)=Y v(2n) (2 sinc(f — 2n) — sinc (g - n)) .

Proof. We leave the proof as an exercise. |

Let u=h" xx and v =g’ % x. Since h is the ideal lowpass fil-

ter, h” x x represents a frequency bounded function u(t) with supp @ C
[—%, ). Similarly, v represents a function v(t) with supp o C [—m, —7/2]U

[7/2, 7]. By the Shannon Sampling Theorem (Theorem 9.1.2), u(t) can
be represented by its sampling data (w(2n)) . Similarly, by Lemma 9.3.2,
v(t) can also be represented by (v(2n)). Recall that y(n) = u(2n) and
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z(n) = v(2n). Hence, y and z are the sampling data of u(t) and v(¢),
where y is in the low-frequency channel and z is in the high-frequency
channel.

The coded signals reveal the information of x regarding its fre-
quency bands. If we want to get a blurry version of x using nearly half
of its codes, then y is much better than (xz(2n)). Using y and z to code
x is called two-channel coding.

We now give a summary for the signal flows in these two channels:

1. In the low frequency channel:
x —u(=h"+x) - a(=2(12)(] 2u) » x(=h*1).
2. In the high frequency channel:
x—v (=g #x) =T (=202(2v) - x(=g*9).
3.2. Alias Cancellation. We now analyze the alias in the above

coding/decoding procession. We first analyze the low frequency chan-
nel. The symbol of u is

Since 1 =2(1 2)(] 2)u, we have
O(w) =U(w) + U(w + 7),

where U(w + 7) is in the high frequency channel. Hence, it is an alias
in the low frequency channel. This alias will be canceled in the next
step. In fact, by x; = h x t, we have

X;(w) = Hw)l(w) = Hw)U(w) = U(w).

Similarly, the high frequency channel is the following. The symbol
of v is

V(W)me(w):{ x(?;), %QE\%SW '

For v =2(1 2)(] 2)v, we have
V(w) = V(w) + V(w + ),

where V(w + ) is in the low frequency channel. Hence, it is an alias in
the high frequency channel. This alias will be canceled by x;, = g * v,
since we have
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3.3. Coding Signals Using Other Wavelets. The ideal filters
h = (h(k)) and g = (g(k)) decay very slow as |k| — oo. Hence, algo-
rithms (3.3) and (3.4) are not practical. To design fast coding/decoding
algorithms, we turn to other wavelets. Let ¢ be an orthonormal scal-
ing function and v be its corresponding orthonormal wavelet. Assume
h is the mask of ¢ and g is the mask of ¢. It is known that h is a
lowpass filter and g is a highpass filter. Then for a signal x, the FWT
algorithm (3.3) decomposes x into y and z, while the FIWT algorithm
(3.4) recovers x from y and z. However, the low frequency channel and
high frequency channel now are different from what we discussed above.
We still denote the symbol of h by H(w) and the symbol of g by G(w).
The low frequency channel in this coding method is enveloped by H(w).
That is, a signal is in the low frequency channel if its symbol can be
written as H(w)S(w), where S(w) is a 2m-periodic function. Similarly,
the high frequency channel in this coding method is enveloped by G(w).

Now in the low frequency channel, the symbol of u is

U(w) = H(w)X(w),
and for 1 =2(1 2)(| 2)u, we have
U(w) = U(w) + U(w + 7) = H(w)X(w) + H(w + 7)X(w + 7).
Since G(w) = e"“H(w + 7), we have
U(w + 7) = e“G(w)X(w + 7),

which is in the high frequency channel and therefore is an alias in the
low frequency channel. This alias will be canceled by x; = h * 1, for

X (w) = H(w)U(w)
is a signal in the low frequency channel.

Similarly, the high frequency channel is the following. The symbol
of v is

V(w) = G(w)X(w).
For v =2(1 2)(] 2)v, we have
V(w) = V(w) + V(w + ),
where
V(w +7) = Glw + m)X(w + 7) = ¢“H(w)X(w + 7)

is in the low frequency channel and therefore it is an alias in the high
frequency channel. This alias will be canceled by x; = g * v, since we
have

Xp(w) = G(w)V(w)
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which is in the high frequency channel.
We can also use FWT and FIWT algorithms created by biorthogo-
nal scaling functions and wavelets to perform two-channel coding/decoding.

THEOREM 9.3.2. Let ¢ and ¢* be biorthonormal scaling functions.
Let 1 and ¥* be the corresponding biorthonormal wavelets. Assume the

masks of ¢ and 1 are h and g, and the masks of ¢* and * are h*and
g*. Then the algorithms

y=(12)H"x, z=(|2)G"x
and
x =2 (H*(T 2)y + G*( 2)2)

perform two-channel coding and decoding respectively. There the signal
flow in the low frequency channel is

x = u(=h"sx) =@ (=21 2)( 2)u) - x(=ha),
and the signal flow in the low frequency channel is
x = v (=g"#x) = ¥ (=2(1 2)(1 2)v) = xi(= g"*V).

Proof. We leave the proof as an exercise. |

3.4. Sampling Data Coding. Let ¢, ¢*, ¥, ¥*, h, g, h*, and g*
be given as in Theorem 9.3.2. Let

Uh—spaan{ng(%—k) |k€Z}, h > 0.

Assume a signal x is the sampling data of a function f € Uy: z(n) =
f(hn). We now discuss two channel codes of x. Recall that f € U, if
and only if f(ht) € Uy. Let x(t) = f(ht). Then z(n) is the sampling
data of z(t). Let ¢ be the Lagrangian interpolation function in U;. We
have

2(t) =) x(n)d(t —n).

Let p = (¢(k))gez. If ¢ is compactly supported, then p is a finite filter.
Let ¢ = (¢,) be the sequence in

w(t) = c(n)g(t —n).
We have
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Then the two channel coding for x is the following
c=p lxx,
y=(l2Hc z=(l2)Gc
and the decoding is
c=2(H'(1 2y + G*(12)2),

X = p *C.

The programs are independent of the sampling period h. We point out
that, ¢ and x become very close as h — 0.

THEOREM 9.3.3. Assume ¢* € L'NL? is an MRA generator (with
¢*(0) = 1). Let x € L* be uniformly continuous on R. Then

o Jalk) = @0 — k)|

h—0 h

(3.6) =0,

and the limit in (3.6) uniformly holds for k € Z.

Proof. If z € L? is uniformly continuous on R, then limy_o z(t) =
0. It follows that max;cr |z(t)| < oo. Since ¢* € L!, for an € > 0, there is
an M > 0 such that f|t‘>M |¢*(t)|dt < e. We have [*°_+¢*(£—k)dt = 1.
Hence,

(k) — <x o (% _ k;)>‘ _ MZ ((hk) — 2(t)) %gzﬁ* (% _ k:) dt‘

[ - (5

h
h(k— M) 0
L
—00 h(k+M)

((hk) — (1)) %qb* (% - k:) ' dt

e
o (i)

h

(w(hk) — (1) %gb* (% _ k:) ‘ dt.

We have
h(k+M)
/h(k—M)
< o) 0] [ 5
max T — X -
(k+M)] o P

T te[h(k—M),h

< hk) — z(t)|||¢*||,
S et eany [70E) 2O

where

lim max |z(hk) —z(t)] =0
h—0 te[h(k—M),h(k+M)]
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and the limit uniformly holds for & € Z. We also have

/:OM () o) 307 (7~ ) a

< 2max |z(t |/ 1 (——k)‘dt
teR h(km) P

=9 * 2 .
max (1) /M 6 ()]st < 2max|(1)

Similarly,
h(k—M) ;
/ (x(hk) — 2(1)) 26" (— _ k) ‘ dt < 2max [z(t)] .
oo h teR
Thus, (3.6) is proved. |

Before we end this section, we briefly explain the advantage of the
two-channel coding method. Recall that the analog model of this cod-
ing is the wavelet decomposition. Then each code in this coding corre-
sponds to a wavelet atom. As we pointed out in Chapter 7, a wavelet is
“local” in both the time domain and the frequency domain. (In signal
procession, we say it is a time-frequency atom.) Besides, the multi
level structure of wavelet bases provides the “zooming” property of a
wavelet. Readers can learn more from [18] and [32]. Hence, this coding
method offers well-structured codes for signal processing.

Exercises

1. Prove Lemma 9.3.1.

2. Prove Theorem 9.3.1.

3. Prove the Downsampling Shannon Theorem: If a signal x is half
banded, i.e.

X(w)=0, n/2<|w|<m,

then (] 2)x uniquely determines x by the formula

en) = 3 a2k 22 25) S0 sine (%n k).

— (n —2k)%

4. If x is a half banded signal, can we determine x using (x(2n +
1))nez? If we can, how is z(n) computed from (x(2k + 1))xez

5. Let x and y be two signals such that Y(w) = X(w)X[—r/2,x/2) (w )

[—m, @]. Prove y(n) = + 3% x(k) sinc (%5%).
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6. Prove the following. For any x,y € 2,

(12)x,y) = (x,(] 2)y),

(12)(12)=1,

(121 2+S7'(12)(12)S =1,
(12)(x*y)=(l 2)xx(] 2)y+(] 2)Sx*(] 2)Sy.

Prove Lemma 9.3.2.
8. Let x be the signal such that X(w) = 0, |w| < 7/2. Develop the
formula to compute x(n) from (z(2k))kez.
9. Let x be the signal such that X(w) = 0,|w| < 7/2. Can we
determine x using (z(2n+1)),ez. If we can, how do we compute
x(n) from (z(2k + 1))kez?
10. Let x and y be two signals such that Y(w) = X(w)X|—r,— /2)ujr/2.4] (W), w €
[—7,7]. Prove y(n) = z(n) — 3 3% z(k) sinc (%5%).
11. Let f(t) be the function with the Fourier transform f(w) =
|w|X[—r,m(w). Let x be the signal with z(n) = f(n). Find (| 2)x.

~

4. Filter Banks
The wavelet coding method leads to filter banks.

DEFINITION 9.4.1. A filter bank is a set of filters, linked by
downsampling and upsampling. In particular, let L be a lowpass filter
and H be a highpass filter. Then the operator on 1% defined by

o]

is called an analysis filter bank created by {L,H}, and the oper-
ator defined by

[ 2L(T 2) 2H(12) ]

is called a synthesis filter bank created by {L,H}. In the filter
bank, C =(| 2)LT is called a lowpass channel and D =(| 2)HT
1s called a highpass channel. If an analysis filter bank created by
{L,H} and a synthesis filter bank created by {F, G} satisfy the condi-
tion

(4.1) 2F(1 2)(] 2)L7+2G(1 2)(] 2H" =1,

then the analysis filter bank and the synthesis filter bank are called
biorthogonal filter banks. Particularly, if in (4.1) F =L and
G = H, then {L,H} is said to create an orthonormal filter bank.
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For convenience, we often directly call {L,H} and {F,G} filter
banks. By the results in Chapter 7, we have following theorems.

THEOREM 9.4.1. Let ¢ and&ﬁ be biorthonormal MRA generators
such that

$lx) =2 hp(2z — k),
and

o) =2 hp(2r — k),

and let ¢ and {D be corresponding biorthonormal wavelets such that

Y(@) =2 ged(2r — k),

where
gr = (=1)Fhy_y,
and
P(x) =2 b2z — k),
k
where

G = (=1)%hy_y.
Then the filter sets {h, g} and {fl, g} generate biorthogonal filter banks.
Proof. We leave the proof as an exercise. |

Similarly, we have the following.

THEOREM 9.4.2. Let ¢ be an orthonormal scaling function defined
by

dla) =2 hpp(2w — k).

Let 1) be the corresponding orthonormal wavelet given in
Y(x) =2 grd(2z — k),
k

where
g = (=) hy i1y, foranl € Z.
Then {h,g} creates an orthonormal filter bank.

Proof. We leave the proof as an exercise. |
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4.1. Conditions for Biorthogonal Filter Banks. We already
know that wavelets lead to filter banks. We now ask the question: Do
there exist biorthogonal filter banks other than the masks of biortho-
normal scaling functions and wavelets? To answer this question, we
derive the conditions for biorthogonal filter banks.

We first analyze the analysis filter bank. Let {L,H} be an analy-
sis filter bank, where L is a lowpass filter and H is a highpass fil-
ter. Assume x is the signal to be coded. Assume vo=(| 2)LTx and
vi=(] 2)HTx. Then

(4.2) vo(n) =Y 1" (2n — k)a(k)

and

(4.3) vi(n) =Y (20 — k)x(k).

The z-transforms of (4.2) and (4.3) are

—_

(4.4) Vo(z) = 5(L(z12)X (/%) + L(=212) X (=2'2))

\)

and
(4.5) Vi(z) = %(H(ZW)X(ZW) + H(—212)X(=2"%).

We now analyze the synthesis filter bank. Assume {F, G} creates the
synthesis filter bank, where F is a lowpass filter and G is a highpass
filter. Let yo = 2F(7 2)vy and y; = 2(] 2)v;. Then after upsampling,
the signal 2(T 2)vq has the z-transform

Vo(2) = (L(2) X (2) + L(=2) X (=2)),
where the second term causes an alias in the low frequency channel.
Similarly, the signal 2(T 2)v; has the z-transform

Vi(2) = (H(2)X (2) + H(=2)X(~2)),

where the second term causes an alias in the high frequency channel.
Similarly, after filtering, we have

(4.6) Yo(2) = F(2)L(2) X (2) + F(2)L(—2) X (—=2))
and
(4.7) Yi(2) = G(2)H(2) X (2) + G(2)H(=2) X (—2)).

If {L,H} and {F, G} create a biorthogonal filter bank, then
X(2) = Yo(2) + Y1(2),
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which yields the no-distortion condition.

(4.8) F(z)L(z) + G(2)H(z) =1,
and the alias cancellation condition
(4.9) F(z2)L(—z) + G(2)H(—=2) = 0.

We summarize these conditions in the following theorem.

THEOREM 9.4.3. Let L and F be two lowpass filters and H and G
be two highpass filters. Then the analysis filter bank {L,H} and the
synthesis filter bank {F, G} are biorthogonal if and only if they satisfy
the alias cancellation condition (4.9) and the no-distortion condition

(4.8), i.e. the following holds.

(4.10) {L@) ;@)Hgg”:“]

We now use (4.10) to derive the relations among L, F, H, and G.
From (4.10), we have

[63]- [ 705 [o]
1 { H(-=2) —H(z)} {1}
A(z) | =L(=2) L(z) 0

where A(z) = L(2)H(—z) — L(—z)H(z) is an odd Laurent polynomial.
Since both F(z) and G(z) are Laurent polynomials, A(z) must be
equal to cz?*! for a ¢ # 0 and an [ € Z. Then

(4.11) F(z) = G(z) = —

cz2l+1 ’ cz2l+1 ’

where

c=A(1)=L(1)H(-1)— L(-1)H(1) = L(1)H(-1).
We now have the following.

THEOREM 9.4.4. The FIR filter banks {L,H} and {F, G} are biorthog-
onal if and only if

(4.12) F(z)L(z) + F(—2)L(—=2) =1, ze€T,
and

(413)  H(z) = —%%HIF(—Z%

(4.14) Glz) = ———2 AN, ez
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Proof. 1f {L, H} and {F, G} are biorthogonal, by (4.11), we have

F(2)L(2) + F(~2)L(—2) = HA((_Z')Z)L(Z) +

_ Lz H(=2)  L(=2)H(2)
A(z) A(z)
=1
and
H(z) = F(—2)A(=2) = —L“)Z(_l)z%HF(—z),
L(—=2) 1 (2141
R YE B 111} T M
The proof of “only if” is left as an exercise. [ |

The values L(1) and H(—1) in the theorem can be freely selected. A
standard selection is L(1) = H(—1) = 1. Then F(1) = G(-1) = 1.
By Theorem 9.4.4, we have the following.

COROLLARY 9.4.1. The pair of filters {h, g} creates an orthonor-

mal filter bank if and only if {h,g} forms a conjugate mirror filter, i.e.
g = ((=1)*hoy_1_4) for an N € Z and

|H(2)]* + [H(=2)]* = L.
Proof. We leave the proof as an exercise. [ |

Although some conjugate mirror filters may not be the masks of or-
thonormal scaling functions and wavelets, most useful conjugate mirror
filters are. A similar conclusion can be obtained for the biorthogonal
case. Hence, the masks of biorthogonal (including orthonormal) scal-
ing functions and wavelets contain the most useful biorthogonal filter
banks. Readers can learn more about filter banks from [28] and [31].

Exercises

1. Let Hy be the moving average filter and H; be the moving differ-
ence filter. That is Hy = 1(I4+S7") and H; = (I - S™"). Use
Definition 9.4.1 to prove that {Hy, H;} create an orthonormal
filter bank.

2. Prove Theorem 9.4.1.

. Prove Theorem 9.4.2.

4. Assume {h,g} creates an orthonormal filter bank. Let h; =
S?*h and g,=S?*g. Prove that {hy, g }rcz forms an orthonormal
basis of {2.

w
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. Prove that the pair {I,S}, where I is the identity filter and S
satisfies

101 2)(1 217+8(1 2)(1 2)S” = L.

. Give an example of an orthonormal filter bank that is not created
by the masks of any orthonormal scaling function and wavelet.
. A signal x = > x(n)d, can be written as x = > x(2n)d2, +
> x(2n+1)82,11, which yields a decomposition of x: x = x.+x,,
where x. = (1 2)(] 2)x and x, = (1 2)(] 2)S"x. We call
this decomposition the polyphase of x. The z-transform of the
polyphase form of x is

X (2) = Xo(22) + 2X,(2%).

Write the coding/decoding procession in the polyphase form.
. Write the conditions of the biorthogonal filter bank in the polyphase
form.
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APPENDIX A

List of Symbols

7 : The set of integers.

Z" : The set of all non-negative numbers.

N : The set of natural numbers.

R : The set of real numbers.

C : The set of complex numbers.

Ro: the class (ring) of intervals (a, d].

Z: the class of all intervals of open, closed, or half-open and half-closed)
of R.

P, the vector space of all polynomials of degree n or less.
P(A) or 24: the power set of A.

AC|a, b]: the class of absolutely continuous functions on [a, b].
Br: the class of Borel sets.

BVa,b]: the class of functions of bounded variation on [a, b].
Cla, b]: the class of continuous functions on [a.b].

fn — f a.e.: f, converges to f almost everywhere.

fn = f: fn converges to f uniformly.

fo 5 f: f. converges to f in measure.

m(E): the Lebesgue measure of set F.

TP(f): the total variation of f on [a, b].

0,-(C): the o-ring generated by the class C.

0,(C): the o-algebra generated by the class C.

M: the class of all Lebesgue measurable sets.

I':={z € C| |z| = 1}: The unit circle on the complex plane.
L? (or L2(R)):= {f | Jg If(2)]*dz < oo}.

171 Cor 1 ee) 2= (fi 1F () ) 72

(f.9) (or (f,9)r2) == [ f(z)g(x)dw.

R

esssup gl f(z), if p = oo.
L (or LP(R)) == {f | |f]lp < oo}

191 = (i pas)
(f.9)r = [y fz)g(z)da.
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Hmm—(wr»ﬂxm@/?

. :=%_Wﬂx
L%m@»:wux> s 2 1l < )
L2 {f] f(@) = f(z + 1), |flls < oo}.

L= {(ea)nez | € €C}.
M:{K%Mﬂwzwﬂmwm<mhlﬁp<m'

P Jen] < 00 p= oo
span V= {>", ., cuvi(x) | (cx) € I, v; € V'}, where

V = {v;,i € Z}, and the series ), _, cxV;(x) is a.e. convergent.
span ;,V :=( span V)N LP.

f(w) : The Fourier transform of the function f defined by

= /R f(z)e ™“dz.

Vv
F(w) : The inverse Fourier transform of I defined by
v 1 ,
F(w) = —/F(w)e”‘“dw.
21 R

F f(w): The normalized Fourier transform defined by

Fflw):= \/%_W/Rf(x)e_m’dx.

F~'F(z) : The normalized inverse Fourier transform defined by

FlFP(x) = \/%_W/RF(w)eiwdw.

f * g(x) The convolution of f and g defined by

f gl (/fx—

Ll ={f|fc€ Lp(a b) for any finite interval (a,b) C R}
ACloc = {f ‘ f fO dt ¢ € Lloc}
Aqm—{feC\ﬂkeAQm0<k<8}

Wi, ={fel?|f=¢ ae ¢ AC 6" e Lr,0<k<r}

WILP; (iw)] = {f € I | (i) f(w) = §(w), g € L7}
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F, set, 49

Gy set, 48

L(E), 67,76

L2, 120, 172

LP 133

L', 160
d-neighborhood, 20
EL', 143
w*-measurable set, 45
o-algebra of sets, 33
o-finite measure, 65
o-ring of sets, 32
W7, 148, 149
12,107, 129, 153
z-transform, 282

Abelian group, 105
absolute continuity

of Lebesgue integrals, 69
absolutely continuous function, 166
algebra of sets, 33
alias cancellation, 319
almost everywhere, 53
analog signal, 289

energy, 290

finite energy, 290

periodic, 290
analysis scaling function, 243
analysis scaling wavelet, 243
Archimedean Axiom, 10
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auto-correlation, 172, 182
Axiom of Choice, 9

Axiom of Completeness, 10
Axioms of Addition, 9
Axioms of Multiplication, 9
Axioms of Order, 9

B-splines, 80
Bézout’s Theorem, 249, 257
Baire space, 26
Banach space, 132
basis, 107
Battle-Lemarié wavelets, 215
Bernstein polynomial, 28
Bernstein Theorem, 13
Bessel’s Inequality, 118
binary operation, 105
binary relation, 7
antisymmetric, 8
reflexive, 8
symmetric, 8
transitivity, 8
biorthogonal MRA, 237
biorthogonal scaling functions, 237
spline, 285
symmetric, 282
biorthogonal wavelet bases, 238
biorthogonal wavelets, 237, 238
spline, 286

Bolzano-Weierstrass Theorem, 26, 132
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Borel sets, 35

Borel-Canteli Lemma, 95

Bounded Convergence Theorem, 64
bounded variation, 147

box function, 192, 267, 279

Cantor diagonalization argument, 15
Cantor set, 25
Carathéodory condition, 44
cardinal B-spline, 215, 259, 274
cardinal number, 12
cardinality, 12

same, 12
cardinality of the continuum, 15
Cartesian product, 8
cascade algorithm, 267, 274, 275

initial function, 267
Cauchy criterion, 28
Cauchy sequence

in a metric space, 29
causal filter, 299
central B-splice, 217
channel

highpass, 316

lowpass, 316
characteristic function, 12, 192
Chebyshev’s Inequality, 70, 98
closed set, 22
compact set, 24
compactly supported function, 185
complete metric space, 29
complex conjugate, 10, 142
conditional probability, 96
conjugate mirror filter, 209
continuity at a point, 22
continuity from above, 38
continuity from below, 38
continuous function

at a point, 6

on a set, 7
continuous signal, 289
Continuum Hypothesis, 15
convergence

almost everywhere, 56

almost surely, 100

in measure, 56

in probability, 100

of order r, 100

uniform

almost everywhere, 56
weak, 100
convergence factor, 165
convergent in mean, 74
convolution, 79, 154, 162
discrete, 298
on L', 164
Convolution Theorem, 154, 175
correlation, 172
countable additivity, 37
countable set, 14
countable subadditivity, 37, 38, 43
counting measure, 38

Daubechies filter, 253
Daubechies scaling function, 258, 275
Daubechies wavelet, 258
de Morgan’s Laws, 3
dense, 26
dense set, 124
density function, 95
differentiable function, 81
digital signal, 289
dimension, 109
Dini derivatives, 81
direct sum, 126
Dirichlet function, 31, 51, 60
Discrete Convolution Theorem, 300
discrete filter
linear phase, 304
discrete measure, 41
discrete probability measure, 41
discrete signal, 289, 295
generalized phase of, 305
phase of, 304
discretization, 291
distance, 19
distribution function, 94
Distribution Law, 9
double integral, 76
Downsampling Shannon Theorem, 315
dual MRA, 237
dual operator, 232
Dual scaling functions, 237
dual scaling functions, 237
dual wavelets, 237
dyadic expansion, 276

Egoroft’s Theorem, 57
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eigenvector, 114

energy, 295

entire function, 185
equivalence class, 11
equivalence relation, 8
Euclidean space, 18

Euler formula, 141

event, 93

extended real numbers, 36

Fast Haar Wavelet Transform, 195
Inverse, 195
fast inverse wavelet transform, 231,
232, 242
fast inverse wavelet transform (FIWT),
229
fast wavelet transform, 231, 232, 242
recovering, 232
fast wavelet transform (FWT), 229
Fatou’s Lemma, 73
field, 105
filter, 297
dual, 304
generalized linear phase, 305
identity, 299
invertible, 306
lowpass, 302
magnitude of, 304
phase of, 304
shift, 299
filter bank, 316
analysis, 316
biorthogonal filter banks, 316
orthonormal, 316
synthesis, 316
finely covered, 82
finite additivity, 37, 38
finite field, 106
Finite Fourier transform, 144
finite impulse response filter, 299
finite measure, 93
finite-measure monotone covering, 66
first category set, 26
first moving average, 162
Fourier analysis, 141
Fourier coefficient
complex Fourier coefficient, 144
real Fourier coefficients, 143
Fourier partial sum, 146

Fourier Series
convergence, 146
Fourier series
Complex Fourier series, 144
real Fourier series, 143
Fourier sum
partial Fourier sum, 153
Fourier transform
inverse, 165
normalized, 166
normalized inverse, 166
on L', 160
on L?, 174
phase, 283
Fourier, Joseph, 141
frequency, 290
circular, 290
frequency bounded signal, 292
frequency domain, 148
function, 5
absolutely continuous, 90
bijective, 6
codomain of, 6
complex valued, 6
composition, 6
convex, 92
domain of, 6
function, 82
increasing, 82
jump, 82
monotone, 82
one-to-one (injective), 6
onto (surjective), 6
range of, 6
real valued, 6
Fundamental Theorem of Finite Di-
mensional Vector Spaces, 110
Fundamental Theorem of Infinite Di-
mensional Vector Spaces, 130

general Parseval formula

Parseval formula, 155
Gibbs’ phenomenon, 148, 189
Gram-Schmidt process, 127
greatest integer function, 53
greatest lower bound, 10
group, 105

Holder’s Inequality, 134, 140
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Haar basis, 193

Haar frequency, 193

Haar function, 192

Haar space, 193

Haar wavelet, 279

Hamel basis, 112

hat function, 267, 274

Hausdorff Maximal Principle, 9

Heine-Borel Theorem, 23, 131

highest frequency, 292

Hilbert space, 119
isomorphism, 130
separable, 129

ideal highpass filter, 303
ideal lowpass filter, 302
image of a set, 6
image of an element, 6
imaginary part, 10, 142
indefinite integral, 90
independent events, 95
infinite impulse response filter, 299
infinite matrix, 131
infinite product, 276
infinite product form, 259
initialization, 226
inner product, 19, 114
inner product space, 114
complete, 119
interior point, 26
interpolating two-scale function, 227
interpolation, 226
interpolation condition, 226
inverse image of a set, 6
iterated integrals, 77

Jensen’s Inequality, 92
joint probability distribution, 96

Kronecker’s symbol, 142

Lagrangian interpolating functions, 227
Laplace transform, 78, 79
Laurent polynomial
reciprocal, 287
Laurent polynomials, 251
least upper bound, 10
Lebesgue Dominated Convergence The-
orem, 70
Lebesgue integrable, 66
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Lebesgue integrable function, 61

with f and f~ integrable, 67

Lebesgue measure, 45
Lemarié-Meyer wavelet, 214

linear approximation of wavelets, 233
linear functional, 138

bounded, 138
norm, 138

linear transformation, 111

Hilbert space to Hilbert space, 131
kernel of, 114

Lipschitz function, 28
local singularity, 234

lower Lebesgue integral, 62
Lusin’s Theorem, 54, 55

Mahler measure, 139
Mallat’s algorithm

decomposition, 232
recovering, 232

Mallat’s algorithms, 229
Mallat’s method, 226
mapping, 5

Markov’s Inequality, 98
mask, 200

measurable function, 50

on R?, 76

measurable space, 93
measure

of an interval, 39
on a ring, 37

measure space

finite, 93

metric, 26

metric space, 26

Minkowski’s Inequality, 133, 140
modulus, 10

monotone class

generated by a set, 35

monotone class of sets, 35
Monotone Convergence Theorem, 72
monotone sequence, 21
monotonicity, 37, 38

moving average filter, 299

moving difference filter, 299

MRA generator, 199

orthonormal, 199

multiresolution analysis (MRA), 199
multiset, 1
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mutually independent events, 95

negative part, 66

no-distortion condition, 319

noise, 290

nonlinear approximation of wavelets,
234

norm, 115

normalization condition, 246

normed linear space, 132

nowhere dense, 26

Nyquist frequency, 294

Nyquist rate, 294

one-to-one correspondence, 6
open ball, 20, 26
open covering, 23
finite covering, 23
subcovering, 23
open rectangle, 20
open set
in a metric space, 26
operator
downsampling, 310
linear, 297
shift, 297
time-delay, 297
time-invariant, 297
upsampling, 310
ordered pairs, 5
orthogonal complement, 124
orthogonal sets, 124
orthogonality, 142
orthonormal set, 126
orthonormal wavelet, 193
orthonormal wavelet basis, 193
outer measure, 43

pairwise independent events, 95
Paley-Wiener-Schwarz Theorem, 246
Parallelogram Law, 120
parallelogram law, 26
Parseval formula, 155
Parseval’s Formula, 175
partial ordering, 8
partition, 7
knots of, 7
partition of an interval, 59
meshsize of, 59

perfect set, 25
phase, 283
generalized linear, 283
linear, 283
Plancherel Theorem, 177
Plancherel’s Theorem, 177
Poisson’s Summation Formula, 179
Poisson’s summation formula, 181, 182
Polarization Identity, 120
polynomial function, 7
positive part, 66
power set, 4
preimage of an element, 6
Principle of Mathematical Induction,
12
probability space, 93
projection, 124
onto a subspace, 126
proper function, 290
pyramid algorithm, 229, 243
decomposition, 232
recovering, 243
Pythagorean Theorem, 117

random variable, 94
continuous, 94
expected value of, 97
standard deviation of, 97
variance of, 97
covariance of, 99
finite valued
expected value of, 97
mean value of, 97
standard deviation, 97
variance, 97
moment of, 97
ransom variable
absolutely continuous, 94
real part, 10, 142
recovering Pyramid Algorithm, 229
recursion algorithm, 270, 275
refinable function, 200
refinement equation, 194, 199
relation, 5
repeated integrals, 77
response, 297
Riemann-Lebesgue Lemma, 146, 151
Riesz basis, 199
Riesz bound, 199



Riesz Lemma, 251
Riesz’s Theorem, 57
ring of sets, 32

sample space, 93
sampling, 291
lossless, 291
lossy, 291
over-sampled, 291
sampling data, 291
sampling period, 291
sampling rate, 291
under-sampled, 291
well sampled, 291
scaling function, 200
orthonormal, 200
Schauder basis, 112
Schwarz Inequality, 19, 135
Schwarz’s Inequality, 115
second category set, 26

semi-orthogonal scaling functions, 241
semi-orthogonal wavelets, 241

sequence
antisymmetric, 287
Cauchy, 20, 119
Cauchy in measure, 57
cluster point of, 22
convergent, 20, 119
limit, 20
of sets, 3
decreasing, 3
increasing, 3
limit, 4
limit inferior, 4
limit superior, 3
subsequence, 20
uniformly convergent, 28
series

absolutely summable, 135

partial sum, 135
summable, 135
set, 1

accumulation point of, 21

bounded, 20
closed, 22
closure of, 21
complement, 3
diameter, 20
difference, 2

A. INDEX

element of, 1
empty, 2
indexing, 2
intersection, 2
isolated points of, 21
lower bound, 8
maximal element, 8
minimal element, 8
open in R" 22
proper subset of, 2
smallest element, 8
subset of, 2
union, 2
universal, 3
upper bound, 8
sets
Cartesian product of, 5
cross product of, 5
disjoint, 2
relative complement, 2
symmetric difference of, 2
Shannon Sampling Theorem, 293
Shannon scaling function, 281, 309
Shannon wavelet, 214, 309
shift invariant subspace, 291
signal, 289
discrete, 295
finite, 295
finite energy, 295
polyphase of, 321
simple function, 53
smaller order, 149
smoothness, 148, 149
spatial domain, 148
spline, 7
splitting condition, 44
stable condition, 199
stable function, 199
standard basis, 126
standard basis of F™, 111
step function, 28, 59
Strong Law of Large Numbers, 103
subfield, 106
subgroup, 105
sum rule, 247
superable metric space, 29
support, 184
symbol, 200
symmetric function, 282
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symmetric sequence, 282 Zorn’s Lemma, 9, 17
synthesis scaling function, 243
synthesis scaling wavelet, 243

time domain, 148
time-frequency atom, 315
Toeplitz matrix, 300

total ordering, 8
transaction operator, 267
translation invariance, 37
triangle inequality, 19, 116
trigonometric polynomial, 142
trigonometric series, 142
two-channel coding, 311
two-scale equation, 194, 199
two-scale relation, 194

unconditional basis, 199
uniformly continuous, 28
unit impulse, 297

unit partition, 247

upper Lebesgue integral, 62

variation
bounded, 86
total, 86

vector
linear combination, 107
linearly independent set of, 107
normalized, 117
orthogonal, 117
orthonormal collection of, 117
span of a set of, 107

vector space, 106
finite dimensional, 107
intersection of, 114
isomorphic, 110

Vitali cover, 82

Vitali’s Covering Theorem, 82

wavelet, 194

wavelet packet, 276

Weak Law of Large Numbers, 102
Well Ordering Principle, 9

well ordering relation, 8

z-transform, 295
Fourier form of, 295
math reduced notation, 295
symbol, 295
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