ASSESSMENT IN
THE MATHEMATICS
CLASSROOM

Yearbook 2011

Association of Mathematics Educators



This page intentionally left blank



ASSESSMENT IN
THE MATHEMATICS
CLASSROOM
Yearbook 2011

Association of Mathematics Educators

editors
Berinderjeet Kaur
Wong Khoon Yoong

National Institute of Education, Singapore

\\:e World Scientific



Published by

World Scientific Publishing Co. Pte. Ltd.

5 Toh Tuck Link, Singapore 596224

USA office: 27 Warren Street, Suite 401-402, Hackensack, NJ 07601
UK office: 57 Shelton Street, Covent Garden, London WC2H 9HE

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library.

ASSESSMENT IN THE MATHEMATICS CLASSROOM
Y earbook 2011, Association of Mathematics Educators
Copyright © 2011 by World Scientific Publishing Co. Pte. Ltd.

All rights reserved. This book, or parts thereof, may not be reproduced in any form or by any means,
electronic or mechanical, including photocopying, recording or any information storage and retrieval
system now known or to be invented, without written permission from the Publisher.

For photocopying of material in this volume, please pay a copying fee through the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, USA. In this case permission to
photocopy is not required from the publisher.

ISBN-13 978-981-4360-97-5
ISBN-10 981-4360-97-X

Printed in Singapore.



Contents

Chapter 1 Introduction: Assessment Matters 1
WONG Khoon Yoong
Berinderjeet KAUR

Chapter 2 Using a Multi-Dimensional Approach to 17

Understanding to Assess Students’
Mathematical Knowledge

Denisse R. THOMPSON
Berinderjeet KAUR

Chapter 3 Assessing Problem Solving in the Mathematics 33
Curriculum: A New Approach
TOH Tin Lam
QUEK Khiok Seng
LEONG Yew Hoong
Jaguthsing DINDYAL
TAY Eng Guan

Chapter 4 Assessing Conceptual Understanding in 67
Mathematics with Concept Mapping
JIN Haiyue
WONG Khoon Yoong

Chapter 5 Using Journal Writing to Empower Learning 91
Berinderjeet KAUR
CHAN Chun Ming Eric

Chapter 6 Implementing Alternative Assessment in the 113
Lower Primary Mathematics Classroom
YEO Kai Kow Joseph



vi

Chapter 7

Chapter 8

Chapter 9

Chapter 10

Chapter 11

Chapter 12

Chapter 13

Assessment in the Mathematics Classroom

Open-Ended Tasks and Assessment:
The Nettle or the Rose
David J. CLARKE

Using ICT to Improve Assessment
Marja van den HEUVEL-PANHUIZEN
Angeliki KOLOVOU

Marjolijn PELTENBURG

The Assessment for, of and as Learning
in Mathematics: The Application of SLOA
Magdalena Mo Ching MOK

Building Bridges Between Large-Scale External
Assessment and Mathematics Classrooms:

A Japanese Perspective

Yoshinori SHIMIZU

Errors in Mathematics Assessment Items
Written by Pre-Service Teachers
Jaguthsing DINDYAL

Affective Assessment in the Mathematics
Classroom: A Quick Start

TAY Eng Guan

QUEK Khiok Seng

TOH Tin Lam

Implementing Self-Assessment to Develop
Reflective Teaching and Learning in Mathematics
Lianghuo FAN

Contributing Authors

131

165

187

217

237

257

275



Chapter 1

Introduction: Assessment Matters
WONG Khoon Yoong  Berinderjeet KAUR

This introductory chapter provides an overview of the subsequent
chapters and relates them to significant issues about assessment in
mathematics education relevant to Singapore and other countries. It
ends with a set of reflective questions that teachers might think
about while reading the chapters and thinking about making
changes to their practices and beliefs about assessment.

1 Why a Yearbook on Assessment?

Ordinary yearbooks, also called annuals, normally report significant
events and statistics about the past year, but academic or scholarly
yearbooks in education tend to be issue-based. These issues may or may
not reflect discussion that has taken over the past year by members of
that scholarly community, yet the issue is important enough for the
community to produce a timely collection of articles to address the issue
in depth. One of the longest running education yearbooks is the Yearbook
of the National Society for the Study of Education (NSSE)', which began
publishing in 1901 and is now published under Teachers College,
Columbia University. Its 2007 yearbook is entitled “Evidence and
Decision Making” and it focuses on the roles that education professionals,
including researchers, teachers, and administrators, can play “in
constructing, interpreting, and using evidence to make decisions that
support learning” (Moss and Piety, 2007, p.2), referring also to the

! http://nsse-chicago.org/ Yearbooks.asp



2 Assessment in the Mathematics Classroom

“data-driven” movement. In mathematics education, the National
Council of Teachers of Mathematics (NCTM) has published yearbooks
since 1926, and the purpose is to “focus concerted attention on timely
issues by viewing them in depth, from multiple perspectives, through
interdisciplinary lenses, and across different grade bands™?. Its latest, the
72nd yearbook published in 2010, is about mathematics curriculum, but
its chapter 6, by Peter Kloosterman and Crystal Walcott, is an example of
using national assessment in the United States to investigate the link
between what we teach and what the students learn. The NCTM’s 1993
yearbook was on assessment in the mathematics classroom, and this
might have laid the groundwork for the assessment standards announced
two years later (National Council of Teachers of Mathematics, 1995).

The Association of Mathematics Educators has followed this trend
of producing yearbooks based on major issues of interest to the
Singapore teachers and educators. The first two yearbooks were about
Mathematical Problem Solving (2009) and Mathematical Applications
and Modelling (2010). This yearbook, the third one in the series, focuses
on assessment. This theme follows naturally from the earlier two
volumes because, having implemented problem solving, applications,
and modelling in the classrooms, the teachers should then focus on
assessing how well these attempts have been successful in improving
mathematics learning for the students. Furthermore, there is a need to
encourage teachers to include assessment of non-cognitive attributes and
to use techniques in addition to standard paper-and-pencil tests that focus
on typical problems. In fact, the first Mathematics Teachers’ Conference
organised by the Association in 2005 was on assessment, and this
yearbook can be considered an update on the same theme. In his keynote
address delivered at that conference, Professor David Clarke discussed
how international educators could implement assessment in many
different ways to serve common visions. Readers will be pleased to read
his chapter (7) to find out his latest view about the advantages and
disadvantages of using open-ended tasks in mathematics assessment, six
years after his earlier address.

% http://www.nctm.org/catalog/productsview.aspx ?id=98



Introduction: Assessment Matters 3

The authors of the 12 peer-reviewed chapters have been asked to
focus on evidence-based practices that school teachers can experiment in
their lessons to bring about meaningful learning outcomes. These
chapters are organised into two major sections covering assessment in
the cognitive and affective domains. Most of the authors explain practical
ideas that the teachers can implement in their classrooms, but they also
point to existing research of their own or in the literature to support these
practices. Many examples are instructive, some are promising, while
others hold potentials that need to be further developed and investigated.
Our task here is to provide a roadmap to the chapters by briefly
summarising the main points of the chapters and using them to raise
related assessment issues not covered by the authors. This will widen the
scope of coverage and analysis, hopefully to stimulate the readers to
ponder and to form discussion groups to explore important issues based
on the authors’” work. Of course, the readers can choose to start with any
chapter they are particularly interested in.

A recurring theme in most chapters is the widely circulated notions
of formative assessment and assessment for learning. Michael Scriven
(1967) was credited as the first educator to distinguish between formative
evaluation and summative evaluation (some writers use assessment and
evaluation interchangeably, while others distinguish between them),
when he was focusing on evaluation of curriculum materials. The
theoretical conception of formative assessment is further developed by
Sadler (1989, 1998) and others. The evidence for formative assessment
becomes well established through the comprehensive and widely cited
review by Black and Wiliam (1998), and their Inside the Black Box series.
Wiliam (2007) provides an updated review specially for mathematics
assessment. According to Popham’s levels of implementing formative
assessment (2009), teachers who make instructional adjustments after
examining assessment-elicited evidence are at level 1, and teachers who
train students to adjust their learning tactic after obtaining assessment
results are at level 2. These and similar writings have led to the approach
called assessment for learning (shortened to AfL or A4L in some writings).
An internal review report about assessment by the Singapore Ministry of
Education (MOE) in 2009 calls for a balance between assessment of
learning with assessment for learning and points out the need to raise



4 Assessment in the Mathematics Classroom

assessment literacy of its teachers and education officers. In the
following sections, we will indicate how the chapters may contribute
toward this important assessment goal.

2 Assessment of Mathematics Cognitive Domain

The mathematics cognitive domain, as for all other school subjects, is
multi-dimensional. Mathematics understanding is a term widely used in
a vague and generic sense to refer to what students know about a piece of
mathematics, including the skill or procedure component. When students
make some mistakes in carrying out a procedure, teachers often claim
that they have not understood the mathematics, failing to explicate what
this means as well as confounding the distinctions between concepts
and skills. This vagueness poses some problems for valid assessment of
mathematical understanding. This has been a controversial issue at least
since the publication of the original taxonomy of cognitive domain by
Bloom (1956), but in mathematics education, the nature of mathematical
understanding has been subject to extensive analysis, for example, it has
been classified as instrumental and relational understanding, know what,
know how, and know why, and other possibilities (e.g., Schoenfeld,
2008; Sierpinska, 1994; Skemp, 1979; Wong, 1985). In chapter 2,
Thompson and Kaur propose the SPUR approach to unpack the
multi-dimensions of understanding by focusing on Skills, Properties,
Uses, and Representations. They provide examples of SPUR at the
primary and secondary level, and teachers may be able to design similar
tasks “to help students develop a well-rounded and balanced view of a
given topic” (p. 25). The authors then report the results of a comparative
study called the International Project on Mathematical Attainment
(IPMA) of a sample of Singapore and US primary school pupils in these
four dimensions by topics (Number, Algebra, Measurement, Geometry,
Data/Chance). The relatively few items in IPMA covering Properties
and Uses suggest that it is harder to design such items compared to
Skills and Representations. This highlights an important area for
teacher professional development. Thus, their chapter contributes to the
ongoing discourse about the nature of understanding, an ubiquitous and
all-embracing construct.
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Problem solving has been the central focus of the Singapore
mathematics curriculum framework since the early 1990s, and since then
more than 60 local studies have been conducted about this important
area, some of which were reviewed by Foong (2009). What will be of
particular interest to teachers are new ways teach and assess
mathematical problem solving. Toh, Quek, Leong, Dindyal, and Tay, in
chapter 3, introduce their so-called “mathematical practical worksheet”
as both a learning and an assessment instrument. This worksheet covers
the four stages based on the influential work of Polya and Schoenfeld:
understand the problem; devise a plan; carry out the plan; check and
expand. A rubric is provided to score student work at each of these stages
by levels, and students are made aware of these assessment criteria. Two
student examples are discussed, one a high-achieving student while the
other a “non-believer” in problem solving. Extensive transcripts of the
interviews with these two students are used to interpret the stages of
problem solving. They conclude from their research with 24 Year 8
students that this worksheet approach is a promising one, stressing the
need to make the problem solving process and the assessment criteria
transparent to the students. Indeed, knowledge of assessment criteria is
one way to include students in the assessment process called
self-assessment, but to strengthen this approach, teachers and students
should discuss their interpretations of the criteria because it cannot be
assumed that both parties will interpret the criteria in the same way.

Conceptual understanding is a critically important outcome, without
which students are likely to resort to memorising procedures in a
mechanical and meaningless fashion. To advance in mathematics
learning, students need to know the inter-relationships of key concepts,
for example, an equation is built from expressions, and it leads to types
such as linear equations, quadratic equations and so on, satisfying the
central concept that its solutions are values that make the equation into a
true statement. However, typical paper-and-pencil mathematics tests
designed by school teachers and used in public examinations in
Singapore concentrate on solving routine and non-familiar problems.
These mathematics tests rarely include assessment of conceptual links. In
chapter 4, Jin and Wong argue that it is important to assess conceptual
understanding, and they describe how this can be achieved using concept
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map, which has strong research support and extensive practical
exemplars in science education. They describe in detail a training
programme to help teachers prepare their students to use concept
mapping in learning and three types of concept mapping tasks that can
be used for assessment: fill-in-the-map, semi-directed concept mapping,
and free-style mapping. Several examples from elementary algebra and
geometry are given, and simple methods to assess the links across
concepts are discussed. Since it is time-consuming to learn and assess
concept maps, teachers who intend to use this technique will be better
served if they think about using concept mapping as both assessment of
learning (with scoring as illustrated in the chapter) and assessment as
learning (students strengthen their conceptual understanding as they
think deeper about the concepts when they try to produce the concept
maps).

Besides paper-and-pencil tests, teachers should acquire other types of
evidence about students’ mastery of mathematical contents, processes,
and applications. Two chapters describe several so-called alternative
assessment methods, which could be better called additional assessment
modes because they are unlikely to replace the traditional problem
solving tests.

First, Kaur and Chan in chapter 5 describe student journal writing as
a complementary source of evidence. They provide a set of prompts for
cognitive as well as affective outcomes. Examples of student work cover
shapes, area and perimeter, and factors and multiples. An analytic scoring
rubric and a holistic scoring rubric are described for the cognitive items,
whereas journal writing about affect does not need to be graded. The
authors briefly caution teachers about four potential pitfalls if this
technique is used mindlessly: hurt students’ feelings, loss of instructional
time, increase in marking workload for the teachers, and deciding to
grade mathematics contents or language. In fact, the advantages of such
journal writing can be strengthened if timely and specific feedback can
be given to the students. To enhance their own assessment literacy,
teachers might wish to form discussion groups to design a feedback
system for the samples included in this chapter. A pragmatic feedback
technique is to give only written comments. Indeed, research has shown
that giving only written comments may lead to higher achievement than
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giving grades or giving grades with comments, this last finding is really
surprising and counter-intuitive (see Wiliam, 2007).

Second, Yeo in chapter 6 describes four types of additional
assessment methods for lower primary classes: practical tests, oral
presentation, journal writing, and open-ended tasks. Instructions are
given, but teachers need to experiment with these tasks in their classes
and reflect on how well they fit into the recently implemented “holistic
assessment” for Singapore primary schools, recommended by the
Primary Education Review and Implementation (PERI) Committee and
first piloted with 16 PERI Holistic Assessment Prototype (or HAPpe)
schools from July 2009°. A range of “bite-sized” forms of assessment are
to be used to replace end-of-year examinations after 2013, and these
class tests or quizzes might include the four types enunciated in this
chapter. Indeed, the teachers have to know how to use the different
evidences gathered from these assessment modes in order to plan
engaging lessons to help their pupils learn better.

We wish to comment briefly on the use of rubrics to assess
mathematical knowledge. In 2004, the Ministry of Education launched
the SAIL (Strategies for Active and Independent Learning) project.
It is an instructional approach in which students are made aware
of the expectations of learning a topic in terms of how learning tasks
are to be assessed based on a rubric. For mathematics, the assessment
rubric covers the first four criteria for primary schools and all five
for lower secondary level: Approach and Reasoning; Solution;
Overall Presentation; Connections; Mathematical Language and/or
Representation. Each criterion is to be assessed from Level 1 to Level 4,
and the resulting assessment matrix of Criteria x Levels will provide a
comprehensive map of student learning outcome. This assessment tool is
supposed to promote “a learning environment that is characterised by
learner-centred processes, dynamic classroom talk, and differentiated
learning” (Ministry of Education, Singapore, 2004, p.15). This SAIL
framework and the rubrics designed by the above authors should provide

3 http://www.moe.gov.sg/media/speeches/2010/07/13/peri-holistic-assessment-seminar-
2010.php
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good examples for teachers who plan to use a similar technique in their
teaching.

The earlier chapters have explicitly or implicitly touched on the
openness of some mathematics assessment tasks, and it is necessary to
subject this construct to serious analysis. Clarke, in chapter 7, has most
thoroughly accomplished this by discussing the positive and negative
reasons about the use of open-ended tasks to assess student mathematics
learning. He wurges teachers, schools, and school systems to
systematically consider these “answers” when they develop assessment
schemes for their students. He highlights three challenges: identify
criteria used to select open-ended tasks (he has given several examples),
train and support teachers and students in using these tasks, and find
constructive ways to make good use of the data. In order to tackle these
challenges, all the participants in this complex assessment endeavour
must boldly grasp the nettle, as his title suggests, for it is only when steps
are taken boldly, firmly, and immediately that there are good chances of
success.

Over the past three decades, advances in computer technologies and
software coupled with large-scale assessments and accountability
requirements in some countries have led to the development of
technology-based tools to collect, manage, and use assessment data to
inform instruction (Haertel, Means and Penuel, 2007). In chapter 8, van
den Heuvel-Panhuizen, Kolovou, and Peltenburg describe three ways to
use ICT to promote better assessment of student learning: (a) use tasks of
high mathematical demand and complexity, (b) make tasks more
accessible to students so that there is better opportunity for them to
demonstrate what they know, and (c) track students’ thinking and
solution processes, using the novel approach of screen video and log files
of student activities. Their examples are truly inspiring, but it requires a
strong team of members with different expertise to create similar
examples and analysis tools. Hopefully in the not too distant future,
similar projects can be carried out in Singapore, with collaboration
among the Educational Technology Division of the MOE, NIE, and the
schools.

For the past two years, the MOE has articulated the C2015 Student
Outcome framework, under which students are expected to become
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self-directed learners, confident persons, active contributors, and
concerned citizens. Teachers are tasked to provide the environments and
tools, in particular ICT ones, to promote self-directed learning among
their students. Thus, there is also a need to develop assessment schemes
to evaluate the success or otherwise of this kind of learning. We are
indeed fortunate to have in this book a substantial chapter 9 contributed
by Mok on her comprehensive project called Self-directed Learning
Oriented Assessment (SLOA), which has been successfully implemented
in about 130 schools in Hong Kong, Macau, and China. This extensive
project covers the three aspects of assessment: of learning, for learning,
and as learning, and the potentials for self-directed learning can be
induced in all three aspects, in particular the as learning notion, in the
form of a learning goal. The main bulk of the chapter is on assessment
for learning. Her project involves creating tens of thousands of items that
match the national mathematics curriculum in Hong Kong and analysing
them with sophisticated techniques. Two analyses are explained:
item-person maps obtained from the Rasch model that can be used to
identify a student’s zone of proximal development, and the
student-problem charts used to identify anomalies in responses among a
group of students. Teachers first need to learn how to interpret student
results reported using these two techniques and then how to generate
similar results from their own tests and students. Needless to say,
ordinary teachers are unlikely to be able to carry out such an intricate
assessment mode on their own, so a whole school approach that includes
external experts is required, as Mok has stressed the SLOA school
culture in her chapter. Readers who wish to learn more about SLOA
should consult Mok’s latest book (2010).

Public examinations have been the stable feature of the Singapore
education system, since all students have to take them at the end of their
primary and secondary education. However, not all Japanese students
have to take national examinations in Mathematics as in Singapore, and
in the past years only samples of Japanese students at different grades
take large-scale examinations. Chapter 10 by Shimizu explains this
Japanese experience. He focuses on the framework and sample items
taken from the National Assessment of Academic Ability and Learning
Environments, conducted for the first time in April 2007 for only grades
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6 and 9 students. Of particular interest are the use of real-world contexts
(students are required to think about numbers and figures when they
observe things in their surroundings) and the ability to explain their
observations, solution methods, and reasoning (including proofs) in the
open-construction tasks. To help teachers become more familiar with
these new tasks, the Japanese Ministry of Education, Culture, Sports,
Science and Technology has circulated leaflets about the items to the
schools. It also provides sample lesson plans to show teachers how to use
data from this large-scale assessment to move students’ thinking forward,
in an effort to bridge the gap between large-scale external assessment
and the classroom practices. This approach to use student results as
assessment for learning carried out at the national level, albeit in a
“delayed” rather than immediate way, is a model worthy of emulation.
This can be taken as an example of what Clarke refers to as a “social
contract” in which the assessing body (usually the assessment section of
the ministry) provides teachers with support and guidance to use quality
assessment data to improve teaching. In Singapore, there must be huge
amount of data about student mathematics performance in public
examinations over the past several decades, but we do not know of any
attempt to share the data with school teachers and to suggest classroom
lessons that can improve student learning. This social contract needs to
be looked into.

The quality of assessment of mathematics contents depends on the
validity of the items, irrespective whether these are designed by the
teachers or examination boards. It is at the pre-service training stage that
future teachers learn to construct valid items. Pre-service teachers must
be strong in mathematical content knowledge so that they can construct
items that are error-free. Dindyal in chapter 11 compiles a set of errors
made by pre-service teachers at the NIE and relates those errors to
language, mathematics content, diagrams, and contexts (or problem
situations). These errors are handy signposts to remind teachers to be
more careful when they design similar items for their own use, because
poorly constructed items can lead to wrong assessment of what students
actually know and can do. Indeed, the ability to design traditional
construct-response or select-response mathematics items is a skill to be
developed over a considerable period of time, and one effective way is
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for teachers to critique items created by colleagues within a supportive
working environment.

3 Assessment of Mathematics Affective Domain

There are only two chapters about assessing students’ mathematics
affective attributes or outcomes. However, this should not be taken as
indicating that student attitudes, motivations, efficacy, and similar
attributes are not important. Indeed, the Singapore mathematics
curriculum framework has included Attitudes as one of the five key
factors to help students become successful problem solvers. The
framework specifically lists these five attributes as desirable: beliefs,
interest, appreciation, confidence, and perseverance. It calls on
mathematics teachers to design learning activities that are fun,
meaningful, relevant, and likely to help build confidence in the students.
The two chapters here will provide different ways that teachers can use
to measure these student attributes.

This section begins with a succinct summary (or a “quick start”) of
affective assessment by Tay, Quek, and Toh in chapter 12. After arguing
for the inclusion of affective assessment in the mathematics classrooms,
they describe with examples three modes of assessment: summated scale,
interest inventory, and semantic differential. Although they agree with
Popham (2009) that valid affective assessment should be about the whole
class rather than individual students, part of the reasons being that
current affective assessment tools are not sufficiently accurate to measure
attributes of individual students, this is not what most teachers and
researchers do. Teachers wish to know something about individual
students so that they can provide encouragement, feedback, and
follow-up activities targeted to the individuals. On the other hand,
researchers are interested to study the relationships between cognition
and affect, and this kind of correlation studies require matching data
collected about individual students. This is an issue that teachers need to
ponder over, especially after they have gained some experience in using
the techniques described by these authors.

To help teachers include self-assessment into the learning of
mathematics, Fan begins chapter 13 by linking self-assessment to
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metacognition in the Singapore mathematics curriculum framework
and then provides examples of worksheets to cover structured self-
assessment, integrated self-assessment, and instructional self-assessment.
He refers the readers to his research about self-assessment conducted
under the Mathematics Assessment Project (MAP) around 2006.

Other than these two chapters, earlier chapters on student journal
writing and reflection sheets with prompts can be readily modified to
capture evidence about affective learning in addition to cognitive
outcomes. The examples are currently based on hand-written responses.
However, as more and more students grow up as digital natives, it is
necessary for teachers to experiment with Web 2.0 tools such as blogs
and RSS (Really Simple Syndication) readers as medium to deliver,
accept, manage, and evaluate student journal entries and responses to
checklists (Marino and Angotti, 2011). Teachers who have gained
experience in this area are welcome to contribute papers for The
Mathematics Educator and the Maths Buzz.

4 No “Final” Words: A list of Questions

Years of policy decisions, school practices, and research about
assessment have generated a large corpus of knowledge all over world
that teachers can tap into to guide their practices. However, many
questions remain unresolved, not because of lack of attention; but rather
it is the complexity of human learning and teaching and the ever
increasing changes in society that have had unpredictable impacts on
school practices. Below are some questions about assessment that we
think teachers may consider when they develop their assessment literacy,
make decisions about changes to their assessment practices, and conduct
classroom research as part of their professional development. Some
tentative “answers” may be found in the subsequent chapters!

1. When teachers are advised to adopt a new assessment mode and
technique, they should ask themselves some searching questions. Why
do we want to adopt this technique? Is it to replace or to supplement
current assessment practices? Does it fit into a coherent assessment
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scheme that aligns with school priorities and the national curriculum?
How much time and effort is required to master the technique so that
it can be used as part of daily instruction rather than infrequently, say
once a term?

2. If a new technique is to be implemented as assessment of learning,
will the grading be valid, reliable, fair, and easy to use? What
additional dimensions of cognition or affect can it assess? How can
different assessment results be used to map student’s progress through
the grade levels and in specific mathematics contents?

3. If a new technique is to be implemented as assessment for learning,
does it enhance or hinder students’ opportunities to learn
mathematics? What follow-up activities are appropriate for different
types of responses?

4. “Teaching to the test” or “what are tested will be taught” is a common
phenomenon all over the world including Singapore. This is often
seen in the practices where teachers let students practise typical
questions that appear in high-stake public examinations. Are there
strong theoretical reasons and empirical data to support or to reject
this approach? To what extent do you subscribe to this claim in beliefs
and practices?

5. What kind of professional training and support do teachers need to be
able to implement the new technique with confidence?

6. What additional demands are placed on the students? What do they
gain by being assessed using a new technique? What will they lose?

7. Will the inclusion of additional assessment data be used to evaluate
teacher’s instructional quality and effectiveness?

Sufficient details must be given to guide teachers toward how to
implement a new assessment technique; see examples in Ellis and
Denton (2010). Implementing even one or two techniques discussed in
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the following chapters can be quite overwhelming for the busy teachers.
The challenge at the systemic level is for the assessment agency to plan
several coherent assessment schemes that teachers can adapt, and study
their efficacy. While it is understandable that advocates of new
techniques are keen to highlight the benefits of innovations, educators
should strive to present a “balanced” summary of what works and what
does not work, and under what conditions. Currently innovative or
alternative assessments have weak research support in Singapore because
many of them are implemented infrequently for various reasons. These
techniques should be implemented frequently enough to have good
chances for them to work in concert to realise new curriculum goals.
More well-designed studies are needed.

We leave it to the readers to use the chapters as starting points to
reflect on their own practices and to engage colleagues and external
experts in conversations about how they might improve their assessment
literacy and practices within a professional learning community (PLC),
which is strongly advocated by the MOE. We hope that this book will
play a significant role in informing teachers so that their practices can be
enhanced for the benefits of their students.
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Chapter 2

Using a Multi-Dimensional Approach to
Understanding to Assess Students’
Mathematical Knowledge

Denisse R. THOMPSON  Berinderjeet KAUR

Many educators around the world have called for curriculum and
teaching that aim for a balanced perspective on procedural fluency
as well as conceptual understanding. Assessment also needs to
emphasize this balance. In this chapter, we advocate for a multi-
dimensional approach to assessing students’ understanding of
mathematics, specifically their ability with skills, mathematical
properties, uses or applications of mathematics, and representations
of the concepts. We argue that each dimension provides different
insight into students’ understanding. We also share assessment
results from the United States and Singapore, illustrating that
overall scores often mask differences in achievement that are
essential for teachers to understand if they are going to design
instructional activities that will help students develop their
maximum mathematical potential.

1 Introduction

Before reading this chapter further, reflect on the following:

17
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You are trying to assess your students’ understanding of decimals. Which of the
following questions would you consider appropriate for your students? Why? What
do you learn from one question that you might not learn from another?

e Simplify: 3.28 x 0.5.

e If 3.28 is multiplied by a number between 0 and 1, is the product greater than,

less than, or equal to 3.28? How do you know?

e If fruit costs $3.28 per kilogram, how much should you pay for 0.5 kilogram?

® Where should you place 3.28 on the following number line?

1 i i
0 1 2 3 4

We suggest that each of the previous questions is an appropriate
assessment item for teachers to use when students are studying decimals.
Each provides different insight into what students know about the
concept. Together, they provide a more robust view of students’ depth of
understanding than would be obtained from an individual item. For
instance, what should teachers make of students who can complete the
computation in the first bulleted item but cannot complete the same
computation in the contextual setting of the third item? Likewise,
students who are not able to answer the second bulleted item are often
hindered in their ability to assess whether an answer to a computation,
such as that in the first bullet, makes sense. By looking at students’
achievement across the four items, teachers get a glimpse into potential
misconceptions that students have which may influence their ability to
delve deeply into mathematics.

The multi-dimensional view of understanding illustrated by the
previous four items is what we call the SPUR approach, for skills,
properties, uses, and representations. Each of the previous questions fits
one of these dimensions. In the remainder of this chapter, we provide a
brief theoretical and philosophical perspective for the SPUR approach,
share more examples of items using this approach at both the primary
and secondary levels, and illustrate some assessment data from the
United States and Singapore that suggest a need to analyze assessment
data according to these dimensions to understand students’ depth of
knowledge.
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2 Why Consider a Multi-Dimensional Approach to Understanding?

Many mathematics educators have recognized the importance of
using multiple perspectives to assess the learning of mathematics
content. For instance, Freudenthal (1983) considered the different ways
in which a topic might be used and how those different perspectives lead
to different understandings. In a synthesis of research about children’s
understanding of mathematics in the United States, Kilpatrick, Swafford,
and Findell (National Research Council, 2001) defined mathematical
proficiency as a tree consisting of five intertwined strands: procedural
fluency, adaptive reasoning, conceptual understanding, productive
disposition, and strategic competence. These strands are interconnected
and interdependent, with students needing to develop competence in all
five strands concurrently to have a robust understanding of mathematics.
Similarly, Krutetskii (1976) showed that, at least among gifted students
of mathematics, some students regularly use algebraic or analytic
approaches to solve problems, while others use geometric or spatial
approaches.

The views espoused by these educators are also reflected in
curriculum recommendations in various countries. For instance, in the
United States, the Principles and Standards for School Mathematics
(National Council of Teachers of Mathematics [NCTM], 2000), which
has guided the development of curriculum materials and state curriculum
frameworks, outlines a vision for mathematics for students in grades
preK-12. In particular, the standards documents emphasize the
importance of a balanced perspective relative to procedural fluency and
conceptual understanding. Likewise, curriculum recommendations in
Singapore too have emphasized the development of mathematical skills,
concepts, and processes (see Figure 1) essential in the learning and
application of mathematics (Ministry of Education, 2006a and 2006b).

Given these recommendations, curriculum materials that use a multi-
dimensional perspective present a balanced view of mathematics that
accommodates classrooms with a range of students having different
mathematical strengths and learning styles. If teaching materials reflect a
multi-dimensional perspective, then assessment needs to reflect this
perspective as well in order for teaching and assessment to align.
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Figure 1. Framework of the school mathematics curriculum

3 What is the SPUR Approach?

One approach to a multi-dimensional perspective on understanding is
known by the acronym SPUR for Skills, Properties, Uses,
Representations (Thompson and Senk, 2008; Usiskin, 2003 and 2007). In
particular,

Skills represent those procedures that students should master
with fluency; they range from applications of standard
algorithms to the selection and comparison of algorithms to the
discovery or invention of algorithms, including procedures with
technology. Properties are the principles underlying the
mathematics, ranging from the naming of properties used to
justify conclusions to derivations and proofs. Uses are the
applications of the concepts to the real world or to other concepts
in mathematics and range from routine “word problems” to the
development and use of mathematical models. Representations
are graphs, pictures, and other visual depictions of the concepts,
including standard representations of concepts and relations to

and
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the discovery of new ways to represent concepts. (Thompson and
Senk, 2008, p.2)

We believe that students who have a robust understanding of
mathematics should possess understanding in each of the dimensions,
Skills, Properties, Uses and Representations.

Although originally used in developing curriculum materials in the
United States, SPUR can be a powerful tool for assessment as well.
If assessments consistently measure students’ achievement in only
one dimension, then teachers may have a misconceived view of
their students’ understanding. In contrast, if assessments measure
understanding in all four dimensions, teachers can gain insights into
strengths and weaknesses in their students’ knowledge of the concept
that can be used to guide further instructional planning.

3.1 Examples of SPUR at the primary level

Consider the topic of Number, specifically fractions, which is commonly
studied in the upper primary grades in many countries. Certainly teachers
want students to develop proficiency with computations involving
fractions. But if students are only able to compute and are not able to
discuss properties related to fraction computation or use fractions in real
contexts or provide visual models of fraction operations, then we would
argue that their understanding is limited. Students who can view a topic
from different perspectives typically have a wider repertoire of strategies
at their disposal from which to draw when solving a problem.

Here is a typical fraction division task that teachers might expect
students to solve with fluency:

e Simplify: 2.1

3 6
But just because students can simplify the given problem using an
algorithm does not mean that they have a robust understanding of
division with fractions. To assess that more robust understanding,

additional information is needed.
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What are some of the underlying principles you would want students
to know about fraction division? These principles form the basis of items
focusing on the dimension of Properties. For instance, the following
principles might be ones that teachers would want students to understand
and/or recognize, even though primary students might not be expected to
make such statements:

(1) dividing by a number between 0 and 1 results in a quotient that is
larger than the dividend;

(2) the smaller the divisor for a given dividend, the larger the
quotient;

(3) the larger the divisor for a given dividend, the smaller the
quotient;

(4) division by 0 is undefined.

So, for these principles, we might construct the following items to
assess Properties.

e  Without actually dividing, which result is larger? Explain how
you know.

e Describe what happens to the result of %+ n as n becomes a

larger and larger number.

Now think about the dimension of Uses. Do students have a good
sense of when fraction division is needed? Can students use fraction
division appropriately to solve application problems? Can students create
their own problems where fraction division might be needed? These
questions might lead to the following assessment items in the dimension
of Uses.
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e Balpreet has 1% cups of rice. She uses 1 cup for each serving.
3

6
How many servings does she have?

e Make up a real-world problem for which 1% + % would be used
to solve the problem.

Finally, think about the dimension of Representations. What are the
visual images related to fraction division that you want students to have?
Should they be able to illustrate a division problem with a diagram?
Should they be able to use manipulatives to illustrate the computation?
These ideas provide a basis for constructing assessment items in the
dimension of Representations.

e Draw a diagram to illustrate the meaning of 1% + % )

Each of the items illustrated in this section gets at a different
perspective of students’ understanding of fraction division. Although
skills are important, students also need to understand the properties, uses,
and representations of the concepts to have the knowledge to think
flexibly about fraction division. Together, students’ achievement on the
various items can help teachers determine what aspects of the concept
might need to be a point of focus during lessons.

3.2 Examples of SPUR at the secondary level

In this section, we consider how SPUR might be used to develop
assessment items for the algebraic topic of solving linear equations.
Although algebra is a gateway to much further study in mathematics,
students need more than a manipulative facility with solving linear
equations to have the background to study later topics related to
functions or calculus.

Consider a typical skill item related to solving linear equations:

e Solve for x: 3x + 12 = 5x.

Teachers know that many students who are able to solve simple
equations such as this one have difficulty when the equation becomes
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more complicated. Perhaps they guessed at a solution or obtained a
solution by trial and error. Although such approaches are appropriate in
many situations, as students progress in mathematics they need to
understand the equation-solving process. So, what principles might
teachers want to ensure that students know relative to this topic? Some
principles we would list include: (1) know that a number can be added to
both sides of an equation to yield an equivalent equation; (2) know that
both sides of an equation can be multiplied or divided by a non-zero
number to yield an equivalent equation; (3) a solution to an equation
must yield the same value for both sides of the equation. These principles
form the basis for potential assessment items in the dimension of
Properties.

e In solving 3x + 12 = 5x, Yiping wrote 12 = 8x as the next step. Is
Yiping correct or not? How do you know?

e To solve 3x + 12 = 5x, Muhundan wrote the following steps:
Step 1: 3x+ 12 =5x
Step 2: 12 =2x
Step 3: 6 =x
Explain what Muhundan did to go from each step to the next.

Many students wonder when they will ever use algebra in the real
world. So, it is important that students recognize application problems
that can be solved by using an equation. In addition to solving
application problems created by the teacher, students should be able to
generate their own application problems as well. Both ideas provide a
basis for creating items that assess the dimension of Uses.

e Make up a real-world problem that can be answered by solving
3x + 12 = 5x. Be sure to specify the meaning of the variable.

e Two children are saving their money to buy a special video
game. Carlos already has 12 dollars and saves $3 each week.
Andrew does not have any money already saved but decides to
save $5 each week. If neither one takes out any of their savings,
in how many weeks will they have the same amount saved?
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Both problems give teachers insight into how their students address
application problems involving linear equations. We have found that
many students who are able to solve an equation have difficulty writing a
realistic real-world problem. So, teaching might focus on helping
students think about their own situations that lead to linear equations.

Finally, what representations might teachers want students to have
related to solving linear equations? Should students be able to solve the
equation with a visual? Should they be able to create a table of values or
two graphs to solve the equation? These ideas suggest the following item
related to the dimension of Representations.

o  Use the table of values to find a solution to 3x + 12 = 5x.

X 3x+ 12 Sx
0 12 0
1 15

2 18 10
3 21 15
4 24 20
5 27 25
6 30 30
7 33 35
8 36 40

As with the sequence of items assessing fraction division, we would
argue that each item gives insight into important aspects of solving linear
equations. For instance, students who understand how to use a table to
solve an equation can use this approach to solve equations in later years,
such as sin x = ¢*, for which no algorithmic approach exists. As teachers
consider which aspects of equation solving their students have mastered
and which they have not, they can design or modify teaching to help
students develop a well-rounded and balanced view of the topic.
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4 A Look at Achievement in Terms of SPUR

If teaching has focused on a multi-dimensional perspective, then SPUR
provides a lens through which to consider student achievement as well.
The International Project on Mathematical Attainment (IPMA) was a
multi-country longitudinal study that tracked students’ growth in
mathematics from their first year of schooling through the end of primary
schooling, generally 5 to 6 years. Both Singapore and the United States
participated in this project. In Singapore, students from three different
schools participated, with 856 remaining in the study from primary one
(age 6) through primary five (age 10) (Kaur, Koay, and Yap, 2004). In
the United States, students from six schools in two different states
participated, with 181 students remaining in the study from kindergarten
(age 5) through grade 5 (age 10) (Thompson, 2004).

Test 6, given to students in their respective countries at the end of
primary schooling, consisted of 140 items. Overall, the mean percents
correct (mean percent correct is the mean score of the cohort as a
percentage of total possible score for the test) for students from the
United States and Singapore were 71% (standard deviation = 11%) and
76% (standard deviation = 12%), respectively. These overall results
suggest that students in Singapore scored somewhat higher than those in
the United States. However, these overall results provide little insight
into what might account for any differences. Did Singaporean students
score consistently higher than students from the United States? Were
there some dimensions for which students in the United States performed
better? For teachers who want to modify their teaching to raise student
achievement, where should they focus their teaching? The lack of
specific information suggests a need to take a closer look at the
achievement results.

Analysis of the 140 items of Test 6 showed that there were 56 (40%)
items dealing with Skills, 25 (18%) items dealing with Properties, 17
(12%) items dealing with Uses, and 42 (30%) items dealing with
Representations. One may note that this test was not designed to measure
growth in a student’s attainment according to the dimensions of
understanding (SPUR). Hence, it is inevitable that a post-construction
analysis of the test has yielded varying proportions of items in the four
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dimensions, Skills, Properties, Uses and Representations. Figure 2 shows
the achievement for students in each county by the dimensions of
understanding.

Achievement {IPMA) of Students in the
USA and Singapore by SPUR
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80

70
5C
50
40 T usa
30 M Singapore
20 —
1
e} : : .
S P U R

Dimension of Understanding

A 3 M6 < T

Figure 2. Comparison of achievement (IPMA) for USA and Singapore students by

dimension of understanding

From Figure 2, several observations about the results are apparent.
First, achievement across the four dimensions was not consistent
within a country. Second, in both countries, students did better on Skills
and Representations than on Properties or Uses. In both countries,
achievement on Uses was about 15% lower than on Skills. Third, United
States and Singapore students performed comparably on items dealing
with Properties and Representations. The differences in achievement
between students in the two countries were due primarily to differences
in achievement on Skills and on Uses.

In addition to analyzing the results by SPUR, the items on this test
were also analyzed by content. Among the 140 items, Table 1 shows how
the SPUR items were distributed among five main content categories. As
evident in the table, although the content area of Number was assessed
from all four dimensions, this was not the case for the other content
areas. So, teachers did not have an opportunity to determine how their
students might address some aspects of the other content areas.
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Table 1
Number of items by Content and SPUR for Test 6 of IPMA
Number Algebra Measure Geometry Data/Chance Total

Skills 40 3 7 0 6 56
Properties 16 0 0 8 1 25
Uses 9 1 6 0 1 17
Representations 22 1 6 7 6 42
Total 87 5 19 15 14 140

Figure 3 shows the achievement by United States and Singaporean
students by the dimension of understanding for the four content areas,
provided there were at least five items in the related cell. The picture of
this analysis also provides evidence that teachers can use to modify and
enhance their teaching. For instance, for Singaporean students,
achievement within Number was uniformly high across all four
dimensions; however, in Measure, achievement was high for Skills and
Representations but low for Uses. In Data/Chance, achievement in Skills
was considerably below the achievement in Representations. For
Geometry, achievement in both of the assessed dimensions was low. The
fact that several dimensions of understanding were not even assessed in
Geometry and in Data/Chance suggests that teachers’ pictures of their
students’ knowledge was not complete.

For students in the United States, their achievement in
Representations was higher in each content area than any of the other
dimensions. Although the achievement in the four dimensions for
Number was somewhat consistent, the difference in achievement across
dimension for the other content areas suggests teachers have
considerable work to help students develop a more robust understanding
of mathematics.
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Figure 3. Comparison of achievement (IPMA) by Content and SPUR for students in
the U.S. and Singapore

5 Discussion and Conclusion

The comparison of test results from students in the United States and in
Singapore suggests that much can be learned by using a more balanced
approach to assessment, such as that suggested by SPUR. Overall test
results provide only a quick view of student understanding, and a view
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that can be misleading. The analysis of test results by dimension of
understanding suggests that students’ abilities are not consistent across
skills, properties, uses, and representations. In addition, their
achievement across the four dimensions also varies by the content area
being assessed.

Teachers typically use assessments to determine what their students
have mastered and to determine strengths and weaknesses of teaching.
Analysis of test results by SPUR can help teachers target their classroom
activities to those aspects of the content that students have not yet
mastered so that students develop a robust and balanced understanding of
mathematics. Teachers can determine whether (1) they focused their
teaching on all four dimensions but students failed to achieve, or (2) they
focused their teaching on only some dimensions so teaching needs to be
modified to incorporate other important facets of mathematics (Bleiler
and Thompson, 2010).

If our instructional goal is to develop students with a robust and
flexible understanding of mathematics, then it is essential that we assess
more than just their knowledge of skills. Although it is relatively easy to
write skill items, with knowledge of the other dimensions of
understanding teachers can modify those skill items or write entirely new
items to gain additional perspectives on their students’ understanding of
the concept. Insights of students’ understanding of concepts can be used
to modify teaching so students build a solid foundation of mathematical
knowledge.

Although we have suggested SPUR as a tool to ensure a balanced
view of mathematical understanding, as previously indicated there are
other models for considering multiple perspectives to learning (e.g.,
Freudenthal, 1983; National Research Council, 2001). What is crucial is
that assessment and teaching align. If teaching incorporates a multi-
dimensional view of understanding, then assessment also needs to
incorporate such a perspective.
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Chapter 3

Assessing Problem Solving in the
Mathematics Curriculum: A New Approach

TOH Tin Lam  QUEK Khiok Seng ~ LEONG Yew Hoong
Jaguthsing DINDYAL  TAY Eng Guan

In this chapter, we focus on the implementation of a framework for
assessing problem solving in a specifically designed curriculum.
While traditional assessment of problem solving has focused on the
products of problem solving, this framework builds on the works of
Pdlya and Schoenfeld and gives greater emphasis to the processes.
This assessment framework works in tandem with a practical
worksheet which is an important feature of the problem-solving
curriculum that we have designed. We present the assessment
framework and how it is used to assess students’ doing problem
solving. In particular, we use the assessment framework to assess
the works of two students, Zill and William. We also discuss the
students’ ideas about the problem-solving curriculum and the
assessment framework.

1 Introduction

It is generally accepted that the right processes will lead to a good
product. In mathematical learning, processes are often assessed
indirectly, i.e., by assessing the products as it is almost impossible to
access processes directly. Therefore, it comes as no surprise that
overwhelmingly the assessment of problem solving has focused on
assessing the products of the problem-solving process. However,

33
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assessing only the products of the learning process is no guarantee that
correct processes have been followed. In this chapter, we look at the
assessment of problem solving from a new perspective in a specifically
designed problem-solving curriculum that amply focuses on the
processes without neglecting the products of the learning process. We
present a worksheet, called the Practical Worksheet, alongside a scoring
rubric that gives credit to students’ thinking throughout the problem-
solving process. We highlight, with appropriate interviews, the use of the
rubric in grading the work of two students and illustrate how the use of
the rubric together with the worksheet helped students with their
metacognition when they engaged in problem solving.

There has been much interest in mathematical problem solving since
Pélya published his first book on mathematical problem solving (Pdlya,
1945). From the 1980s onwards, there has also been a world-wide push
for problem solving to be the central focus of the school mathematics
curriculum. For example, in the United States, the National Council of
Teachers of Mathematics (NCTM) in their document on the principles
and standards for school mathematics stated that “[p]roblem solving
should be the central focus of the mathematics curriculum” (NCTM,
2000, p. 52). Mathematical problem solving has been at the heart of the
Singapore mathematics curriculum since the 1990’s. The stated primary
aim of the Singapore mathematics curriculum is to develop students’
ability to solve mathematics problems (Ministry of Education, 2006).
The centrality of mathematical problem solving is clearly depicted in
the framework of the Singapore mathematics curriculum, as shown in
Figure 1.

Implementing a problem-solving curriculum is quite challenging.
First, there is the issue of the meanings attached to the term “problem
solving”. Teachers in Singapore vary in their styles and approaches to
problem-solving instruction in terms of the amount of class time and
attention spent in the various classroom activities, and differing emphasis
on each of the four problem stages of Pélya (Hedberg, Wong, Ho, Lioe
and Tiong, 2005). Second, a major hurdle in the Singapore context is the
routinisation of certain aspects of problem solving, such as the teaching
of problem-solving heuristics that match certain problem types. Also, the
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Figure 1. Framework of the school mathematics curriculum

over-emphasis during classroom teaching about the types of
mathematical problems which are usually found in high-stakes national
examinations adds to this issue, somewhat similar to what happened in
New Zealand as reported by Holton, Anderson, Thomas and Fletcher
(1999). The New Zealand Ministry of Education developed a national
numeracy project which emphasized a problem-solving approach and it
has now been introduced to the majority of primary schools in that
country. However, success is so far limited to the primary level (Ministry
of Education New Zealand, 2006), as high-stakes examinations have
blunted the problem-solving approach in mathematics classes at the
secondary level.

As mentioned earlier, traditionally, the assessment of problem
solving in the classroom has focused on assessing the products rather
than the processes of problem solving. Our efforts to meet the challenge
of teaching mathematical problem solving to students call for a
curriculum that emphasizes the processes (while not neglecting the
products) of problem solving and an assessment strategy to match it so as
to drive the mode of teaching and learning of mathematics.
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2 Mathematical Problem-Solving Model

Good problem solvers presumably have built up their own models of
problem solving. Having a model of problem solving is especially
important when an individual’s progress in solving a mathematical
problem is not smooth. A problem-solving model that is made explicit to
students should be helpful in guiding them in the learning of problem
solving, and in regulating their problem solving attempts. Even a good
problem solver may find the structured approach of a model useful. As
Alan Schoenfeld (1985) recounts in the preface to his book Mathematical
Problem Solving about Polya’s book How fo Solve It:

In the fall of 1974 I ran across George Pdlya’s little volume,
How to Solve It. 1 was a practising mathematician ... My first
reaction to the book was sheer pleasure. If, after all, I had
discovered for myself the problem-solving strategies described
by an eminent mathematician, then I must be an honest-to-
goodness mathematician myself! After a while, however, the
pleasure gave way to annoyance. These kinds of strategies had
not been mentioned at any time during my academic career. Why
wasn’t I given the book when I was a freshman, to save me the
trouble of discovering the strategies on my own? (p. xi)

The practical approach which we describe later uses Pdélya’s model
as the basis which we have enhanced with Schoenfeld’s (1985) ideas
about problem solving. Pélya’s model is well-known and it is mentioned
in the syllabus document of the Singapore Ministry of Education. We
wanted a model which is most familiar to those who have to work within
the Singapore mathematics syllabus. We remark that any other sensible
model of problem-solving would be equally useful (see for example,
Mason, Burton and Stacey, 1985).

The essential features of Pdélya’s problem-solving model are shown
in Figure 2.
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Figure 2. Flowchart of P6lya’s problem-solving model

The model is depicted as a flowchart with four components,
Understand the Problem, Devise a Plan, Carry out the Plan, and Check
and Extend, with back-flow allowed to reflect the dynamic and cyclical
nature of problem solving (Carlson and Bloom, 2005).

Schoenfeld (1985) grappled with the apparent worth of Pdlya’s
model and the real-world failure of its application in the classroom. He
argued that successful problem solving required more than just a direct
application of the model; other factors are crucial as well. His research
culminated in the construction of a framework for the analysis of
complex problem-solving behaviour. The four aspects highlighted in his
framework are:

e Cognitive resources — the body of facts and procedures at one’s

disposal

e Heuristics — ‘rules of thumb’ for making progress in difficult
situations

e Control — having to do with the efficiency with which

individuals utilise the knowledge at their disposal
e Belief systems — one’s perspectives regarding the nature of a

discipline and how one goes about working on it
Anecdotal evidence from mathematics classrooms in Singapore
shows that the teaching of problem solving in schools has typically
emphasized the teaching of heuristics (Hedberg et al., 2005). The right
choice and use of heuristics were assumed to be sufficient for
successful problem solving. Schoenfeld’s framework suggests that we
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need to provide students with more than just Pélya’s model and a range
of heuristics. The students have to manage resources at their disposal,
choose promising heuristics to try, control the problem-solving process
and progress, examine their beliefs about mathematics that hinder or
facilitate problem solving, and in culmination, generalise and extend.

3 Mathematics Practical — A New Paradigm

Our combined classroom experiences of teaching problem solving
strongly suggest to us that students are generally resistant to apply the
stages of Pd6lya’s model. They also do not consciously use and manage
heuristics productively. Even the higher achieving students who could
solve the given problems do not generally make the extra effort to finally
check and extend the problem.

In an attempt to help students cultivate the discipline of good
problem-solving habits (as explicated by Pdlya and Schoenfeld),
especially when they are clearly struggling with the problem, we decided
to construct a worksheet like that used in science practical lessons and
told the students to treat the problem-solving lesson as a mathematics
“practical” lesson. In this way, we hope to achieve a paradigm shift in
the way students look at these “difficult, unrelated” problems which had
to be done in this “special” classroom setting — a form of mathematics
“practical”.

The use of practical work to achieve the learning of the scientific
processes has a long history of at least a hundred years and can be traced
to Henry Edward Armstrong (Woolnough and Allsop, 1985). Woolnough
and Allsop (1985) stated clearly what is to be achieved in science
education:

As we look at the nature of science we see two quite distinct
strands. The knowledge, the important content and concepts of
science and their interrelationships, and also the processes which
a scientist uses in his working life. In teaching science we should
be concerned both with introducing students to the important
body of scientific knowledge, that they might understand and
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enjoy it, and also with familiarizing students with the way a
problem-solving scientist works, that they too might develop
such habits and use them in their own lives. (p.32)

It is instructive to see that we could just replace ‘science’ with
‘mathematics’ and the preceding passage reads just as true, which any
mathematics educator would agree. It is certainly conceivable that
similar specialised lessons and materials for mathematics may be
necessary to teach the mathematical processes, including and via
problem solving (Toh, Quek and Tay, 2008). This approach could
elicit the learning of the processes of problem solving, analogous
to the processes of science practical skills of scientists in their working
life.

4 Mathematics Practical Worksheet

Tay, Quek, Toh, Dong and Ho (2007) introduced the ‘“mathematical
practical” into problem-solving lessons using a “practical” worksheet.
The students were encouraged to treat the problem-solving class as a
mathematics “practical” lesson.

The worksheet contains sections explicitly guiding the students to
use Pélya’s stages and problem-solving heuristics to solve a mathematics
problem. A complete practical worksheet is given in Appendix A.

5 Mathematics Practical Lessons

A problem-solving lesson, consisting of 55 minutes, is divided into two
parts. In the first part (except for Lesson 1), the teacher reviews
homework of the last lesson and explains one aspect of problem solving,
such as a stage in Polya’s model. The second part focuses on one
problem, the ‘Problem of the Day’. Thus, the entire class focuses on only
one problem during each lesson. Typically, the problem-solving module
requires 10 lessons. Table 1 shows the outline of the problem-solving
module.
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Each page of the worksheet (see Appendix A) corresponds to one
stage of Pdlya’s problem-solving model. The use of the worksheet is
gradually introduced across a few lessons. In Lesson 2 when Polya’s
model is explicitly explained, the students will work on the Problem of
the Day on a modified worksheet. This has only the first page
(Understand the Problem) to be filled in, while the usual work is carried
out on blank pieces of paper, as Lesson 2 emphasizes the importance of
understanding a given problem. In the next two lessons where the
emphasis is on using heuristics, the modified worksheet will include
Pages 1 to 3, and the students will have to fill in their work for
Understand the Problem and Devise a Plan, and carry out the usual
working in the Carry out the Plan page(s). In the fifth lesson, the
Practical Paradigm and Practical Worksheet are explained and the full
worksheet is implemented.

When solving problems, ideally, the student will follow the model
and go through all the four stages, with suitable loopbacks (to be worked
on blank pieces of paper and attached at the relevant place). However, so
as not to straitjacket an unwilling problem solver, the student may jump
straight to Stage 3 (Carry out the Plan) and is given up to 15 minutes to
solve the problem. Students who complete the problem in time need only
do the Stage 4 of Pdlya’s model. Students who fail to make any progress
in 15 minutes will be required to go through all four stages of Pdlya’s
model. This is so, as the rationale is that going through all the stages
systematically would encourage the unsuccessful student to meta-
cognate and deliberate on the solution process, eventually producing a
better solution. The successful student is allowed to leapfrog to Stage 4,
which is important for consolidation of the method and gaining a fuller
insight to the problem. Certainly, a particular student may have to go
through all the four stages for one problem and not for another problem,
where the plan to him is obvious and he needs only to Check and Extend.
The choice allowed here is to show that explicit use of Pélya’s model is
very useful when one is stuck with a particular problem.
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The 10 lesson problem-solving module

Lesson

Activity

1

10

Distinguish between a problem and exercise

Model successful problem solving

Introduce Polya’s problem solving model

Introduce Stage I of the Practical Worksheet (Understand the Problem)
Introduce the meaning of the word heuristics and provide a list of the
common heuristics for mathematical problem solving

Introduce Stages I to III of the Practical Worksheet (Understand the
Problem, Devise a Plan, Carry out the Plan)

More on heuristics

Practice on using Stages I to III of the Practical Worksheet

Introduce to the practical paradigm of mathematical problem solving
Formal use of the Practical Worksheet to solve Problem of the Day and
Homework Problem

Focus on Check and Extend, i.e., Stage IV of the Practical Worksheet
Emphasis on adapt, extend and generalize a mathematical problem
Introduce the assessment rubric

Identify the features of Check and Extend

Introduce the importance and use of Control (Schoenfeld, 1982) in
mathematical problem

Introduce the use of the Control Column in Stage III of the Practical
Worksheet

Revision on the key features and processes of mathematical problem

solving

6 The Scoring Rubric

It is common knowledge among teachers and educators that most
students will study mainly for curricular components which are to be
assessed. There needs to be a corresponding assessment strategy that
drives the teaching and learning of problem solving as described in the
preceding paragraphs. Effective assessment practice “begins with and
enacts a vision of the kinds of learning we most value for students and
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strive to help them achieve” (Walvoord and Anderson, 1998). To assess
the students’ problem-solving processes (which we value), we developed
a scoring rubric based on Pdlya’s model and Schoenfeld’s framework.
The scoring rubric focuses on the problem-solving processes
highlighted in the Practical Worksheet. There are four main components
to the rubric, each of which would draw the students’ (and teachers’)
attention to the crucial aspects of, as authentic as possible, an attempt to
solve a mathematical problem. In establishing the criteria for each of
these components of problem solving, we ask the question, What must
students do or show to suggest that (a) they have used Pdlya’s approach
to solve the given mathematics problems, (b) they have made use of
heuristics, (c) they have exhibited “control” over the problem-solving
process, and (d) they have checked the solution and extended the
problem solved (learnt from it)?
The rubric is outlined below. The complete rubric is attached in
Appendix B.
e Polya’s Stages [0-7 marks] — this criterion looks for evidence of
the use of cycles of Pélya’s stages (Understand the Problem,
Devise a Plan, Carry out the Plan), and correct solutions.

®  Heuristics [0-7 marks] — this criterion looks for evidence of the
application of heuristics to understand the problem, and to
devise/carry out plans.

®  Checking and Extending [0-6 marks] — this criterion is further

divided into three sub-criteria:

« Evidence of checking of correctness of solution [1 mark]

« Providing for alternative solutions [2 marks]

» Extending and generalizing the problem [3 marks] — full
marks for this is awarded for one who is able to provide (a)
two or more problems with solutions or suggestions to
solution, or (b) one significant related problem with
comments on its solvability.

The rubric was designed to encourage students to go through Pélya
stages when they are faced with a problem, and to use heuristics to
explore the problem and devise a plan. They would return to one of the
first three stages (see Practical Worksheet) upon failure to realize a plan
of solution. Students who show control (Schoenfeld’s framework) over
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the problem-solving process gain marks. For example, a student who did
not manage to obtain a completely correct solution would be able to
score up to eight and three marks each for Pélya’s Stages and for
Heuristics, making a total of eleven, if they show evidence of cycling
through the stages, use of heuristics, and exercise of control.

The rubric allows the students to score as many as 70% of the total
20 marks for a correct solution. However, this falls short of obtaining a
distinction (75%) for the problem. The rest would come from the marks
in Checking and Extending. Our intention is to push students to check
and extend the problem (Stage 4 of Pdlya’s stages), an area of instruction
in problem solving that has not been largely successful so far (see for
example, Silver, Ghousseini, Gosen, Charalambous, and Strawhun,
2005).

7 Students’ Responses and Assessment

The researchers conducted the first series of ten mathematics practical
lessons as an elective module to a group of 24 Year 8 students (age 14)
in a Singapore secondary school. The students’ use of the practical
worksheet in answering the questions was indicative of their method of
solution, their errors and misconception related to each question. Both
the school teachers and researchers used the scoring rubric to mark the
students’ responses to the “Problem of the Day” and problem for
homework. The inter-rater reliability (k) was 0.695. This was acceptable
because the teachers were not yet experienced in marking using the
rubric nor with the solutions and extensions to the problems. Overall,
after discussion, the marking by both groups was largely consistent for
most of the problems.

The students were informed of the criteria of scoring of their
assignments, which was done after the sixth lesson. It was deemed that
the students needed time to get accustomed to the use of the practical
worksheet and the scoring.

Qualitative information was obtained from interview sessions with
selected students. The followings were some of the prompts used by the
interviewer for the student interviews:
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Why did you sign up for the (mathematics problem-solving

practical) course?

Name one thing that you learnt from the course.
How does the practical worksheet help you in solving problems?
What do you think of the assessment of the course?

In this section, we shall present the interview segments with two
of the students, whom we coded as William and Zill (pseudonyms).
William was the highest achieving student in mathematics who also
represented the school in various National Mathematics Competitions.
Zill was a ‘non-believer’ in mathematical problem solving. We use W, Z
and R to denote William, Zill, and the Researcher respectively. Relevant
segments of the interviews with our interpretation alongside them are
presented below. We will also show how Zill’s and William’s problem-
solving attempts, during the final test, were graded with the help of the
assessment rubric.

Interview with Zill
It’s not that worth it of my time cause I
didn’t really learn much other than solving
problems and getting exposed to new
problem. I didn’t learn much.
I expected something even more. My
expectations were higher.
Like what?
Like maybe... possible... real like
problems and not just like solving, solve,
simplify this equation or prove that. As in
something that’s of more real life problem
solving. That’s what 1 expected when I
saw the topic.
Can you tell us one thing you have learnt?
Hardly any.
Which part of the course you find is hard
to handle?
Hardest to handle would be trying to
answer some of the questions that I’ve no
answer to like which method did you use
like the process of problem solving. For
example, like devise a plan. What are the

Interpretation

Zill had expected this course to be
one involving applications of
mathematics in real life
applications instead of one
focussing on mathematical
problem solving.

To Zill, mathematical problem
solving is about obtaining the
correct mathematical solution to
a problem and not following
explicitly the processes of
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key concerns and right now you’re a chain
of thinking I mean when I think how to
solve a problem I just go to the flow and I
just think. I don’t really care like what I
think. As long as I can solve it I just solve
it. And making me like try to write out
what I’'m thinking exactly and everything
that goes in the brain is like very abstract
so it’s very hard to put it into words....
Problem solving is like you just get the
answer and the problem is solved already.
Sounds practical is more like handling
physical thing. Practical as like what I
expected. Outside practical is like you go
measure the ... then calculate the... ya all
these... this is more of practical. This is
more like theory. The theory before binary
numbers all these etc.

Ok. So you see practical more as a hands-
on, right?

Ya..This is thinking la. Thinking then is
theory.

I don’t know because a lot of my work
was late and one of them never write my
name so if you... Oh but the Dr. Tay [i.e.
the researcher] said that if you’re late
once, then you count in all the
assignments. Was he serious?

I use it. Ya. Certain heuristics.

So the course is not totally useless to you?
Ya but I knew those heuristics before so
ya it’s still useful but ya I didn’t learn
something new from this course.

problem solving and committing
them to words.

Zill felt that the use of the word
“practical” was not so
appropriate for this course, as
this course is more on “theory”.

Zill was concerned with his final
grade he would obtain for this
course.

(Initially Dr Tay mentioned that
the grade would be the average of
the three best assignments if all
the assignments were handed in.)

Zill indicated eventually that he
learnt problem solving heuristics
which were actually helpful to
him.
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R: Oh. Ok. Ok. So you did find something
useful. So what in mind regard to the
content of the course you think to make
this course more useful to you. What you
think should have been included into the
Z: content? Zill felt that more practical
Like something new that we haven’t learn.  questions could have been used in
Something new that we haven’t learn and  the course.
not like this algebra we can use this and
solve a more practical problem like find
a... devise a formula for something. More
practical la... meaning more hands-on

Figures 3 and 4 show Zill’s attempt, in the final test, to solve the
given problem.

Problem

There are two timers: one for 5 minutes and one for 9 minutes. VWe want to heat
a beaker of water for exactly 11 minutes. How can we do this using only these
timers?

Instructions

* You may proceed to complete the worksheet doing stages | — IV.

« If you wish, you have 15 minutes to solve the problem without explicitly using Polya's model.
Do your work in the space for Stage Ill.
> If you are stuck after 15 minutes, ude Polya's model and complete all the stages | — IV.
> If you can solve the problem, you must proceed to do stage IV — Check and Extend.

I Understand the problem
(You may have to return to this section a few times. Number each attempt to understand
the problem accordingly as Attempt 1, Attempt 2, etc.)
(a) Write down your feelings about the problem. Does it bore you? scare you? challenge
you?
(b} Write down the parts you do not understand or that you misunderstood.
(c) Write down the heuristics you used to understand the problem.

Attempt 1
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] Devise a plan

(You may have to return to this section a few times. Number each new plan accordingly

as Plan 1, Plan 2, etc.)

(a) Write down the key concepts that might be involved in solving the question.
(b} Do you think you have the required resources to implement the plan?

(c) Write out each plan concisely and clearly.

Plan 1
a ) algebra
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Figure 3. Zill’s solution - Stages I and II

1 Carry out the plan

(You may have to return to this section a few times. Number each implementation
accordingly as Plan 1, Plan 2, etc,, or even Plan 1.1, Plan 1.2, etc. if there are two or

more attempts using Plan 1.)

(i) Write down in the Confrol column, the key points where you make a decision or
observation, for eg., go back to check, try something else, look for resources, or

totally abandon the plan.

(i) Write out each implementation in detail under the Detailed Mathematical Steps

column.

Defailed Mathematical Steps
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v Check and Extend
(a) Write down how you checked your solution.
(b} Write down your level of satisfaction with your solution. Write down a sketch of any
alternative solution(s) that you can think of.
(c) Give one or two ions, ions or gen isations of the problem. Explain
succinctly whether your solution structure will work on them.
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Figure 4. Zill’s solution - Stages III and IV.

Zill’s solution was correct. In Stage III (Carry out the plan), he
demonstrated his plan of expressing 11 as the sum and difference of 5’s
and 9’s. He had a clear plan of tackling the problem. Hence, under
Pélya’s stage, he was awarded 10 marks (Level 3 of correct solution). He
demonstrated the use of heuristics in Stage II (Devise a plan) and Stage
III (Carry out the plan). Furthermore in Stage III, he listed the steps
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clearly on how 11 minutes can be obtained. Thus, under Heuristics, he
was awarded 4 marks (Level 2 of a correct solution). Under Stage IV
(Check and extend), he did not demonstrate effort to check the
reasonableness of his solution or attempt to provide an alternative
solution to the problem. However, he offered a possible generalization of
the given problem, which was a problem involving Diophantine
equations. His total score based on the scoring rubric was 15 out of 20.
The detailed breakdown of his scoring is shown in Table 2 below.

Table 2
Score for Zill
Descriptors Marks
awarded
Pdlya’s stages Correct Solution — Level 3 10
Heuristics Correct Solution — Level 2 4
Check and Extend Checking — Level 2 0
Alternative Solution — Level 2 0
Extend, Adapt & Generalize — Level 2 1
Total Score for Zill 15
Interview with William Interpretation

R:  Researcher got William to talk about his  William was very interested in
interest in mathematics and training mathematics. He was high
sessions in Mathematics Olympiad. achieving in mathematics and was
Interesting starting point to discuss then. participating in weekly Olympiad
How is this in your mind when you have training in his school.
so many Olympiads training already? And
then you attend Dr. Tay’s problem solving
course. What is your first impression and
how are they similar and how are they
different from Olympiad training?

W:  This module focus mainly on how you're  William found problem solving
gonna start when solve a problem. How to  lessons complementing his
become more efficient and at least you Olympiad training in terms of
define your thinking process along the refining his thinking processes.
way so you won’t get very confused in
case something goes wrong.
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You said define your thinking process.
Can you elaborate more what do you mean
by define your thinking process?

Because it’s like... before this module,
when I saw a question, all the formulas
will just rush into your mind. And then I'll
start writing down... most of them in my
head la because sometimes the brain is just
faster than the hand so you cannot write
everything down. And then a lot of
careless mistake and stuff. After this
module, it’s like you think like step by
step already, so you’ll know when... you
can like stop the formulas from rushing in
at first, so think about what you're
supposed to do everything, then the
formula will slowly come in.

Olympiad training is they just tell you the
solution, you’re supposed to learn from
the solution and then apply the solution to
other questions, whereas this type is they
show you the thinking process of how
the solution is derived if you don’t have
the solution and you’re only given the
question, and then solve it la.

Which part of the module that Dr. Tay
taught you, you like the most that comes
to your mind, and you really find that you
like this?

It’s like at first question, mostly I think
there’s only one solution, but as we
discuss more and more, you can see a lot
of other alternate solutions, which
sometimes may be more efficient than
your usual way of solving. Because
sometimes an alternative solution can hold
better than usual solutions or in some
other questions you cannot apply your
normal solution, you have to apply an
alternative solution or twist it some way to
solve the question.

These are all your stuff.

Going through the problem solving
processes had helped William to be
more careful in monitoring his
thoughts.

William clearly distinguished
between Olympiad training and the
problem solving lessons.

William liked the part of looking for
alternative solutions most. He
appeared to appreciate different
approaches of solving the same
problem.
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This one does make me think because I
the
everything I do is this formula. The just

was taught Olympiad way so
shows me how to do without using the
formula. Make me really think about how
to solve it. This was a good question. This
one is... I can never think we need to use
binary to do this. All the weights and
everything.

Name one thing you learnt from the
course.

Checking la. Check and... Yes. It’s quite
new to me. Ya because extension...
realized that there are actually more to this
problem than this normal problem. Once
we know how to solve an extension or
generalization then it’s more or less you
fully understand the problem, no matter
how intrinsic, there’s a way to solve it.
Does it feel very uncomfortable to you
that aiya every time solve already must
extend. Do you really like it?

It’s just at home right, you know when
you think about, my class is a time is very
important. I really have to use my brain to
really think of a good extension or really
enjoy this problem fully and ... is very
hard. At home I can... because I have a lot
of time, I know I have a lot of time so I
won’t be distracted by anything, so I can
fully just understand and enjoy this
problem, and then extend whatever I like.
Ah... in this course one of the main thing
that Dr. Tay was trying to help us learn
was the use of practical worksheet. You
know what is the practical worksheet? The
thing that you are staring at now is the
practical worksheet.

The last page [Check and Extend], they
should just add one more paper here,
because if I want alternative solution, I
want extension generalization, everything

Olympiad training equipped
William to solve a problem with
Sformulae while problem solving
lessons allowed him to solve a
problem without first beginning
with a formula.

Check and Extend is what William
considered to have benefitted from
the problem solving lessons.

William indicated that he enjoyed
extending a problem, although it is
very difficult to do during class
lessons as it is time consuming.
Nevertheless, extension allows him
to understand and enjoy the
mathematics problems.

It was clear from the interview that
William was really excited with the
Check and Extend part of the

problem solving processes, that he

51
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in detail, I really need a lot of paper. Ya. proposed adding one more page for
Although... because there are some the Part Four (Check and Extend).
questions I’ve already known the solution

to, so it’s page one, two and three it’s like

just...Ya it’s the part four that is exciting.

[i.e. Check & Extend]

Figures 5, 6 and 7 show William’s attempt in the final test on the
same problem.

Problem

There are two timers: one for 5 minutes and one for 9 minutes. We want to heat
a beaker of water for exactly 11 minutes. How can we do this using only these
timers?

Instructions

e You may proceed to complete the worksheet doing stages | - IV.

o If you wish, you have 15 minutes to solve the problem without explicitly using Polya's model.
Do your work in the space for Stage IlI.
» If you are stuck after 15 minutes, use Polya's model and complete all the stages | - IV.
» If you can solve the problem, you must proceed to do stage IV — Check and Extend.

| Understand the problem
(You may have to return to this section a few times. Number each attempt to understand
the problem accordingly as Attempt 1, Attempt 2, etc.)
(a) Write down your feelings about the problem. Does it bore you? scare you? challenge
you?
(b) Write down the parts you do not understand or that you misunderstood.
(c) Write down the heuristics you used to understand the problem.

Attempt 1
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] Devise a plan

(You may have to return to this section a few times. Number each new plan accordingly
as Plan 1, Plan 2, etc.)

(a) Write down the key concepts that might be involved in solving the question.
el A e

Plan 1
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2.2+ up equations
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5. 05fer solution

Figure 5. William’s solution - Stages I and II

1] Carry out the plan

(You may have to return to this section a few times. Number each implementation

accordingly as Plan 1, Plan 2, etc., or even Plan 1.1, Plan 1.2, etc. if there are two or

more attempts using Plan 1.)

(i) Write down in the Control column, the key points where you make a decision or
observation, for eg., go back to check, try something else, look for resources, or
totally abandon the plan.

(i) Write out each implementation in detail under the Detailed Mathematical Steps
column.

Detailed Mathematical Steps Control
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v Check and Extend
(a) Write down how you checked your solution.

(b) Write down your level of satisfaction with your solution. Write down a sketch of any
alternative solution(s) that you can think of.

(c) Give one or two adaptations, extensions or generalisations of the problem. Explain
succinctly whether your solution structure will work on them.

CheCKI'@
TS 4z waler Stafts o be heated alec e A minute timel, e S

miauz e C will have t minute. st Thenthe 5 minute izl
& Pard 2 mde times,otalling ‘o St5¢ [ =(} minutes.

Aletnative Solution |

In orcel o Sorm 11, we. hae the Sollewing Ways:
719

5+6

2%
Eaxd gve(g low chance. & beirg a Solution,Sine i+ dees, notcontain 5 noe 9.
4+7

Honce ous™ ain 5o get 2,6, 0.

Howevel, Sand @ afe copfime, and +hrough the. Euclidian algeithm,
s } = 7 -1
Now that we have |, we just need 1o add 5 twice,and gt il
45)-q=1

By the. same feasoning as it 3,4 Solution 1S to Staft beih

“imefs Hogribe £, and rtiming W2 5 mingte Tine wizn (Tstops.

whan +he min. time(" Stops, Play: Stae eating e water The

Sirst e e S mingte tHmer times oxt aftel staft of heating,
-0 wartzr wolld have been heated | minutz Tming S minutes

twice ,wWe get 1| minites.

Figure 6. William’s solution - Stages III and IV
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William’s solution was correct. In fact, it was a “good” solution that
reflected advanced mathematical knowledge. William was in the
school’s mathematical Olympiad training team and had extra coaching in
advanced mathematics. In Stage I (Understand the problem), William
already demonstrated his attempt to attack the problem directly by
identifying the attributes of the three given numbers: 5, 9 and 11 have no
[non-trivial] common factors. In Stage II (Devise a plan) and Stage III
(Carry out the plan), he presented very clearly his plan of tackling the
problem using algebraic approach directly. Under Pélya’s stage, he was
awarded 10 marks (Level 3 of correct solution).

In Stage II (Devise a plan), he listed the heuristics/steps clearly
(define variables; set up equations; solve the equation; related back to
problem; offer solution). Furthermore, in Stage III (Carry out the plan),
he formulated the Diophantine equation and solved it using the Euclidean
Algorithm.  This is evidence of rather sophisticated mathematical
problem solving with rich resources (Schoenfeld, 1992), which is
characteristic of an advanced mathematics student. Under Heuristics, he
was awarded 4 marks (Level 2 of correct solution). Finally, in Stage IV
(Check and Extend), William checked the reasonableness of his solution
by a brief sensible argument. He was thus awarded 1 mark under
Checking (Level 2). He offered two alternative solutions to this problem:
one solution by considering the formation of 11 (shown under
“Alternative Solution 1) and another solution by using a diagram. Under
“Alternative Solutions” he was awarded 2 marks (Level 3). Even though
William gave two extensions and one generalization under Check and
Extend, these problems revolved around the same concept of the solution
of the Diophantine equation ax + by = d. Under “Extending, Adapting
& Generalizing”, he was awarded 2 marks (Level 3). The detailed
breakdown of his score is shown in Table 3.
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Table 3
Score for William
Descriptors Marks
awarded
Pélya’s stages Correct Solution — Level 3 10
Heuristics Correct Solution — Level 2 4
Check and Extend  Checking — Level 2 1
Alternative Solution — Level 2 2
Extend, Adapt & Generalize — Level 2 2

Total Score for William 19

8 Conclusion

While it is recognized that problem solving is “the heart of mathematics”
(Halmos, 1980), and that there has been a worldwide push for problem
solving to be the central focus of mathematics curriculum,
implementation of problem solving has not met with much success.
Schoenfeld (2007) puts matter-of-factly:

That body of research — for details and summary, see Lester
(1994) and Schoenfeld (1985, 1992) — was robust and has stood
the test of time. It represented significant progress on issues of
problem solving, but it also left some very important issues
unresolved ... The theory had been worked out; all that needed
to be done was the (hard and unglamorous) work of following
through in practical terms. (p. 539)

This chapter presents a conceptualization of mathematical problem
solving based on a paradigm shift of learning and experiencing problem
solving as part of a mathematics “practical”. A corresponding scheme of
assessment through the use of an assessment rubric is also introduced in
this chapter.

The authors have carried out these problem solving practical lessons
in a secondary school. As could be seen from the two students’ scripts in
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the preceding section, the students were able to respond to the new mode
of assessment as they were informed on how they would be assessed and
shown the assessment rubric in a timely manner. Through the interviews
reported in the previous section, the students were generally able to
appreciate lessons on mathematical problem solving: the highest
achieving student (represented by William) found that such practical
lessons complement his mathematics Olympiad training received in
school; the least interested student (represented by Zill) was able to
appreciate the importance of heuristics in solving mathematics problems,
even though he resented the problem solving lessons generally.

This new approach of assessing problem solving through the use of
mathematics practical holds promise for teachers who want to elevate
problem solving to a prominent position in the mathematics lessons.
They can now not only encourage problem solving in their classes;
they can also make transparent to students the criteria for assessment
and the processes that are valued. As such, the practical worksheet can
potentially become part of the overall assessment of students in their
mathematics performance.
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Appendix A

Practical Worksheet

Problem

Instructions

®*  You may proceed to complete the worksheet doing stages [ — I'V.
e If you wish, you have 15 minutes to solve the problem without

explicitly using Polya’s model. Do your work in the space for Stage

1.

e If you are stuck after 15 minutes, use Polya’s model and
complete all the stages I —IV.

e If you can solve the problem, you must proceed to do stage IV —
Check and Extend.

I Understand the problem

(You may have to return to this section a few times. Number each attempt
to understand the problem accordingly as Attempt 1, Attempt 2, etc.)
(a) Write down your feelings about the problem. Does it bore you?

scare you? challenge you?

(b) Write down the parts you do not understand now or that you
misunderstood in your previous attempt.

(c) Write down your attempt to understand the problem; and state the
heuristics you used.

Attempt 1

Page 1
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II Devise a plan

(You may have to return to this section a few times. Number each new
plan accordingly as Plan 1, Plan 2, etc.)
(a) Write down the key concepts that might be involved in solving
the problem.
(b) Do you think you have the required resources to implement the
plan?
(c) Write out each plan concisely and clearly.

Plan 1

Page 2
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III Carry out the plan

(You may have to return to this section a few times. Number each
implementation accordingly as Plan 1, Plan 2, etc., or even Plan 1.1, Plan
1.2, etc. if there are two or more attempts using Plan 1.)
(i) Write down in the Control column, the key points where you make

a decision or observation, for e.g., go back to check, try something

else, look for resources, or totally abandon the plan.

(il)) Write out each implementation in detail under the Detailed
Mathematical Steps column.

Detailed Mathematical Steps Control

Attempt 1

Page 3
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IV Check and Expand

(a) Write down how you checked your solution.

(b) Write down your level of satisfaction with your solution. Write
down a sketch of any alternative solution(s) that you can think of.

(c) Give one or two adaptations, extensions or generalisations of the
problem. Explain succinctly whether your solution structure will
work on them.

Page 4
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Appendix B

RUBRICS FOR ASSESSING PROBLEM SOLVING

Name:

Polya’s Stages

Descriptors/Criteria (evidence suggested/indicated on
practical sheet or observed by teacher)

Marks

Correct Solution

Level 3 Evidence of complete use of Polya’s stages — UP + DP +
CP; and when necessary, appropriate loops. [10 marks]

Level 2 Evidence of trying to understand the problem and
having a clear plan — UP + DP + CP. [9 marks]

Level 1 No evidence of attempt to use Polya’s stages. [8 marks]

Partially Correct Solution
(solve significant part of the problem or lacking rigour)

Level 3 Evidence of complete use of Polya’s stages — UP + DP +
CP; and when necessary, appropriate loops. [8 marks]

Level 2 Evidence of trying to understand the problem and having
a clear plan — UP + DP + CP. [7 marks]

Level 1 No evidence of attempt to use Polya’s stages. [6 marks]

Incorrect Solution

Level 3 Evidence of complete use of Polya’s stages — UP + DP +
CP; and when necessary, appropriate loops. [6 marks]

Level 2 Evidence of trying to understand the problem and
having a clear plan — UP + DP + CP. [5 marks]

Level 1 No evidence of attempt to use Polya’s stages. [0 marks]
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Heurisitcs
Descriptors/Criteria (evidence suggested/indicated Marks
on practical sheet or observed by teacher)
Correct Solution
Level 2 Evidence of appropriate use of heuristics. [4 marks]
Level 1 No evidence of heuristics used. [3 marks]
Partially Correct Solution
(solve significant part of the problem or lacking rigour)
Level 2 Evidence of appropriate use of heuristics. [3 marks]
Level 1 No evidence of heuristics used. [2 marks]
Incorrect Solution
Level 2 Evidence of appropriate use of heuristics. [2 marks]
Level 1 No evidence of heuristics used. [0 marks]
Checking and Expanding
Descriptors/Criteria (evidence suggested/indicated Marks
on practical sheet or observed by teacher)
Checking
Level 2 Checking done — mistakes identified and correction
attempted by cycling back to UP, DP, or CP, until
solution is reached. [1 mark]
Level 1 No checking, or solution contains errors.[0 marks]

Alternative Solutions

Level 3 Two or more correct alternative solutions. [2 marks]
Level 2 One correct alternative solution. [1 mark]
Level 1 No alternative solution. [0 marks]
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Extending, Adapting & Generalizing
Level 4 More than one related problem with suggestions of
correct solution methods/strategies; or
one significant related problem, with suggestion of
correct solution method/strategy; or
one significant related problem, with explanation
why method of solution for original problem cannot
be used. [3 marks]
Level 3 One related problem with suggestion of correct
solution method/strategy. [2 marks]
Level 2 One related problem given but without suggestion
of correct solution method/strategy. [1 mark]
Level 1 None provided [0 marks]
f
Hints given:
.
Marks deducted:

Total marks:




Chapter 4

Assessing Conceptual Understanding in
Mathematics with Concept Mapping

JIN Haiyue  WONG Khoon Yoong

Mathematics educators and mathematics curriculum worldwide
have emphasised the importance of students’ ability to construct
connections among  mathematics concepts  (“conceptual
understanding”) instead of just the competence to carry out standard
procedures in isolated ways. Education researchers have used
different techniques to assess this conceptual interconnectedness in
students’ minds. In this chapter, we discuss the use of concept
mapping as an assessment tool in mathematics instruction, including
different types of concept mapping tasks, training in concept
mapping, applications in classroom settings, and evaluation of
student-constructed concept maps. Concept mapping can be a
worthwhile tool in teachers’ repertoire of assessment for learning.

1 Introduction: What and Why of Concept Mapping

Cognitive psychologists have proposed that knowledge should be
interconnected, and acquiring knowledge with understanding is to make
meaningful connections between facts, concepts, and procedures. In
mathematics, the importance of interconnectedness among mathematical
concepts has been emphasized under the label ‘“conceptual
understanding” (Kilpatrick, Swafford and Findell, 2001; National
Council of Teachers of Mathematics, 2000). For example, Van de Walle,
Karp, and Bay-Willams (2010) define conceptual understanding as “the

67
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knowledge about relationships or foundational ideas of a topic” (p. 24),
and these relationships are built from underlying concepts that are
meaningful to the students. The Singapore mathematics syllabus
(Ministry of Education, Singapore, 2006) highlights that students should
develop a deep understanding of mathematical concepts and make
sense of various mathematical ideas, including their connections and
applications; that is, students should see mathematics as an integrated
whole instead of isolated pieces of knowledge. Two principal issues to
actualize this curriculum goal are finding ways to help students make
connections among what they have learned and to assess their conceptual
interconnectedness so that the information can be used by teachers
to plan lessons and provide remediation. Education researchers
have experimented with different techniques to assess conceptual
interconnectedness (White and Gunstone, 1992), and this chapter
addresses this assessment issue by focusing on concept mapping.
Concept mapping has gained popular use in science education over
the past three decades, and is now being studied by mathematics
educators (Afamasaga-Fuata’l, 2009). Figure 1 shows a concept map
describing the relations among seven concepts related to triangles. As
this figure shows, a concept map consists of three elements: (1) nodes
representing concepts, usually enclosed in ovals or rectangles, (2) links
showing connections between concepts, and (3) linking phrases
specifying relationships between pairs of concepts. The nodes can be
mathematical concepts, examples and non-examples of the concepts,
diagrams, symbols, and formulas. The links are usually directional to
show subject-object, pre-post, cause-effect, top-down hierarchy, or other
relationships between the concepts. The linking phrases can be verbs or
adjective phrases. When two or more nodes are linked, statements are
formed, and these statements are called propositions. For example, in
Figure 1, the connection between the concepts triangle and acute-angled
triangle forms the proposition “triangle, when it has an acute angle, is an
acute-angled triangle” (note that this proposition is only partially correct
because all the angles of an acute-angled triangle must be acute). The
propositions form the basic units of meaning in concept maps (Ruiz-
Primo, 2004), although simpler concept maps may not have linking
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when it has
an acute angle — | Acute-angled
/ / \ Mﬁ"“‘-\ it is an triangle
> Right-angled
triangle

all three

) when it has a
sides unequal with two  when it has an

. right angle
sides equal gbtuse angle 9 9

Isosceles Obtuse-angled
triangle triangle
|

when its basilar
angles equal to 60°

¢ is an
Equilateral triangle /1

Figure I. A concept map showing relations among concepts of triangles’

Scalene
triangle

phrases (e.g., Orton, 2004), resulting in loss of information about the
nature of the links.

Why is concept map useful in assessing conceptual understanding?
Research suggests that the degree of a student’s understanding is
determined by the number, accuracy, and strength of connections
(Hiebert and Carpenter, 1992; Resnick and Ford, 1981). Thus, a concept
is well understood if it has sufficient number of accurate and strong links
with other related concepts. From this perspective, a concept map can
provide a visual representation of the interconnected properties of the
concepts held by the student.

Concept map was first developed by Joseph Novak and his team in
the 1970s as a tool to document changes in understanding of a wide
range of scientific concepts held by students as they moved from first
grade to twelfth grade (Novak and Musonda, 1991). It is based on
Ausubel’s (1963) assimilation theory that states that learning takes place
by assimilating new concepts and propositions into existing knowledge
framework or cognitive schema of the learner (Novak and Caiias, 2006).
This psychological foundation justifies the use of concept map as a tool

' Most of the concept maps in this chapter are drawn using the software THMC
CmapTool, available at http://cmap.ihmc.us
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to trace students’ conceptual changes over time. Over the past three
decades, its use as an assessment technique has been extensively
investigated, especially in science education (Cafias, et al., 2003). In
mathematics education, researchers and educators have also reported
positive findings concerning the use of concept map as an assessment
technique at different educational levels (see chapters in Afamasaga-
Fuata’l, 2009). The following sections will discuss four aspects of this
use.

First, several types of concept mapping tasks are explained to show
that different tasks may address different aspects of students’ conceptual
understanding. Second, training techniques for the mapping tasks are
illustrated with examples to help teachers plan such training when
concept mapping is new to their students. Third, four different classroom
applications of concept maps are discussed with examples, viz. to detect
student’s prior knowledge, to measure learning outcomes, to track
learning progress, and to serve as a learning strategy. Finally, several
methods to evaluate student-constructed concept maps are given so that
the teachers can use the assessment information to plan meaningful
learning; this will align with the perspective of assessment for learning.

2 Types of Concept Mapping Tasks

Concept mapping tasks can be categorized along a continuum of low to
high degree of directedness according to whether the four components,
namely, concepts, links, linking phrases, and map structure, are fully,
partially, or not provided (Ruiz-Primo, Schultz, Li and Shavelson, 2001).
In high-directed concept mapping tasks, most of these components are
provided; thus, the tasks are relatively easy for students to complete, but
they are limited in measuring the interconnected properties of students’
understanding. In contrast, in low-directed concept mapping tasks,
students have greater freedom to express their understating of a topic
using components that they construct on their own. In this case, the
openness of the tasks is more challenging to the students.

Some examples of commonly used concept mapping tasks from
high-directed to low-directed ones are provided below.



Assessing Conceptual Understanding 71

2.1 High-directed concept mapping tasks: Fill-in-the-map

Fill-in-the-map tasks provide students with several concepts and require
them to fill in a skeleton map with these concepts. Figure 2 shows two
different examples of fill-in-the-map tasks: Fill-in-the-nodes and Fill-in-
the-lines. Distracters may be included to encourage students to think
carefully about which items are relevant to the map. The Fill-in-the-
nodes task in Figure 2 is an incomplete concept map with two blank
nodes. Four concepts are provided, two of which are distracters. On the
other hand, the Fill-in-the-lines task has two unlabelled links. Two
linking phrases are provided, with no distracter. The teacher has to
decide whether or not to include distracters, depending on the stage of
learning and the students’ ability. In either case, students fill in the
blanks with what they think are the correct items based on their
understanding.

To design this type of mapping task, teachers either construct a
concept map themselves or use an expert-constructed map (for example,
through working with other teachers or mathematicians). Then remove
some of the concepts or linking phrases from the map and add
distracters, if desired. This type of concept mapping task is easy to
administer and to grade, for example, by counting the number of
correctly filled items.

Fill-in-the-Nodes Fill-in-the-Lines
when it has a hq four sides when four sides
right angle, it is a are equal, it is a.. l are equall, itis a..
—D
hen a!:l acent hen |t has a when it has a
;:des arEJ equal rigu;:t anéle, it is a \ ?ﬂngle. itis a
s
Concepts: Linking phrases:
1. Square 2. Polygon 1. When adjacent sides are equal, itis a ...
3. Rhombus 4. Right-angled triangle 2. When it has a right angle, itisa ...

Figure 2. Examples of fill-in-the-nodes and fill-in-the-lines skeleton maps
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2.2 Semi-directed concept mapping tasks

When one or two of the above mentioned four components of a complete
concept map is missing and the other remaining components are fully or
partially provided, the concept mapping task is considered to be semi-
directed. Compared with the high-directed concept mapping tasks, the
semi-directed mapping tasks require more efforts to complete.

In the semi-directed concept mapping task shown in Figure 3, only
concepts and linking phrases are provided. Students need to construct a
concept map including all the given concepts but only the relevant
linking phrases. An example of a possible concept map is also shown.

Please construct a concept map using the concepts in the list given below. A list of
linking phrases is provided to help you find the possible connections between the
concepts. However, you do not need to use all the linking phrases for your concept
mapping. You are also allowed to add extra but related concepts and use your own
linking phrases if no appropriate one is found from the given linking phrases list.

Concepts: Linking phrases:
composite numbers ... can be divided into

whole numbers ... include ... |

include
prime numbers ... does not include ... ‘/ \\‘
zero _IS nota... composite numbers prime numbers
factor ...isa... | —
.. have more than have more th hal\ft‘ Ondl‘fttv\fl?.
two different ... two different anaitsel g not

.. have only two, 1

and itself ... does not in'CLIdE—.-

.. belongs to ...

Figure 3. An example of semi-directed concept mapping task

A variation of a semi-directed concept mapping task, illustrated in
Mansfield and Happs (1991), is to provide students with a partial list of
concepts of a particular topic, say, quadrilaterals. The most inclusive
concept, in this case, quadrilateral, is placed at the top of the map, with
the other less inclusive concepts, such as rectangle and rhombus, at
lower levels, thereby requiring students to consider hierarchy among the
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concepts. Empty boxes are provided for students to fill in the concepts
and linking phrases.

2.3 Low-directed concept mapping tasks: Free-style mapping

Low-directed concept mapping tasks, also called free-style mapping,
require students to fully construct the maps based on the mapping topic
or a list of given concepts. They are free to express ideas in their own
ways covering the four components of a concept map. When only a
mapping topic is given, students need to first identify some concepts
relevant to the topic and then construct the map accordingly. For most
school students, a concept list is usually given because they may have
difficulty in selecting the appropriate concepts. Some of them may
provide concepts that are somewhat related but not relevant or essential
to the topic (Jin, 2007). For example, they may include the concept
mathematics within the topic of functions: “functions are very important
for the learning of mathematics”. This kind of propositions does not
directly address students’ understanding about functions, and irrelevant
concepts may even distract students from constructing meaningful maps.
A given concept list will help them focus on a certain knowledge
domain; at the same time, the task can allow students to include
additional concepts that they think are relevant to the given ones.

The concept map in Figure 4 by a Singapore Secondary 3 student is
an example of a low-directed concept mapping task with a given list of
concepts about quadrilaterals. The student had used all the concepts
provided without adding new ones. The map was well constructed, with
the most general concept polygon located at the top, followed by less
inclusive concepts quadrilateral, parallelogram, and similar shapes at
the middle levels, and the least inclusive concept diagonals at the
bottom.
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Concept mapping task: Construct a concept map using the given concepts:
quadrilateral, polygon, kite, parallelogram, rectangle, square, diagonals, thombus,
trapezium

(A student-constructed map example is shown below — redrawn for clarity)

3 ioleol
Polygon ‘ is o four—side
with no paraiiel 517e5

with eme posir of poeroie-| sioles Quootrilosterod 16 apiledt &

Ts codtect

sides s called o

|
j with 2 poirs of powrole

Tropezivnt ‘ Kite

Perallelogron. P

parpencliculor

-

wuith equet | with. e right.
L e ith equat sides ongles 75
anol L Hght ergles caileol
2n B is called o
ombus
R enfomgl e
( with W ’fFﬂm, i with equod siptes
Wﬂléﬁ Tsicale s codled @
5 has
\ bisectinyg
\ §9f‘*‘ e
\ hog biseceing ol
~__has bisecting icul st~
Wfo«lm’
s

————,  Diagonois

Figure 4. An example of low-directed concept mapping task about quadrilaterals

Teachers may begin with high-directed mapping tasks and then move
to low-directed ones. This is because the high-directed mapping tasks are
relatively easy for students to complete. Furthermore, starting with easier
tasks allows time for both teachers and students to become familiar with
the purposes and construction of concept maps before they tackle the
more challenging low-directed tasks.

3 Training on Concept Mapping

Where concept map has not been extensively used in mathematics
lessons, it is necessary to train students on the techniques of constructing
informative concept maps. High-directed and semi-directed mapping
tasks are, however, quite straightforward and do not require extensive
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training. Thus, this section will focus on training in free-style mapping
tasks where a list of concepts is given. This is also most commonly used
by researchers and widely reported in the literature.

The following procedures have been developed based on the
literature and pilot studies conducted in Singapore and China (Jin and
Wong, 2010).

1.

Introduction: Teachers first provide students with a preliminary
idea of what a concept map is, what it is used for, and what its
attributes are, i.e., nodes, arrowed links, and linking phrases.
Demonstrate with examples: Teachers begin with an example
with four or five concepts that students have already learned.
First, read aloud the concepts and help students to recall their
meanings. Second, write the concepts onto separate cards so that
they can be easily moved around to explore various connections
that make sense. Concepts that are most closely related are
arranged near to one another. Third, once the intended
connections have been decided upon, identify the relations
between each pair of concepts and draw directed lines between
them. Fourth, write on each line the relationships identified so
that propositions can be formed. Finally, go back and check to
see if any concept or relationship has been left out; redraw the
map if necessary.
Student practice: Provide students with a different set of
concepts for practice and remind them to pay attention to the
following:

a. All the given concepts should be included in the map.

b. In arranging the concepts, make sure enough space is left

for adding linking phrases.
c. The lines should be directed (with arrow) so that the
relationships are clear.

d. All the lines should be labeled with linking phrases.

e. The entire map should be clear and legible.
Consolidation: After some practice, students should have
mastered the basic skills of concept mapping. Teachers should
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further encourage students to include additional relevant
concepts into their concept maps, to construct as many
relationships as they can between the concepts, and to describe
the relationships using informative, detailed linking phrases. As
the concept map is used as a graphical representation of students’
conceptual understanding, they should show as much of their
knowledge as possible in their map so that it is rich enough to
capture the essential attributes of their conceptual understanding.
With this the teachers can obtain a better idea about what the
students have already grasped and which contents they are still
weak in.

Some researchers emphasize the hierarchical nature of concept maps
because of Ausubel’s learning theory that more general, superordinate
concepts should subsume more specific, detailed concepts. In
mathematics, in light of Skemp’s (1986) Schema Theory, a concept map
that shows the hierarchy of the concepts is a more comprehensive
representation of the interrelatedness among mathematical concepts.
However, strict requirement on hierarchy may distract students from
constructing meaningful connections, which is the main concern of most
mapping tasks at the school level. Besides, some school students might
have difficulty distinguishing or expressing the hierarchy of abstract
mathematical concepts (Schau and Mattern, 1997). Thus, for primary or
secondary school students, it is appropriate to encourage rather than
require them to construct concept maps with strong hierarchy.

4 Classroom Applications of Concept Map

This section covers four different but related applications of concept map
in classroom teaching and assessment.

4.1 Using concept map to detect students’ prior knowledge

The prior knowledge that students bring to their learning experience
affects how they encode and later retrieve newly learned information
(Dochy, 1994). Concept map has been used to find out about this prior
knowledge (DiCerbo, 2007; Gurlitt and Renkl, 2008) so that more
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effective lessons and materials can be prepared to link prior knowledge
to new learning.

For example, before teaching ‘“addition of two unlike fractions”,
teachers need to know what their students have mastered about prior
concepts such as like fractions, unlike fractions, equivalent fractions, and
so on. They may design one type of mapping task to do so. Take the case
of a low-directed concept mapping task. The teacher can ask students to
construct concept maps using a list of concepts as given or selected by
the students. Figure 5 shows two student-constructed concept maps with
the above three concepts about fractions. Student A has displayed clearly
the correct relationships among the three concepts and included relevant
numerical examples. By contrast, Student B has not mentioned
substantial relationships among the concepts; the only relationship
“unlike fractions are different from like fractions” is very brief and
general. Furthermore, the example for like fractions is wrong, equating
the numerators rather than the denominators. Thus, Student B will have
difficulty learning the new topic on unlike fractions, and some
remediation is necessary.

/—are unlike but related fractions
Unlike fractions |—e.9. —p» % and % j
| Equivalent fractions
unlike fractions have

different denominators; . o |
while like fractions have are not like fractions e.g.
same denominator because they have
different denominators

A/ 2 1 2 4
i i —e.qg. = = — and —
Like fractions 9. —p 3 and 3 3 an 3

Student A’s map

Unlike fractions . .
| Equivalent fractions

are different

f e.q.
rom *
+ e.g.(their 1 5
— numerators —b[l and i] 3 and 3
are the same) 3 4

Student B’s map

Figure 5. Two examples of student-constructed concept maps with given concepts
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4.2 Using concept map to evaluate learning outcomes

Concept mapping tasks can be assigned to students to assess their
understanding of newly-taught concepts. To avoid compounding
conceptual mapping with the new learning, it is better to begin with
semi-directed concept mapping tasks. Figure 6 is an example measuring
students’ understanding after learning numbers, modelled after Mansfield
and Happs (1991). In this task, some related concepts are given in boxes
while others are omitted, with the boxes left blank for students to fill in.
The omitted concepts are provided on the right-hand side, together with
some distracters. The hierarchical positions of the concepts are fixed as
given. To some extent, these positions give hints to the appropriate
concepts for the blank boxes. For example, those who know the
relationship between composite number and prime number can deduce
that the blank box next to composite numbers should be prime numbers.
In addition to the blank boxes, spaces are provided for students to add
linking lines and labels in their own words.

The boxes below contain some concepts related to whole numbers. There are some
blank boxes in which you will need to insert some other concepts. A list of concepts
is given on the right-hand side for you to choose from (distracters may be included).
You may add extra boxes with names of concepts if you wish. Link the boxes with
labeled arrows to show relationships.

Whole numbers |

| Counting numbers | | | Even numbers
Zero
Zero & One
- Prime numbers
| | | Composite Positive numbers
numbers Natural numbers

|  Odd

Figure 6. A semi-directed concept mapping task on whole numbers
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With the given concepts, either in the boxes or in the list, and the
fixed hierarchical positions of the concepts, this task focuses students’
attention on a particular domain. Thus, teachers have more control over
what they are testing. This task can be converted to the low-directed
type, for example, by providing only the mapping topic numbers or
offering a list of concepts related to numbers. As mentioned in the earlier
section, this new task is more challenging for students to complete and
teachers to grade; yet, its openness allows students to have greater
freedom to express their understanding, thus, giving more valuable
information to the teachers.

4.3 Using concept map to track students’ progress in learning

Concept map has been used to track the changes in a student’s cognitive
structure and its increasing complexity as he or she integrates new
knowledge into existing cognitive structure. For example, Mansfield and
Happs (1991) reported their use of concept map as an expedient
evaluation tool in a study of parallel lines among a group of 12-year old
students. In their study, the same concept list consisting of eleven
concepts was provided in the pre- and post- concept mapping tests before
and after instruction of parallel lines. They cited the concept maps drawn
by the student, Bruce: he used only five concepts in the pre-concept map
but seven, adding one new concept, in the post-concept map.
Furthermore, the propositions in the post-concept map were more
informative, for example, revealing a misconception not found in the pre-
concept map. Although the two maps were well-constructed, the
omission of some given concepts suggests that further teaching of these
concepts is required for that student. Thus, comparing concept maps
constructed before and after instruction can help teachers determine how
much progress their students have made and how effective the instruction
has been. With the information drawn from the comparison, teachers can
then adjust their plans for future lessons.
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4.4 Constructing concept maps as a learning strategy

Concept mapping has been widely promoted as a learning strategy
to help students elaborate on their learning and thereby to develop
deep conceptual understanding (Afamasaga-Fuata’l, 2006; Jegede,
Alaiyemola and Okebukola, 1990). This popular application extends
concept mapping beyond its use as a formative or summative assessment
tool.

Concept map can serve as a scaffold for students to organize their
own knowledge. At the end of a unit of instruction, a high-directed
concept mapping task can help students clarify the nature and number of
connections among newly learned concepts. A low-directed concept
mapping task will encourage them to reflect on the possible relationships
among the concepts and represent these relationships in a pictorial way.
They may even see links that they are not initially aware of (De Simone,
2007), thereby developing deeper understanding about the concepts.
They can modify these maps as learning progresses. This constructive
activity can be more effective when students work together in groups to
discuss their ideas and combine their knowledge in order to learn and
construct new knowledge (Gao, Shen, Losh and Turner, 2007). This
group activity will also provide opportunity for groups to compare
their conceptual structure with other groups and this will inspire
further learning. In recent years, with the support of concept mapping
software such as CmapTools (Novak, 1998) and SmartDraw
(http://www.smartdraw.com), students can now build and discuss their
concept maps at distant locations (Novak and Caifias, 2006) and flexible
times.

Several studies (e.g., Kankkunen, 2001; Mohamed, 1993) have
reported students’ positive attitudes toward using concept map in
science. In mathematics, we conducted a study with a class of Grade 8
Chinese students (n = 48) in 2009. The students’ attitudes toward
concept map were collected through a questionnaire and interviews after
their one month’s experience with concept mapping. Most of them
agreed that concept mapping was useful in learning mathematics. They
expressed moderate to high levels of enjoyment of concept mapping even
though, at the same time, some of them admitted that concept mapping



Assessing Conceptual Understanding 81

was challenging and required hard thinking. These findings are
encouraging for teachers who wish to explore this technique in their
mathematics lessons.

5 Evaluation of Student-Constructed Concept Maps

Concept maps can be assessed in a holistic, qualitative way based on
expert or teacher impressions or scored using specific criteria. These
methods should result in meaningful grades or scores so that judgement
about the quality of students’ conceptual understanding can be made
from concept maps.

The following sections describe several quantitative methods to
score concept maps by examining the links between individual concepts
and the quality of the whole map. These scores can be used to assess
students’ performance on the given concept mapping task. It is not
necessary to use all the methods below for classroom assessment;
however, some of these methods may be used in action research.

5.1 Links between concepts

As defined in the introduction section, a concept map is a directed
network. The number of links, including incoming and outgoing ones,
connected to an individual concept reflects the extent to which that
concept connects to all the other concepts in the network, with higher
number of links showing that it has stronger connections with other
concepts in the domain. This will reflect the students’ conceptual
understanding of that concept. In the extreme case, an isolated concept
with no incoming and outgoing link suggests that the person is not
familiar with the concept, cannot recall the link, or has simply forgotten
to construct connections with it (which can happen under timed test
conditions). For missing links, the teachers may need to interview the
students to find out the reasons behind their lack of conceptual
connections about the concepts.
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Tables 1 and 2 show the number of links to the concepts (excluding
examples) found in the respective maps in Figure 5. Both maps have
included all the three given concepts. Each concept in Student A’s map
has more links compared to the same concept in Student B’s map. If the
links are also mathematically correct, then Student A has a better
understanding of the fraction concepts than Student B.

Table 1
Number of links to concepts in Student A’s map in Figure 5

Incoming  Outgoing Total

Concepts . . .
links links links
Like fractions 2 0 2
Unlike fractions 1 1 2
Equivalent fractions 0 2 2

Table 2

Number of links to concepts in Student B’s map in Figure 5

Incoming  Outgoing Total

Concepts . . .
links links links
Like fractions 1 0 1
Unlike fractions 0 1 1
Equivalent fractions 0 0 0

In addition to the number of links for each concept, it is also
informative to examine the connections between pairs of concepts, in
order to find out, for examples, how close or far apart are the two
concepts (called the distance), how strong is the connection in terms of
the number of direct and indirect paths between them (called the
connectedness), and the quality of the propositions. The distance and
connectedness measures indicate how easy or difficult it is for the
students to access the respective pair of concepts in their cognitive
structure. Knowing which pairs of concepts are cognitively “far apart” or
“weak” in their students’ conceptual understanding will alert the teachers
to plan more focussed activities that can strengthen these particular links.
These quantitative measures are related to various indicators used in
social network analysis (Degenne and Forsé, 1999).
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The distance between two concepts i and j is defined based on the
length of the shortest path that connects them in the direction from i to j.
When there is a direct link from i to j without any in-between concept,
their distance d(i, j) = 1; when i and j are not connected, either directly or
indirectly, their distance is defined as zero. Hence, it is possible to have
d(i, j) = 1 and d(j, i) = 0. When there is an indirect link from i to j, their
distance equals to the number of in-between concepts in the shortest path
plus one. For any two connected concepts, the larger their distance, the
further apart they are, and the harder for the students to connect them in
their thinking. For the two maps in Figure 5, the distance matrices are
given in Tables 3 and 4 respectively. For these simple maps, all the
connections between pairs of concepts are direct ones (d = 1). It is also
evident that Student A has constructed more links than Student B.

Table 3
Distance of the concepts in Student A’s map in Figure 5
From Like Unlike  Equivalent
To fractions fractions fractions
Like fractions 1 1
Unlike fractions 0 1
Equivalent fractions 0 0
Table 4
Distance of the concepts in Student B’s map in Figure 5
From Like Unlike  Equivalent
To fractions fractions fractions
Like fractions 1 0
Unlike fractions 0 0

Equivalent fractions 0 0
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The connectedness between any two concepts counts the number of
different paths between them. Referring to Student A’s map in Figure 5,
the connectedness from equivalent fractions to like fractions is 2 since
there are two paths, one direct (equivalent fractions => like fractions) and
one indirect (equivalent fractions = unlike fractions => like fractions);
the connectedness of the same pair of concepts in Student B’s map is 0,
since there is no path between them. Pairs of concepts with large
connectedness are quite robust; when one connection is broken, these
concepts still have high chances of being linked together. Tables 5 and
Table 6 show the corresponding connectedness matrices for the maps in
Figure 5. The pairs of concepts in Student A’s map have stronger or
more robust relationships than those in Student B’s map.

Table 5
Connectedness of concepts in Student A’s map in Figure 5
From Like Unlike  Equivalent
To fractions fractions fractions
Like fractions 1 2
Unlike fractions 0 1
Equivalent fractions 0 0
Table 6
Connectedness of concepts in Student B’s map in Figure 5
From Like Unlike  Equivalent
To fractions  fractions  fractions
Like fractions 1 0
Unlike fractions 0 0
Equivalent fractions 0 0

The third measure of the relationship between each pair of concepts
is the quality of the proposition indicated by the linking phrase between
them. A simplified scoring scheme is as follows (see McClure, Sonak
and Suen, 1999; Novak and Gowin, 1984):

(1) when a proposition has no linking phrase or indicates

misconception, score 0;
(2) when a proposition indicates a relationship between the



Assessing Conceptual Understanding 85

connected concepts but with partially correct or incomplete
linking phrases, score 1;

(3) when a proposition indicates a correct and meaningful
relationship between the connected concepts, score 2.

This scheme is illustrated in Figure 7 below. Proposition (a)
indicates a misconception of the relationship between square and
parallelogram, thus, it is scored 0. Proposition (b) correctly indicates the
relationship that “square is a parallelogram”; however, the linking
phrase is very brief and gives no further information about how or why a
square is a parallelogram. Compared to proposition (b), the proposition
(c) is more detailed as it gives a complete description of a square in
relation to parallelogram. To apply the scoring scheme, teachers should
decide how much their students are expected to master the relationship
between two concepts at their stage of learning. If the students’
propositions have met the expectation, then score 2; if the expectation is
only partially met, score 1. With this in mind, a teacher may score
proposition (b) 1 or 2 according to his/her expectation. For formative
assessment, pay attention to the actual propositions, in addition to the
scores, in order to identify students’ good understanding as well as
misconceptions.

|
is & special parallelogram
with 4 equal sides and
4 right angles

parallelogram

(@) (b) (©)

square

[=]
w
[}

isnot a

parallelogram parallelogram

I‘_
I‘_

Figure 7. Examples for scoring of propositions

The usefulness of the distance, connectedness, and quality of
proposition scores becomes apparent for more complex concept maps.
These scores allow more objective comparison between student-
constructed concept maps.
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5.2 Nature of the whole map

Student-constructed concept maps can be compared at the whole map
level. The notion of density and the sum of all separate proposition
scores can be used to indicate the holistic properties of a concept map.
The density refers to the ratio of the total number of links to the total
number of concepts in a concept map. This provides information about
how compact the concepts are tied together within a particular group in
the map. There is no expected value of what the density of a concept map
could reasonably be, but compact maps are likely to have strongly

intertwined associations in the person’s cognitive structure. For example,

3
3

excluding examples and the links to examples. This suggests that Student
A’s map is more compact than Student B’s. Nevertheless, a higher
density does not necessarily indicate better quality of a map since
students may simply draw links without considering whether the links
are substantial (meaningful) or trivial. The scoring of propositions helps
to show this differentiation. Hence, the sum of all separate proposition

. . . . _ l .
the densities of the concept maps in Figure 5 are 5 =1 and 3 respectively,

scores is the second measure of the quality of the whole map. For
example, in Figure 5, Student A’s map obtained 2 + 2 + 2 = 6 points as
an overall proposition score since all the three propositions in the map
are substantial ones; while Student B’s map obtained 1 point since there
was only one partially correct proposition between the three given
concepts. In general, high proposition sums are associated with
competent students who can provide many valid content-based
propositions, whereas low sums are associated with weak students who
do not provide many meaningful propositions.

Meaningful comparisons between concept maps can be made only if
they cover the same given concepts. This is because some concepts are
less compact than other concepts. As a consequence, a concept map
constructed with such concepts will have fewer expected connections
and therefore lower density and proposition scores. A different approach
is to compare student-constructed concept maps against a criterion (or
expert) map. The criterion map can be constructed by one or more
teachers by taking into consideration the learning objectives. Any gaps
between student maps and the criterion map (for examples, isolated
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concepts in student maps) and student misconceptions will highlight
where further teaching is to be focussed on. Some students may achieve
higher scores than the criterion map if they have constructed “insightful”
connections that the teachers have not thought about; indeed, this shows
that teachers may learn from their students.

6 Conclusions

This chapter has described three different types of concept mapping tasks
that can be used as alternative assessment to supplement traditional
paper-and-pencil tests, with concept maps highlighting the degree
of conceptual understanding while traditional tests covering standard
skills and problem solving. Of these three types, student-constructed
concept map is particularly suited to measure individual conceptual
understanding of a set of concepts. By asking students to explicitly
consider how and why concepts are linked, teachers can detect students’
progress and gaps in understanding and then adjust their instruction
accordingly. At the same time, the concept mapping tasks provide
students important learning opportunity to reflect on what they have
learned and help them see links that they may have missed.

Training students to construct their own concept maps and
interpreting these maps are likely to be time-consuming. Some efforts
may be saved by using simple scoring as explained above. Even so, it is
not “economical” in terms of curriculum time to use concept maps for
assessment purposes only. The studies on concept maps in mathematics
(Afamasaga-Fuata’l, 2009; Schau and Mattern, 1997) have provided
strong evidence of the advantages of using concept mapping as a
teaching and learning tool, including letting students construct group
concept maps. Once concept map has been used for instruction or
learning, the burden of training for assessment will be reduced as
students will have become familiar with features of concept maps that
will be assessed. Hopefully, the students will also be receptive to the idea
of using concept mapping as part of standard assessment. This will
change concept mapping from assessment of learning to assessment as
learning.
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In summary, concept mapping is an assessment technique that can be
applied at various stages of learning. The increasing number of studies in
recent years on the uses of concept map in mathematics and other
subjects suggests that students can benefit from concept mapping. Its
effects on learning are also well-documented. Thus, it is worthwhile for
teachers to develop their skills in using this assessment technique and to
explore its use in their mathematics lessons to meet the curricular goals
of promoting conceptual understanding in mathematics.
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Chapter 5

Using Journal Writing to Empower Learning
Berinderjeet KAUR ~ CHAN Chun Ming Eric

Amongst the number of alternative assessment methods that
mathematics teachers can use, journal writing apparently can be
said to be the easiest assessment method to carry out in the
mathematics classroom without having to compromise significantly
the teachers’ formal teaching time. Because of its flexibility and
ease of use and the benefits that can be reaped towards achieving
learning outcomes, journal writing should be seriously considered
as having a place in the mathematics classroom. This chapter
illustrates with the use of students’ sample responses to journal
prompts how students may be engaged in writing about their
understanding of what they are taught, mathematical content,
processes, application, and attitude. In addition, it looks at how
journal writing may be evaluated so that constructive feedback is
given to the students. Finally, some pitfalls to avoid when
implementing journal writing are discussed.

1 Introduction

Assessment is an integral part of teaching and learning. Essentially,
assessment is a means of gathering information about students’ progress
with respect to achieving learning goals and providing feedback to
inform instruction. Assessment has gone beyond the traditional sense of
“testing” where a test score or grade is seen as final. Today, it is viewed
as a dynamic process that includes a range of assessment strategies that
will provide a repertoire of evidence to suggest students’ learning and
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growth on a timely basis (National Council of Teachers of Mathematics,
1995; Ministry of Education, 2000a and 2000b). With emphasis on
mathematical thinking and communication, there is a need to describe,
explain, argue, and interpret in reformed classrooms. In such classrooms,
alternative forms of assessment are seen as providing a more complete
and accurate picture of students’ learning and performances. The
Ministry of Education (MOE) in Singapore has embraced this shift in
focus towards a holistic perspective to assessment that includes
assessment modes such as mathematical investigation, journal writing,
classroom observation, self-assessment and portfolio assessment (MOE,
2004a and 2004b). This chapter focuses on journal writing as an
alternative assessment strategy.

2 Review of Literature

Journal writing involves students writing about their mathematics
learning. It is a systematic way of documenting learning and collecting
information for self-analysis and reflection (Kaur, Ang, Kang, Ng, Ng,
Phua, et al., 2004; Kaur, Chan, and Edge, 2006). According to the
Assessment Guides to Primary Mathematics and Lower Secondary
Mathematics, it is a platform where “students write about a mathematics-
related situation in a way that reveals their learning of certain
mathematics concepts, how it was taught, the difficulties encountered,
and their feelings and attitudes towards the learning” (MOE, 2004a, p. 57
and 2004b, p. 54). In the Principles and Standards for School
Mathematics of the US it is emphasised that

reflection and communication are intertwined processes in
mathematics learning ... Writing in mathematics can also help
students consolidate their thinking because it requires them to reflect
on their work and clarify their thoughts about the ideas. (National
Council of Teachers of Mathematics, 2000, p. 61)

According to Ernig (1977), writing provides information processing
at the motor level (hand moving the pen), the sensory level (eyes
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reading), and the cognitive level (intellectual and analytical processing of
the message).

Studies have documented positive effects of journal writing in
mathematics classrooms with respect to achievement (Evans, 1984;
Shepard, 1993), mathematical reasoning (Pugalee, 2005) and problem
solving (Bell and Bell, 1985; Pugalee, 2005). Borasi and Rose (1989)
asserted that journal writing in mathematics teaching had beneficial
therapeutic effect on the feelings and attitudes of the students, as well as
positive effect on their learning of mathematical concepts and problem
solving skills. They also asserted that the interaction of students and
teachers through journal writing may produce a beneficial supportive
class atmosphere. Burns (2004) in her work with students on writing in
mathematics noted that

Not only did I see how writing helped students think more deeply
and clearly about mathematics, but I also discovered that students’
writing was an invaluable tool to help me assess their learning.

(p. 30)

Studies in Singapore on the use of journal writing in mathematics
lessons too revealed positive outcomes such as an effective way to
increase teacher’s understanding of students’ learning in mathematics,
attitudes and dispositions towards mathematics (Chai, 2004) and higher
gains in mathematics test results (Ng, 2004; Yeo, 2008).

Clarke, Waywood, and Stephens (1993) studied the use of journal
writing in mathematics to foster the development of metacognitive
processes. A major finding of their long-term journal writing study was
that students convincingly explained why they used journal writing:

Sixty percent of the students gave as the main reason for writing in
their journal, because it helps me (...), the most popular justification
for journal use was To help me learn (...). Half of the student sample
reported that the most important thing learned from journal
completion was To be able to explain what I think. (p. 241)
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In a three year assessment project (2005-2008) led by Professor
Magdalena Mok (Mok, 2010) in Hong Kong, parents too realised the
value of journal writing by their children. One parent stated that “after
two years, I gradually realise the benefits of the Mathematics Journal”
(Mok, 2010, p. 73). The parent also stated the following benefits:

e Mathematics Journal is actually a cognitive training: students can
reflect on the principles and methods of computation while they
write the Mathematics Journal, such that mathematics
understanding is consolidated.

e Mathematics Journal can help early reflection on one’s mistakes:
Very often, students would think that if they get the answer
correct then they know how to do mathematics. In reality, they
are discouraged or give up when they meet complicated items
requiring comprehension. Only through the Mathematics Journal
do they know how to reflect on their mistakes and put deep
thoughts to the items. (pp.73-74)

3 Two Types of Journal Writing in the Mathematics Classroom

Selecting an appropriate assessment method depends on the purpose of
the assessment. The brief review of literature in the previous section has
provided a sense of what journal writing can be intended for. This
section exemplifies free writing and writing from a prompt as two
possible ways to engage students in journal writing.

3.1 Free writing

Students may be asked to write journals at regular intervals to keep track
of their thoughts and experiences during mathematics lessons. The
teachers may not provide them with any specific instructions or guides.
In such cases, students are free to write about any aspect of their
mathematics learning. Three such journals written by a secondary 2
student are shown in the following three figures: Figures 1, 2 and 3. The
student created her own template for the journals and penned her
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thoughts periodically about her algebra lessons. The teacher’s comments

are also evident in the figures.
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3.2 Writing from a prompt

Alternatively, students may be given prompts to help them write
journals. Through carefully chosen prompts, teachers can encourage
students to connect new knowledge with prior knowledge and to develop
new understandings about concepts. Kaur et al., (2004) and Kaur, Chan
and Edge (2006) described three main categories of prompts, namely
affective / attitudinal, mathematical content, and process and application.
A prompt might be a sentence to complete, a question to respond to, or a
quote to explain. The three categories of prompts follow.

Affect / Attitudinal (How do you feel?). Examples of prompts in this
category are as follows:

e This year mathematics is ...

e What I like most about mathematics ...

e The most difficult part of mathematics is ...

e What kind of mathematics figure are you? (circle, square,

triangle, parallelogram, etc.) Explain;
e This is how I used mathematics this week, outside of school....

Examples of journals in this category

Primary 3 students were given the following prompt to write a short story
about Mr and Mrs Square living in Squaresville. Figure 4 shows a
journal written by a student.

In the journal shown in Figure 4, the student wrote about things
associated with squares since the characters were squares. Apparently the
student drew on his or her personal knowledge such as a square TV, and
the cartoon character Spongebox Squarepants that is a square-shaped
creature. The student also named other characters using names of shapes
such as Mr Triangle, Mrs Circle and Mr Pentagon to be consistent with
the way Mr and Mrs Square are used. The composition, although short,
paints a happy shopping occasion and a meeting of friends.
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1) Write a short story about Mr. and Mrs. Square. They live in
Squaresville.

"Mr. and Mrs. Square went to the ...

wfard M sqpare went' o camp.
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Figure 4. Sample journal depicting a story with a focus on shapes

A class of secondary 2 students were asked to complete the
following: My worst experience with mathematics was .... Figure 5
show the response of one student in the class. This student appears to
have found it difficult, when she was in primary 5, to accept that in
mathematics, letters may be used instead of numbers to represent
variables.

My worst experience with mathematics was when T
was  in r)rl'MCLr‘\j 5 and my teacher gave
us Some algebra. items +to Simplify .
T did a0+ kuew what +he letterc were
S0 T just+ le+ thean be Aumbers

T e+ a=1, b:lj c= 3, d=4% 6 e=5
and $0 on  because I 4hought that
\au_Crcle 1o tHie CLLPL1C.J,¢1,-_§/ ""’laj_ilnou.td
INcrease b: cve Nuanbey
My teacher acked me +o """"I’l‘.fi‘i
atb+e and I go4 4he

anfwer O¢ l+2+ 3= (. Thi¢ was wrong,

New T und&rc-kov\d a.la?.br‘m better and
Know Hiat a+brc cannct be simplified.

Figure 5. A student’s journal on worst experience with mathematics
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Mathematical content (What is it about?). Examples of prompts in
this category are as follows:
e How would you describe a...?
e  Write your own definition of ...
Write and solve a problem whose solution involves ...
Why can’t you divide a number by zero?
e Compare and contrast....

Examples of journals in this category

To determine if students had comprehended the difference between
area and perimeter, they were asked to write a letter to an imaginary
friend who had missed a lesson on area and perimeter. Figure 6 shows a
journal entry of a Primary 4 student (student A).

4) Your best friend was absent from class and missed the lesson
on area and perimeter. Write a letter to him explaining the
difference between area and perimeter? You may use diagrams
as illustrations.

Do Soieed,
T ey v have learnt abod e o ard DQ‘S;‘”Q'(‘QT-
e greo. s e -amount o Space I o
| N a
Mr or ob ) b B e
| J eCry - Ve > i
CMelec (¢ g \eng i argwd |

" \ eviey

PC*‘rs' m
MLl

064‘\‘“’16{ &Y = D
B .
Tree are €
Sides i e
shewe J
4l = V?r-fvw@kar+ — © b)‘e o

Figure 6. Student A’s journal on the difference between area and perimeter

From the journal, in Figure 6, it can be ascertained that student A has
a good understanding of the two measurement ideas. The student is able
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to describe area as “the amount of space in a shape” and perimeter as
“the length around a shape”. The descriptions are enhanced with the
illustrations. The square on the left is drawn and labeled with “6” on each
side. The line drawn round the square shows that the perimeter is the sum
of the lengths of the four sides. In addition, the statement “4 x 6 =
perimeter” is written to show how the perimeter can be found. The
square on the right is divided into smaller squares illustrating an
understanding of the concept that leads to the formula: area = length x
breadth. The statement “6 x 6 = area” is written to show how the area can

be found. Figure 7 shows the journal entry of another Primary 4 student
(student B).

4) Your best friend was absent from class and missed the lesson
on area and perimeter. Write a letter to him explaining the

difference between area and perimeter? You may use diagrams

as illustrations.
Dear best friend,

The difference between perimeter |

and area is that perimeter is +he oudline of +he |

Aigure . The unit measurements for porimeter |
_ore ‘cm, m.” For area the unit measuremants

_are 'm*, ewm’’ This was what we learad todey,
F&lmd‘r/ area.

Figure 7. Student B’s journal showing the difference between area and perimeter
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From Figure 7, it is apparent that student B was able to describe the
difference between area and perimeter in a slightly different way from
student A. Student B conveyed perimeter as the “outline of the figure”
and area as the “space taken by the figure”. The descriptions are aided by
a diagram. The descriptions and diagram are complementary in showing
what the student knew about the different ideas. The student also
highlighted the unit of measurement for perimeter and area but did not
show how perimeter or area of shapes may be computed.

Similarly to assess if students had understood the role of variables in
algebraic expressions, a class of secondary 3 students were asked
“Which is larger in magnitude? 5 + n or 5n, explain your answer
clearly.” Figure 8 shows a response of a student in the class. This student
had a good understanding of the concept of a variable but had not
considered all possible values for n.

MATHEMATICS JOURNAL
Name: HEDNNEEDD Date: ol
Class: N
Topic: Algebra Level: Secondary 1/2/3/4
Which is larger in magnitude?
B+ norSn
Explain your answer clearly.

T} depends on what n 6.
B L 5maller tran | or '"1""‘&' her S 4N 4 praer H'nam sh . for
example, ¥ n 5 L then s4n wll be S5and Sn will'be 24,
n s ln.ﬂjﬂ'%han\ then Bn o lamer ¥ 540 For exam e, fnisa,
ﬁeﬂ S54n “will be 7 cmd St will be™ 0.,

n ‘50*‘21\ Sin wil be lnr'lyr #an 5n as B+n wll be 5 and Sn

Teacher's comments:
Good understanding of the concept of a variable n. However, you firve not explored
negative values of n and’ the value of n when 5 +a = Sn..

Figure 8. A student’s journal on the comparison of two algebraic expressions
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Process and Application. Examples of prompts in this category are:

¢ The most important part of solving a problem s ...

e Do you use tables or diagrams when solving a problem? Why or
why not?

® When Istudy foratest,I...

e Describe any computational procedure that you have invented;

e Write a letter to your teacher explaining to him / her how best
you learn mathematics.

Examples of journals in this category
As pupils have the tendency to get some mathematical terms like factors

and multiples mixed up, a class of Primary 4 students were asked to write
about how they differentiated one from the other. Figure 9 shows one
student’s way of thinking in preventing the mixed-up. The student
considered “factors of a number that can be divided by the factors
equally”. Although not eloquently phrased, the mathematical example
shown helps to make sense of the description. The student used division
as a test to see if it results in any remainder. The student was able to list
all the factors of a particular number and knew that these numbers can be
divided equally by the number. To know what multiples are, the student
multiplied a number with another natural number. Again, the ability to
use a mathematical example suggests what the student knew about
multiples. In a sense, the student used “division” and “multiplication” in
differentiating between the two terms.

1) What would you do to prevent getting your understanding of
the terms "factors” and "multiples" mixed up?

t

Figure 9. A student’s journal depicting a way to differentiate factors and multiples
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Figure 10 shows a journal entry written by a secondary 3 student in
response to a writing prompt to elicit students’ thinking processes when
solving problems. The journal was submitted to the teacher electronically
as part of work assignment during e-learning week.

MATHEMATICS JOURNAL
Name: _XXX___ Date: _XXX

Class: _XXX____ Level: Secondary 3
Do you use tables or diagrams when solving a problem? Why or why
not?

| prefer to use tables or diagrams when solving a problem, where
possible. This is because, visually representing a problem helps me to
view the information provided by the problem and the unknowns | am
required to find as a whole big picture, which can also be viewed as a
composite of individual parts. Using the diagram, | usually derive a
suitable systematic way of working with the information provided to
arrive at an answer. Though, this may seem like a long-drawn process, it
is actually a very fast one, as once you have visually represented the
problem, you are no longer at a loss of how to get started. Spotting a
solution from a visual representation is often very simple and clear-cut.

Figure 10. A student’s journal about use of tables and diagrams when solving problems

4 Rubrics for Grading Journals

Journal writing meant for the development of the affective domain of
learners is often not graded. However, journals that are related to specific
objectives of content, processes and applications may merit some form of
grading as the feedback is relevant for both the teacher and the learner.
As there is often no right or wrong answer to any journal entry, the use of
scoring rubrics may be the most appropriate means of grading journals.
Scoring rubrics provide at least two benefits in the evaluation process
(Moskal, 2000). Firstly, they support the examination of the extent to
which the specified criteria have been reached. Secondly, they provide
feedback to students concerning how to improve their performances.
Depending on the needs of the evaluator, an Analytic Scoring Rubric or a
Holistic Scoring Rubric may be used.
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4.1 Analytic scoring rubric

The Analytic Scoring Rubric allows for separate evaluation of areas such
as:

e Mathematics content

e Organisation of ideas

e Expression
Figure 11 shows an Analytical Scoring Rubric from the Mathematics
Assessment Guide (MOE, 2004b, p. 55).

Area Score How it was done
Mathematics 3 | Showed in every instance, strong links between
Content mathematics learning and daily life application.

Used appropriate terms.

Need some improvement

Need to be significantly improved

Organisation Very logical and systematic presentation

of ideas Need some improvement

Need to be significantly improved

Clear and coherent. Used appropriate diagrams.

Expression Need some improvement

— DN [ = (D [W = |

Need to be significantly improved

Figure 11. A journal writing task and an Analytical Scoring Rubric

4.2 Holistic scoring rubric

At times, it is not possible to separate an evaluation into independent
areas. When there is an overlap between the criteria set for evaluation of
the different areas, a Holistic Scoring Rubric may be preferable to an
Analytic Scoring Rubric. Figure 12 shows a Holistic Scoring Rubric
from Kaur, Chan and Edge (2006, p. 16).
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Grade

Performance

Response is complete and goes beyond expectations
Displays clear understanding
Ideas are clearly communicated

Complete and correct calculations are provided

Response is complete
Displays understanding
Ideas are fairly well communicated

Work contains minor flaws in reasoning or minor errors in calculation

Response is incomplete
Displays a lack of understanding
Ideas are not well communicated

Work contains numerous errors and reasoning is flawed

No response or ideas are completely inadequate.

Figure 12. A Holistic Scoring Rubric

The rubric, shown in Figure 12, is applied to two samples of students’
journals that address the prompt “the best way to find the sum of the
interior angles of a pentagon is...” As part of the prompt, a pentagon is
drawn for the students. Figure 13 shows student A’s response to the

prompt.

A

So

All

Thee e o oyners .

cidded up

AV e aages n Wil be eqa)

T 3pe —

Aagle = 300 = 5 = 10

fre agles > 3600,

Figure 13. Student A’s journal on how to find the interior angles of a pentagon
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The student had interpreted the interior angles as the angles at the
centre of the pentagon and drew lines from the vertices to the centre of
the pentagon. The student referred to the five angles as “corners”. The
student knew that since the sum of the 5 angles makes up 360°, so each
angle is found by dividing 360° by 5 to get 72°.

To apply the rubric, it is noted that the student did not quite know
what are interior angles. Furthermore, 72° as the value of an interior
angle did not answer the prompt to find the sum of the interior angles.
Hence, the student’s response was incomplete, but it showed partial
understanding and warrants a C grade. Detailed qualitative feedback may
be given by the teacher to the student suggesting that he failed to identify
all the interior angles and how the angle with measure 72° may be used
to work further towards the complete solution. Figure 14 shows student
B’s response to the same prompt.

¢
Pvde We pedtugen ints
i . (4
Triwngles  fke wis ——y /%0
&
’4” 2 Qr)aales o{" a Tl’l'th { add __m
e P oup 130°,

f‘b* ‘K)*_‘%O = 5‘1—Ob

The  sum af the

agles  wre 5400

Figure 14. Student B’s journal on how to find the interior angles of a pentagon

Student B showed understanding of interior angles very clearly by
marking out all the interior angles. To find the sum of the interior angles,
the student divided the pentagon into three triangles. The student stated a
property of triangles, i.e., the sum of the angles in a triangle is 180°.
Using the property the student found the sum of the interior angles of the
pentagon.

According to the rubric, this response was complete and very clearly
communicated. The student had used her geometrical knowledge
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correctly. The calculations were accurate and complete. Hence, the
response of student B merits grade A.

5 Implementing Journal Writing in your Classroom — Potential
Pitfalls

Like all forms of assessment, journal writing too may cause more harm
than good if implemented mindlessly and carelessly. The followings are
some pitfalls for teachers to take note of and avoid.

5.1 The potential for teacher to hurt student’s feelings

Teachers must avoid criticizing what the students’ write. They have to be
positive, personal, accepting, encouraging and sensitive when responding
to what students write in their journals. However this does not mean that
teachers should avoid probing the students. It is improper for teachers to
discuss journals of students in the teachers’ room or quote from them
during lesson time, especially if the journals are telling of some signs
that are not favourable. However, the teacher may with the consent of the
students concerned, occasionally share with the class very interesting or
novel journals.

5.2 Possible loss of instructional time to teach the syllabuses

As the saying goes “water not drunk in moderation is harmful to the
body”, teachers have to be mindful of not going overboard with journal
writing. A good planned programme is necessary to induct students into
writing about their learning of mathematics and mathematical ideas. If
the programme is well structured it will not bite significantly into
instructional time. Also, the writing must be progressive. It should start
with simple, short and focused tasks and progress to longer and more
challenging (demanding the skills of analyses, synthesis and evaluation)
tasks. Students may be asked to do their journal writing during lesson
time or after school hours.
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5.3 Tremendous increase in the marking load of the teacher

Certainly, when a teacher requires her students to write a journal after
every lesson and grades all of them, her marking load would increase
many folds. To avoid such a situation the teacher must:
® not go overboard with journal writing,
¢ be mindful that it is not necessary to grade all the journals all the
time, and
e when grading journals, it is appropriate to focus on one or two
areas rather than all possible areas.

5.4 What to grade? Language or mathematics content

When grading journals, teachers may be in a dilemma, as what to grade —
the mathematics or the language of communication. Some teachers may
be uncomfortable with the idea of grading writing and this is justified.
Teachers should place emphasis on the mathematics content,
organization of ideas and expression (MOE, 2004a and 2004b) when
grading journals. Students can express themselves through diagrams,
symbols and mathematical terminology. Teachers must not penalize
students for errors in language of communication, i.e., grammar and
punctuation.

6 Concluding Remarks

In this chapter, we have demonstrated that journal writing as an
alternative mode of assessment for learning has many virtues. Bearing in
mind the potential pitfalls, teachers are encouraged to engage their
students in reflecting and writing about their mathematics learning, i.e.,
using journal writing to empower learning.
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Chapter 6

Implementing Alternative Assessment in the
Lower Primary Mathematics Classroom

YEO Kai Kow Joseph

Assessment is an integral part of the teaching and learning process.
This chapter discusses issues related to assessment practices in the
mathematics classroom. It also focuses on the importance of
alternative assessment in the lower primary mathematics classroom.
Amongst others, lower primary mathematics school teachers should
consider implementing the following alternative assessment
practices in their instructional process: practical tests, oral
presentation, journal writing and open-ended tasks. Each type of
alternative assessment practice is highlighted with examples
followed by a short discussion.

1 Introduction

Educational and assessment policies come and go but the main aim of
assessment will continue to inform teaching and learning. Assessment is
expected to be among the most contentious issues in the mathematics
classroom. Everyone has a view about assessment. It may mean
different things to different educators and researchers. When educators
and researchers respond to changes in assessment policy, they could be
responding to a different facet of assessment. Over the last five years in
Singapore, the mathematics curriculum was revised to place emphasis on
reasoning, communications and connections; applications and modelling
in addition to heuristics and thinking skills as processes that encompass
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the mathematics curriculum. As a result of this revision, there is a need
to examine the instructional approach, the types of problems used
and assessment approach in the primary mathematics classroom. The
Ministry of Education (MOE) in Singapore announced in July 2010 that
by year 2013, there will be no formal examinations for all primary one
pupils (Davie, 2010). Instead of taking formal examinations, they will
go through “bite-size formal assessment”. These bite-sized assessments
inform the pupil, teacher and parents about the pupil’s areas of strength
and areas to work on in his or her overall development. In other words,
assessment will be continual, rather than limited to the mid-year and
year-end examinations. With all these changes in the lower primary
mathematics classroom, teachers must use assessment tools such as
rubrics to assess and provide pupils with richer feedback on their
development in both academic and non-academic areas (MOE, 2009).
This is aligned with the established statement on the concept of
assessment in mathematics that was given in the National Council of
Teachers of Mathematics (NCTM) Assessment Standards for School
Mathematics, which defined assessment as “the process of gathering
evidence about a student’s knowledge of, ability to use, and disposition
toward mathematics and of making inferences from that evidence
for a variety of purposes” (NCTM, 1995, p.3). This strong sense of
assessment informing instructional practice is also evident in Singapore’s
Primary Education Review and Implementation (PERI) report (MOE,
2009). One of the PERI recommendations is to balance the acquisition
of knowledge with the development of skills and values through
increased use of engaging pedagogies, more holistic assessment to
support pupils’ learning and development, and a stronger emphasis
on non-academic aspects within the curriculum (Fu, 2010). Singapore
schools are encouraged to explore alternative and more holistic forms of
assessment at the lower primary levels to support greater balance
between knowledge, skills and values acquisition.

Since the mid 1980s, educational researchers and teachers have
suggested and practiced a wide range of alternative ways of assessing
pupils’ learning to prevail over the shortfalls of the traditional paper-and-
pencil test (Adam, 1998; Berenson and Carter, 1995; Clarke, 1997; Fan,
Quek, Koay, Ng, Pereira-Mendoza, Yeo et al., 2008; MOE, 2004a and
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2004b; Raymond, 1994; Richardson, 1988; Stacey, 1987; Stempien and
Borasi, 1985). In the last ten years in Singapore, alternative assessment
has also gained increasing attention from educational policy makers,
administrators, researchers, and teachers, particularly since the early
2000s (Chow and Fan, 2005; Fan and Yeo, 2007; Fan, Quek, Koay, Ng,
Pereira-Mendoza, Yeo et al., 2008; MOE, 2004a and 2004b; Seto, 2002;
Yazilah and Fan, 2002). The PERI report also indicates that there is a
need to “shift assessment practices away from an over-emphasis on
assessment of learning as an end-outcome, especially at the lower
primary levels and shape mindsets to view assessment as an integral part
of ongoing processes to support learning” (MOE, 2009, p. 30).

In my work with lower primary mathematics school teachers
in Singapore, I frequently hear concerns about implementing new
assessment practices in mathematics classrooms. Anecdotal evidence
suggests mathematics teachers understand the value of alternative
assessment in assessing some instructional objectives more validly than
the traditional mathematics test but this information may or may not be
translated well into classroom practices. Lower primary mathematics
school teachers may not feel confident about designing, implementing or
judging pupils’ work on alternative assessment tasks. There is a need to
equip lower primary mathematics teachers with a set of newer alternative
assessment practices to be integrated into their classroom instruction.
This need is congruent with the PERI recommendations about
assessments in that teachers must be aware of a range of pupils’ ability
and learning styles; be fair to all pupils and free from bias; as well as
delineate and communicate assessment standards to pupils and parents.

The main purpose of this chapter focuses on implementing
these principles in pragmatic ways. An important priority of the
discussion is that the recommended alternative assessment practices
should involve minimal disruption to the teaching process and not
impose additional workload on the lower primary mathematics teachers.
Rather, lower primary mathematics teachers are urged to be more
judicious and watchful in their assessment practices. The ultimate
purpose of classroom assessment is thus to facilitate and promote
learning in the classroom. This chapter is divided into three sections. In
the first section, I provide a relatively broad view of assessment practices
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in mathematics classrooms. In the second section, I provide four different
alternative assessment practices that could be implemented in lower
primary mathematics classroom. The chapter ends with a few concluding
remarks.

2 Assessment Practices in Mathematics Classrooms

As assessment is a critical part of the teaching and learning process
in classrooms, mathematics teachers need to keep abreast of new
developments in assessment and be equipped with the necessary
knowledge and skills in implementing various assessment practices.
Traditionally, mathematics teachers have relied on paper-and-pencil tests
to assess pupils’ mathematics learning. Many of the mathematical items
that teachers ask pupils to solve enable them to reproduce memorised
procedures without thinking about why the processes work and what the
answer means. The author recalls a test that a teacher gave to his grade
two pupils to add the first twenty numbers 1 + 2 + 3 + 4 +...+ 20. Most
mathematics teachers would administer similar test: first, pupils are
asked to find the sum by adding up all the numbers in both horizontal
and vertical formats, then by making 10 pairs of 21, and finally by any
method that pupils wish. After this teacher had attended a workshop
on open-ended problems, he added to his test the problem “List two sets
of twenty numbers that have a sum of 210”. Most pupils who were
able to solve nearly all the standard addition problems correctly were
unsuccessful on the new open-ended problem. This suggests that these
pupils had only achieved instrumental understanding of solving addition
problem. They had memorised procedures that allowed them to produce
correct answers, but they were not able to show relational understanding
of what the sum of a set of numbers really meant. It is apparent the first
test focuses on static, discrete pieces of knowledge, often memorised but
neither contextualized nor applied.

The traditional mathematics test possibly does not provide a
comprehensive measure of pupils’ ability. Traditional assessment
techniques also make it difficult to develop inferences about pupils’
learning that may be helpful in designing new approaches to improve
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pupils’ learning. Webb (1992) claims that tests are important quantitative
assessment tools, but they do not constitute the totality of assessment.
Thus in this age of accountability, teachers need more varied information
about their pupils' mathematical understanding and competence. One of
the most important practices is for teachers to use effective classroom
assessments that measure what pupils are learning and how they are
learning it. Subsequently, teachers are expected to use the assessment
information to plan and adjust instructional processes. In other words,
classroom assessments should be integrated with the instructional
process for mathematics teachers to understand and strengthen pupils’
learning. These are the key principles of assessment for learning or
formative assessment as encouraged by many assessment experts (Black
and Wiliam, 1998; Shepard, 2000). Assessment for learning is a process
by which assessment information is used and interpreted by teachers to
adjust their teaching strategies for improvement in subsequent learning
and teaching (Black, Harrison, Lee, Marshall and Wiliam, 2003; Black
and Wiliam, 1998). Assessment of learning, commonly associated with
national and school semester examination, is assessment which gathers
evidence for summative judgement of pupils’ performance.

It seems that support for, and understanding of, new assessment
practices by teachers is inconsistent because of the lack of a well-defined
set of assessment artifacts or practices that are readily transferrable
across classroom, school and country contexts (Bennett, 2010; Maxwell,
2004). For example, even though there is strong belief and commitment
by many teachers to implement formative assessment practices, they
have found the implementation of such practices to be challenging
(Carless, 2005; Dixon and Haigh, 2009; James, Black, McCormick,
Pedder, and Wiliam, 2006). A major concern raised by teachers about
the use of formative assessment methods relates to their perceived
subjectivity. Just as assessment impacts pupils’ learning and motivation,
it also affects the nature of instruction in the classroom. There has been
extensive recent literature which supports assessment as something
to be integrated into the teaching process and not an activity that merely
audits learning (Shepard, 2000). When assessment is integrated with
instruction, it informs teachers about what activities and assignments will
be most useful, what level of teaching is most appropriate, and how
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formative assessments provide diagnostic information. For instance,
during instructional activities, teachers use formative assessment to know
when to move on, when to ask more questions, when to give more
examples, and what responses to pupils’ questions are most appropriate.

Alternative assessment practices provide a more comprehensive
picture of the pupil and provide more authentic information than
traditional assessment practices which provide limited information
about a pupil’s understanding. In addition, alternative assessment may
be appropriate for the assessment of non-academic domains because
some of these domains cannot be assessed using pencil-and-paper tests.
There are two related reasons for implementing alternative assessment
in classroom practice. The first is that alternative assessment reveals
at a very concrete level what the curricular objectives are. A second
reason is alternative assessment offers teachers examples of how they
can activate their pupils’ thinking and learning. Other terms used
for alternative assessment are: performance assessment, practical
assessment, or authentic assessment (Burton, 1996; Clarke, 1996; Niss,
1993; Wiggins, 1989). Possible alternative assessment practices include
practical tests, oral presentations, journal writing and open-ended tasks.
One common aspect of these methods of assessment is that they
represent “alternatives” to the more traditional paper-and-pencil test
formats found in so many classrooms.

An important focus of alternative assessment is feedback and not the
alternative assessment method used per se. It is possible to conduct
alternative modes of assessment in classroom but if we do not provide
feedback for learning, we only deceive ourselves that we are doing
assessment for learning when we are indeed doing assessment of
learning. The fundamental issue here is not the method — it is about
providing feedback for follow-up actions. In view of this, there needs to
be alignment of curriculum, teaching and assessment in order to address
essential learning that needs to occur during meaningful classroom
instruction and to address pupils’ outcomes in a more comprehensive
way. Second, there is a need to audit assessment practices for balance.
The key word here is “balance”; neither excess nor neglect. The practice
is not about having semester examinations or not having semester
examinations — rather it is a search for a balance of the two types of
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assessment. There is also a need to build mathematics teachers’ capacity
to implement alternative assessment practices because such innovation is
relatively new to many mathematics teachers who may not have received
adequate formal assessment training in their pre-service teacher
education programmes. Thus to make alternative assessment successful
at the lower primary level, it is crucial that training is provided for lower
primary mathematics teachers to realise that alternative assessment
practices serve different but potentially valuable purposes.

3 Suggested Alternative Assessment Practices for the Lower
Primary Mathematics Classroom

Although paper-and-pencil mathematics tests may be used for specific
purposes, there is a need to explore alternative assessment practices to
assess other learning outcomes. The alternative assessment practices
proposed in this chapter include those suggested in the Ministry of
Education of Singapore assessment guidelines for instruction at the
primary school levels (MOE, 2004a) as well as recommendations from
research in mathematics education.

Among others, lower primary mathematics school teachers should
consider implementing the following alternative assessment practices
in their instructional process: practical tests, oral presentation,
journal writing, and open-ended tasks. All these alternative assessment
practices, which can be easily implemented in the lower primary
mathematics classrooms, are described below.

3.1 Practical tests

The advantages of practical tests include the provision of short-term
learning goals, enhanced motivation as well as instant and explicit
feedback (Clarke, 1992). In practical tasks pupils are expected to use
manipulatives, materials and instruments to deduce mathematical
principles. A practical test is also an effective assessment tool and has a
high degree of assessment validity as the skills are assessed in practice in
the manner in which they have been learnt through the use of hands-on
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experiences. The use of everyday manipulatives, such as money,
matchsticks, crayons, cubes and beads, give pupils a realistic view of the
things around them since these assist pupils to better understand the
context of the question. This would encourage pupils to be more aware
of their surroundings and to observe everything as an opportunity for
learning. It reminds pupils that mathematics is related to our daily life as
they have to handle real objects such as weighing scales and measuring
cups. Pupils are required to show the processes involved in working out
the test items using the appropriate manipulative. These processes
enable a fair assessment of pupils’ understanding and therefore allow
pupils to gain good learning experience through these hands-on
activities.

Many topics in the lower primary mathematics curriculum lend
themselves to practical tests, for example, Ordinal Numbers, Patterns,
Length, Mass, Volume and Shapes. For primary one pupils who are new
to the school system, practical tests would ease them into a more
structured learning environment. This can be conducted by using
manipulatives to engage pupils, assessment checklists to monitor their
progress, and bite-sized practical tests to assess their understanding. As
practical tests will be the initial experience for lower primary school
pupils, it will be appropriate to focus on closed items. They can be
assessed through closed items like: measuring and comparing the lengths
and masses of two or more objects in non-standard units. Practical test
items, such as using a kitchen scale to determine the mass of an item or
using a ruler to measure length, require pupils to demonstrate that they
have mastered estimation and measuring skills using mathematical
tools. Other skills that the pupils might develop include observing
and describing, looking for regularities, explaining and predicting
measurements. More examples of practical test items include:

1. Putting objects on the balance to find out which object is heavier
than the tube of glue.

2. Using paper clips to measure the length of the mathematics
textbook on the table.

3. Using the measuring tape to measure the length, breadth and
height of the box on the table.
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4. Providing three bags of marbles, A, B and C and kitchen scale to
find out the mass of the bags. Pupils arrange the bags in order of
mass, starting from the lightest to the heaviest.

5. Providing two containers, A and B, filled with water to compare
volume by pouring the water into the two beakers to find out
which container holds more water.

Such practical tests can be administered in a circuit format, in which
pupils take turns in visiting stations, carry out the investigation, and
record their answers on a worksheet. Mathematics teachers need to be
aware that a lot of time is needed to prepare the materials and to set up
the stations. Alternatively, pupils can be assessed individually using the
same format as the English oral examination where pupils are assessed
individually outside the classroom. This one-to-one format enables the
mathematics teacher to cater to each pupil’s need. Pupils are not rushed
and are given ample time to use the manipulatives to obtain their
answers. However, we need to be vigilant when implementing practical
tests for young children. For example, testing conditions need to be
well-controlled because unreliable measurements will indicate incorrect
differences between pupils and between classes. We need to be mindful
that such small changes in materials, manipulatives and measuring
instruments might destroy the reliability of a measurement.
Nevertheless, by gaining experience using practical tests, teachers can
gather more reliable data.

3.2 Oral presentations

Oral presentations enable pupils to give solutions verbally and the
process of interaction between a teacher and pupils facilitates sharing of
thoughts and clarification of understanding. One of the important aims
of oral presentations in mathematics classroom is to create an
opportunity for the teacher to listen to what the pupils are saying about
their thinking about mathematics, how they communicate mathematically
and their understanding of mathematics using their own words. In
addition, according to the Communication Standard for Grades 6-8 by
the National Council of Teachers of Mathematics (NCTM), “teachers
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using oral presentation tasks must provide opportunity for pupils to think
through questions and problems; express their ideas; demonstrate and
explain what they have learnt; justify their opinions; and reflect on their
understanding and on the ideas of others” (NCTM, 2000, p 272). There
are two main benefits of using oral presentations. First, the teachers can
gather information about their pupils’ learning of mathematics and use
this information to direct instructional process. The pupils’ can develop
communication skills. Teachers need to be aware that opportunity for
pupils to be involved in active and meaningful verbal communication is a
critical process for their learning and knowledge acquisition (Fan and
Yeo, 2007). They also need to give pupils necessary guidance (including
clarity of expectations), especially at the early stage, and in particular,
create an encouraging classroom environment for pupils to engage
themselves in such communication. As lower primary school pupils are
still young, it is necessary to structure the oral presentation tasks so that
the pupils and teachers are engaged. Examples of oral presentation tasks
include:

1. Pupils’ previous writing tasks on their learning reflection or
perceptions.

2. Pupils’ solutions to non-routine problems.

3. Pupils’ previous writing tasks about learning of mathematical
concepts.

4. A chosen idea that is pre-agreed before discussion.

5. To share their problem-solving behaviours.

6. To share results or findings of a learning journey through
mathematics trial.

7. To present pair or group work activity.

Pupils should be given the chance to communicate their thinking to
other pupils in about two to three minutes. With young children, it is
necessary to encourage them to explain and clarify their thinking
verbally.
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3.3 Journal writing

Journal writing offers pupils opportunities to reflect on their learning by
writing about their thoughts and feelings about the mathematics they are
learning. Pupils keep reflective accounts of their mathematics learning
and processes of understanding from which the teacher may grade the
quality of their task. Similar to oral presentation, journal writing can be a
valuable technique to further develop and enhance pupils’ mathematical
thinking and communication skills in mathematics. In other words,
journal writing can also assist pupils to learn how to communicate
mathematically when they try to explain what they have learnt. This
may also help them to clarify their own understanding (Stempien and
Borasi, 1985). Journal entries in mathematics provide opportunities for
pupils to self-assess what they have learned. When pupils make an entry
into a mathematics journal, it becomes a record of the experience
received from the specific mathematics lesson or problem-solving
activity. The pupil has to think about what he or she has done in order to
communicate it in writing. When reading through the journal entries,
the teacher decides if further review is required. It is best not to begin
by having pupils write about unfamiliar mathematical ideas. First get
them used to writing in a mathematics class. The teacher can begin
with affective and open-ended questions about pupils’ feelings. The
following are some examples of mathematics journal prompts that might
help pupils start their journal writing.

The things I want to know about in mathematics are ...

I knew I was right when......

I wish I knew more about......

Were you frustrated with this problem? Why or why not?
What decisions had to be made when solving this problem?
Is mathematics your favourite subject? Why or why not?

AN e o

Once pupils have become used to writing about their attitudes and
feelings toward mathematics in their journals, they are ready to write
about simple, familiar mathematics concepts. It is critical not to make
the writing too difficult by asking lower primary school pupils to write
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about unfamiliar mathematics ideas. Using writing to review familiar
mathematics ideas will increase confidence and skill in writing as well as
revisit important mathematical concepts and processes. The following
examples of mathematical journal prompts assist pupils to revisit
important mathematical concepts and processes:

1. Explain in your own words what addition means.
Explain what is most important to understand about fractions.

3. What would happen if you missed a step in solving a problem?
Why?

4. How many times did you try to solve the problem? How did you
finally solve it?

5. The thing you have to remember with this kind of problem

6. What method did you use to solve this problem and why?

In addition, Waywood (1992) proposed three forms of journal
writing: recount, summary, and dialogue. In the recount approach, pupils
write what they have observed in their lessons. In the summary
approach, pupils review what they have learnt during their lessons. In
the dialogue approach, pupils elaborate on what they have learnt.
Waywood also illustrated how to assess pupils’ journal writing using a
scoring rubric.

In the use of mathematics journals, pupils are required to express
their understanding through drawing, mathematical formulae or words.
It is thus useful to evaluate pupils’ understanding and create opportunity
for teachers to provide feedback to the pupils through journal writing.
Besides, teachers can utilise journal writing as a formative assessment
where they learn more about their pupils’ learning difficulties or
misconceptions from their journals and then proceed to remediate the
situation (Miller, 1992). This form of journal writing should not be
graded, otherwise the pupils may pretend that they understand everything
in the mathematics lesson.
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3.4 Open-ended tasks

Open-ended tasks elicit a range of responses from pupils including a
chance for pupils to show all that they know about the relevant content.
The purpose of open-ended tasks is to provide pupils with the
opportunity to communicate their understanding in depth. Open-ended
items “have more than one answer and/or can be solved in a variety of
ways” (Moon and Schulman 1995, p. 25). In addition to producing a
solution, pupils must also explain their solution process and justify their
answer. According to De Lange (1995), a task that is open for pupils’
process and solution is a way of motivating pupils’ high quality thinking.
Furthermore, Sullivan and Lilburn (2005) argue that open-ended tasks
are exemplars of good questions in that they advance significantly
beyond the surface. Specifically, open-ended tasks are those that require
pupils to think more intensely and to provide a solution which involves
more than remembering a fact or repeating a skill. Open-ended tasks
offer opportunities for pupils to reveal their mathematical thinking,
reasoning processes as well as problem-solving and communication
skills. It is an attempt to make assessment more of an open process that
will benefit both teachers and pupils. Although it is vital to assess
pupils’ mastery of mathematical skills, it is also essential to assess their
conceptual understanding of mathematics. Often, just a little twist on the
items we typically use in assessing our pupils can yield the assessment
intent. Consider the following open-ended tasks for the lower primary
levels:

Write down five whole numbers between 178 and 202.

List five 3-digit numbers that have digit 6 in the tens place.

List two sets of five numbers that have a sum of 100.

Draw a shape where the sum of all the sides is 36 cm.

Gilbert and Hazel have 40 postcards. After Gilbert gives a few
postcards to Hazel, how many postcards does Hazel have?
Explain your answer.

6. Draw a triangle. Write a number in the centre of the triangle.
Write three numbers in the corners of the triangle that add up to
the number in the centre. Now challenge yourself by choosing

M N
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greater numbers. Draw and write as many triangles and numbers
as you can.

Such open-ended tasks emphasize the importance of thoroughly
understanding concepts and carefully communicating mathematics,
rather than short-answer items that ask pupils to simply practice rote
memorization of mathematical facts. In lower primary mathematics
classroom, after the teacher has taught some mathematical concepts or
skills, the open-ended task is intended to elicit pupils’ understanding of
the concepts or ability to use the skills. These open-ended tasks expect
pupils to generate examples that fit certain criteria and enable teachers to
get a better vision of pupils' understanding of mathematical topics.
Pupils need to develop their own methods for getting the right answers.
One criterion for a good open-ended task is that it will elicit responses
that are amenable to partial credit according to some established rubric.
One interesting development in assessment in recent years has been the
use of scoring rubrics with a greater emphasis on making more holistic
judgments on pupil’s work, with less emphasis on counting up “rights
and wrongs”. Rubrics are brief outlines that describe the content and
quality of work needed to achieve a specific grade in an open-ended task
and enable the teacher assessing the piece of work to determine the
evidence of pupils’ understanding and mathematical communication.
Such an approach would focus on “big ideas”, rather than simply facts
and procedures.

These four alternative assessment practices exemplify how teachers
and pupils could benefit from implementing alternative assessment in
the lower primary mathematics classroom. The different alternative
assessment practices highlight the different learning experiences that
pupils will gain when they work on diverse types of tasks. This is only
possible when the assessment tasks that teachers use in their classrooms go
beyond computation and rote algorithms. The four alternative assessment
practices are just the first steps towards making the use of alternative
assessment in the classroom a meaningful one where emphasis is on the
process (reasoning and thinking) rather than the product (final answer).
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4 Concluding Remarks

This chapter has examined four ways in which mathematics assessments
at the lower primary level might encourage more flexible, active and
mindful learning. These ways may shift the focus of our present
assessment that is highly dependent on paper and pencil to authentic
assessments. This means that assessment tools can be build around
the mathematical task that would enable teachers to gather evidence of
pupil learning and use such evidence to further improve lessons.
Implementing alternative assessment practices is only the first step; they
are only valuable when teachers can use the assessment information to
improve pupils’ learning. This implies that teachers use the assessment
information to change curriculum and instruction, so that what they teach
and how they teach enhances what and how pupils learn. There should
also be a balance between assessments that provide feedback and do not
count towards a final grade and assessments that are graded to check for
mastery of learning. Furthermore, teachers need to spread out alternative
assessments appropriately so that their young pupils are not
overwhelmed. The most effective teachers are likely to be those who
approach assessment as an opportunity for pupils to show what they
know and can do.

There are, however, numerous challenges if alternative assessment is
to become a reality in the classroom. Undoubtedly it will require highly
competent teachers who have mastered the complexity of the lesson
where the pupils are continuously being actively engaged in constructing
and applying the mathematical ideas and skills. Teachers’ skills and
knowledge are important to consider as well as the level of support and
resources from the school administration. One main challenge therefore
is to develop teachers’ skills, knowledge and attitude to implement
alternative assessment in the lower primary mathematics classroom.
While formal training through workshops and seminars may be able to
impart new knowledge to teachers, more discussions between teachers
and mathematics educators would be required to bridge the gap between
theory and practice. Teachers need support to acquire the skills and
confidence to implement alternative assessments at the classroom level.
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Chapter 7

Open-Ended Tasks and Assessment:
The Nettle or the Rose

David J. CLARKE

The focus of this chapter is the use of open-ended tasks in
mathematics assessment. It is argued that the international
mathematics education community has had access to a wide range
of open-ended tasks for at least 20 years. The instructional utility of
such tasks has been variously realised in different school systems
around the world, however the role that open-ended tasks might
play in assessment has not been explored sufficiently. Research
findings are reported to highlight issues associated with the
inclusion of open-ended tasks for the assessment of mathematics.
Both positive and negative considerations are identified and it is
argued that the assessment potential of open-ended tasks will only
be achieved where teachers, schools and school systems are
prepared to systematically address each consideration in developing
programs of mathematics assessment that accommodate the
complex array of behaviours that make up sophisticated
mathematical practice and thinking. We have the tools but lack the
assessment structures through which to employ them to model,
monitor and inform valued mathematical performances. Recent
curriculum innovations in Australia, China, Korea and Singapore
will only achieve the intended transformation of classroom practice
(and student outcome) if they can be matched equally by visionary
assessment schemes. Open-ended tasks could be the key to such
sophisticated assessment.

131
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1 Introduction

What we call the beginning is often the end
And to make an end is to make a beginning,
The end is where we start from. (Eliot, 1950, p.42)

The enthusiasm with which the use of open-ended and non-routine
problems are being advocated for instructional and assessment purposes
in mathematics classrooms needs to be tempered by consideration of
existing research evidence. This is not intended to contest the value of
open-ended tasks, but rather to ensure that their use is suitably informed
by research and therefore most likely to prove effective. Recent
mathematics curricula internationally offer a vision of sophisticated
mathematical activity as the goal of school mathematics. It remains to be
determined how we might reach this goal and, as importantly, how we
will know when we have arrived.

The testing of skills and facts as an appropriate measure of
mathematical learning depends on a conception of mathematical
knowledge as hierarchical and discrete. It is now well-established that
reliance on testing as the sole form of mathematics assessment is
inappropriate: misrepresenting mathematics, at odds with contemporary
curricula, misleading in the information it provides teachers, and
potentially destructive in its effects on some learners (Clarke, 1992a and
1996). The article by Shepard (1991) titled, “Psychometricians’ Beliefs
about Learning” proposed that the disputes of the testing community
could be explained in terms of differences in the beliefs about learning
held by the various educational measurement specialists. In particular,
Shepard argued that the beliefs of many psychometricians derive from an
implicit behaviourist learning theory in flagrant contradiction with
evidence from cognitive psychology. The need for sophisticated
assessment tools capable of eliciting the complex performances now
recognised as constituting mathematical practice and learning is captured
neatly in Shepard’s provocative question, “But what if learning is not
linear and is not acquired by assembling bits of simpler learning”
(Shepard, 1991, p. 7).
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For more than 20 years, mathematics curricula have attempted to
articulate this more complex vision of mathematical thinking and
practice; from early examples such as Realistic Mathematics Education
in the Netherlands (De Lange, 1987) and the American Curriculum and
Evaluation Standards (NCTM, 1989) to more recent curricula. But such
curricular aspirations demand an alternative vision of assessment. The
realization of such a vision requires tasks that provide pupils with the
opportunity to engage in mathematical activity in a variety of forms and
contexts, and at different levels of sophistication.

Various initiatives in the UK, Australia and the USA have attempted
to employ mandated assessment as a catalyst for systemic curricular
change. Such initiatives sought to model mathematical thinking and
practice through multi-component assessment systems. This modeling
was particularly evident in the “Investigations” developed by the
California Assessment Program (CAP, 1989 and 1991), and in the
“Challenging Problems” and “Investigative Projects” of the Victorian
Certificate of Education (see Barnes, Clarke, and Stephens, 2000).
“Rich” assessment tasks such as these have a “problem solving” and
“open-ended” character, in the sense in which these terms are generally
used. The student responses elicited by such tasks are much more
complex than those arising from conventional test items. The inferences
that might be drawn legitimately from student performance on such
open-ended tasks require research substantiation (Clarke, 1996; Clarke
and Sullivan, 1992).

The OECD Programme for International Student Assessment (PISA)
has attempted to give assessment recognition to the situated nature of
mathematics activity to a greater extent than in the Trends in
International Mathematics and Science Study (TIMSS). The attempt
within international student achievement initiatives such as PISA to
honor the situatedness of mathematical activity within an international
testing instrument is wholly commendable. Of course, this same
situatedness renders attempts at cross-curricular measurement of student
mathematical performance somewhat problematic (see Clarke, 1996).
The implicit recognition that mathematics can only be assessed “in use”
and that such use implies a context, reflects the underlying assumptions
of the Dutch Realistic Mathematics Education curriculum (De Lange,
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1987), among others. The consequences of integrating such a perspective
into an instrument intended to measure student mathematics achievement
internationally can be seen in the observation that “national rankings on
TIMSS and PISA differ substantially” (T6rner, Schoenfeld, and Reiss,
2007, p. 353). More difficult to model in a test format such as those
employed in TIMSS and PISA (and in many summative school
mathematics examinations) are the forms of sophisticated mathematical
activity, variously grouped together as “mathematical problem solving”
or “mathematical thinking” or “working mathematically.” International
developments regarding these types of mathematical performance are
usefully summarised in the special issue of ZDM: The International
Journal on Mathematics Education titled “Problem Solving Around the
World: Summing Up the State of the Art” (Térner, Schoenfeld, and
Reiss, 2007). The commitment to honour such forms of sophisticated
mathematical thinking in assessment activities may provide the strongest
argument in favour of the use of open-ended tasks in assessment.

In line with recognition of the inadequacy of conventional testing
as a measure of mathematics learning is the happy recognition that
assessment need not be exclusively summative (Black and Wiliam,
1998). The valuing of formative classroom-based assessment in
mathematics provides a fertile setting for the use of open-ended tasks in
both instruction and assessment, since the premises for the advocacy of
an increased role for formative assessment include the potential
utilization of rich classroom activities for the simultaneous pursuit of
instructional and assessment purposes.

While research suggests that such tasks may have instructional value
(for instance, Clarke, Breed, and Fraser, 2004; Sullivan and Clarke, 1988
and 1991b), the assessment value of such tasks is less clear (Clarke and
Sullivan, 1992; Clarke, Sullivan, and Spandel, 1992). Significant funds
and personnel have been committed to the development and
implementation of assessment systems employing such tasks. One
purpose of this chapter is to ensure that the international mathematics
education community subjects the use of open-ended tasks for
assessment purposes to rigorous scrutiny in order that such tasks might
usefully advance the contemporary curricular agenda. Significant
curricular initiatives are being undertaken in Australia, China, Korea,
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and Singapore and these initiatives require the development and
implementation of assessment tools commensurate with the
sophistication of the new curricula.

2 Modelling Mathematical Thinking - Thesis

When the tongues of flame are in-folded
Into the crowned knot of fire (Eliot, 1950, p. 44)

The recognition that school mathematics has misrepresented
mathematical activity provided some of the motivation for the call for
“authentic assessment”. At the heart of the matter lies the conflict of
paradigms between a conception of mathematics as a catalogue of
distinct and disjoint skills assessed by targeted test items and a
conception of mathematics as a network of behaviours which are not
acquired hierarchically, are not practised independently, and cannot
meaningfully be assessed in isolation from each other. The challenge for
mathematics instruction and assessment is to portray, to model, to
stimulate, to facilitate, to recognize, and to acknowledge the complexity
and the power of mathematical thinking in the context of school
classrooms.

A wide variety of instructional activities have been developed to
model this complexity, and to locate tasks in identifiable contexts. The
Australian Mathematics Curriculum and Teaching Program (MCTP), the
British materials produced by the Shell Centre, the adaptation in
Wisconsin of materials from the Netherlands (Mathematics in Context),
and the Californian Interactive Mathematics Project (IMP) all represent
quite different attempts to engage students in purposeful mathematical
activity in meaningful contexts. The goals of such materials are
ambitious and include: more effective schema development; increased
generalisability (transfer) of specific skills; and the development of
higher order problem solving and reflective capabilities. From this
standpoint, authentic assessment must offer students the opportunity to
attempt tasks of varied complexity and contextual diversity. It should not
be possible to identify a task in isolation as instructional or evaluative per
se, but only through an examination of the teacher’s (or the system’s)
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intentions, role and actions; before, during and consequent to the
administration of the task.

Attempts to model mathematical activity (both practice and thinking)
in assessment systems led to the development of several multiple-
component systems, such as the 12th grade mathematics assessment in
use in Victoria, Australia, in the early 1990s, in which students
completed a multiple-choice skills test, an extended answer analytic test,
a 10-hour “Challenging Problem”, and a 20-hour “Investigative Project”.
Each of these components was weighted equally and were intended in
their totality to model mathematical activity in a variety of contexts and
forms.

A danger exists that authentic assessment will join the other catch-
phrases of recent times such as problem solving and constructivism
and lose much of its power through simplistic and misguided
misinterpretation. For example, to reduce authentic assessment to a
requirement that students engage in “the mathematical activity that real
folks do” (a description the author heard repeatedly in the USA
throughout the 1990s) is to do a disservice to mathematics, to ignore the
legitimately preliminary nature of schooling and to ignore the reality of
students’ own mathematical activity. After all, students are real folks too.

An alternative view has been offered of “constructive assessment”:

Constructive in the nature of the tasks such an approach would
employ; constructive in the reconciliation of assessment with
instruction, which gives authenticity to the assessment process; and
constructive in the recognition that assessment must constructively
inform the actions of the school community. (Clarke, 1992a, p.166).

Use of the term “constructive” in the context of assessment is more
than a rhetorical device. Classrooms in which instructional practice is
informed by constructivist learning theories are adopting the same
imperative in the realization of their pedagogical goals as that which
drives the constructive assessment initiative: the progressive transferral
of the locus of authority from teacher to pupil. The enactment in practice
of this shift in the locus of authority with respect to the control of and
responsibility for student learning constitutes the most immediate
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challenge for classroom instruction and classroom assessment. Open-
ended tasks, by their nature, offer students the opportunity to assume
greater responsibility for the form of the response. The purpose of this
chapter is to address the related questions as to whether open-ended tasks
model mathematical thinking appropriately, offer students the
opportunity to construct a personally-meaningful mathematics, reconcile
instruction with assessment by providing learning contexts which instruct
while offering insight into learning and whether these insights can
usefully inform instructional practice and student learning.

If the modeling of mathematical thinking is the thesis behind recent
assessment initiatives, then it should be acknowledged that much of the
history of assessment in mathematics has resembled the antithesis of this
goal.

3 The Assessment Agenda - Thesis or Antithesis?

And the children in the apple-tree

Not known, because not looked for

But heard, half-heard in the stillness

Between two waves of the sea.

Quick, now, here, now, always. (Eliot, 1950, p.43)

Past assessment practices have been largely insensitive to the
individuality of students’ mathematical constructions. Assessments have
offered brief glimpses of student performances and treated these
glimpses as representative and even definitive. Assessment in
mathematics has misrepresented both mathematics and the student’s
learning.

Assessment is fundamentally concerned with the exchange of
information. If our assessment is to usefully empower teachers, pupils
and the community in ways that will lead to more effective learning then
the information exchanged in the assessment process must be quality
information and it must be conveyed or documented in such a form as to
usefully inform action.

Assessment in mathematics should:
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1. Explicitly recognize all valued mathematical activities;
2. Model effective instruction and assessment;
3. Inform consequent action.

The notion that assessment practices, and particularly state-wide
mandated practices, should serve the purpose of modelling good
instructional and assessment practices arises from a vision of authentic
assessment and a desire to model and develop “mathematical power”
(California Department of Education, 1991). A further motivation comes
from the recognition of the power of mandated assessment to act as a
catalyst for change in educational systems (Barnes, Clarke, and Stephens,
2000). The use of the term ‘“catalyst” is problematic in this context,
where changes to mandatory assessment practices have coercive features
that belie the neutrality suggested by the catalyst metaphor. The essential
point is that our assessment should model the mathematical
performances that we value.

The simultaneous modeling in the same activity of both good
instruction and good assessment is consistent with the integrative aspect
of authentic assessment. This modeling was particularly evident in the
“Investigations” developed as part of the California Assessment Program
(CAP), in which a preliminary pre-task activity provided students with
an important familiarization with context and materials, while also
offering an explicit exemplar of good instructional practice (see task type
#6, later in this chapter).

While systemic change in assessment can legitimize new content and
new practices, the further removed the assessing body is from the
classroom the less likely it is that the assessment will usefully inform
local practice. Accepting that the fundamental purpose of school
assessment is to facilitate student learning, it is essential that assessment
practices be structured to maximize the exchange of useful information
leading to actions likely to achieve this purpose. The question posed in
the California Mathematics Framework — “How can we tell whether
student work demonstrates mathematical power?” - maintains the
retrospective, summative emphasis, which has characterised mathematics
assessment previously. Statements of assessment policy must address
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directly the need for assessment to inform teaching and learning. The
New Standards Project (USA) explicitly endorsed such a proactive goal:
“We were not out to measure performance but to greatly improve it”
(1991, p. 7). However, the mechanism linking the intended assessment to
any consequent actions that might improve teaching or learning
outcomes is never described.

The slogan “No-one ever got any taller just through being measured”
has become proverbial in education and variously attributed. It remains
true, however, that the impact of curricular innovation on mathematics
instruction and student learning will be minimal unless the obligation and
the means for consequent action are explicit within the assessment
system.

If our assessment is to usefully empower teachers, pupils and the
community in ways that will lead to more effective learning, then the
information exchanged in the assessment process must be quality
information and it must be conveyed or documented in such a form as to
usefully inform action. The means by which assessment information
might be documented and exchanged have been variously detailed (CAP,
1991; Clarke, 1989; Clarke, 1992b; Stenmark, 1992). The criteria
regarding the documentation and exchange of assessment information
include:

1. The assessment must accurately portray the student’s learning and,
where possible, the experiences on which that learning was founded;

2. The assessment should indicate directions for future action by the
teacher, pupil, parent or support person, which are likely to facilitate
further learning.

Among the concerns related to criterion 1 is the capacity of the
assessment process to recognize a range of learning styles and to be fair
to all groups of students and free from bias. Similarly, any attempt to
apply criterion 2 must recognize differences in various communities’
capacity to provide support, the diverse-and extensive demands on a
teacher’s time, and the personal characteristics of the student, which may
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restrict their ability to act on the information provided. Both sets of
concerns strengthen the argument for locating the entire assessment
process as close to the classroom as possible. The question is: Do open-
ended tasks offer the means to meet the above assessment criteria?

4 Task Alternatives

There are three conditions which often look alike

Yet differ completely, flourish in the same hedgerow:

Attachment to self and to things and to persons, detachment

From self and from things and from persons; and, growing
between them, indifference

Which resembles the others as death resembles life,

Being between two lives - unflowering, between

The live and the dead nettle. This is the use of memory:

For liberation. (Eliot, 1950, p.40)

Contemporary mathematics instruction and contemporary assessment of
mathematics learning must recognize and locate the learner as an
individual, in relation to things mathematical, and in relation to the
community in which learning occurs. The assessment of a student’s
learning involves the construction of a model of that learning.

A model of individual behaviour must refer to more than just the
actions, thoughts and beliefs of a single student, since those actions
may only derive their meaning from their contribution to the
realization of the group’s goals; the thoughts lose significance if
considered in isolation from the thoughts, motives and expectations
of others; and the beliefs lose coherence once considered outside the
societal context which gave them shape. (Clarke, 1992c, p.5)

The abstract constructs of mathematics may appear detached from
their origins in human endeavour, however the teacher cannot afford
either detachment or indifference, and must grasp the live nettle in
recognition that it is the student’s learning which is to be modeled, not
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the merely the mathematical knowledge which appears as a product of
that learning. The employment of memory in the completion of
mathematical tasks should be directed towards the goal of empowerment
(or liberation), rather than recall or mimicry. Tasks are required which
offer insight to both pupil and teacher, which facilitate the student’s
modeling of mathematics and the teacher’s modeling of the student’s
learning.

It has been argued that existing tests in mathematics measure
separate skills and concepts rather than the “knowledge and use of the
interrelationships among mathematical ideas” (Webb and Romberg,
1988). In 1989, the Mathematical Sciences Education Board (MSEB) of
the United States of America suggested that current tests “reinforce in
students, teachers and the public the narrow image of mathematics as a
subject with unique correct answers” (MSEB, 1989, p. 68).

Since then, large amounts of money and personnel have been
committed to the development of tasks that meet the requirements of the
newly-conceived assessment agenda. It is important to identify the range
of task-types already available. I have set out one such listing below, in
which examples of task prototypes are provided in a notional order of
increasing complexity. It is noteworthy that many of these task types
have been available to us for the past twenty years.

4.1 Types of tasks

Multiple-choice questions
(from Victorian Curriculum Assessment Board (VCAB), Reasoning and
Data, Common Assessment Task 3, Facts and skills test, 1991)

Three students each have a probability of 0.8 of getting their assignments
completed by the due date, independently of each other. The probability
that none of the three assignments is completed by the due date is

A.0.008 B.0.2 C.0.512 D. 0.6 E. 0.8
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Enhanced multiple-choice questions
(from California Assessment Program, A sampler of mathematics
assessment, 1991)

000
X000

The five digits - 1,2,3,4, and 5 - are placed in the boxes above to form a
multiplication problem. If they are placed to give a maximum product,
the product will fall between:

A. 10,000 and 22,000 B. 22,001 and 22,300
C. 22,301 and 22,400 D. 22,401 and 22, 500

Numerical response question
(from Alberta Education, grade 12 diploma examination, 1992)

The first three terms of an arithmetic sequence are 19 - x, 3x, and 4x - 1.
Correct to the nearest tenth, the numerical value of second term of this
sequence is

“Good Questions” (open-ended, specific content domain)

(from Sullivan and Clarke, Communication in the classroom: the
importance of good questioning, 1991a; see also Language of Functions
and Graphs, Shell Centre, 1986)

| The average of five numbers is 17.2; what might the numbers be?

The particular characteristics of this type of task are the content-
specific focus, and the opportunity for answers at different levels of
sophistication. In addition to mathematical correctness, student
performance can take one of the following forms: the provision of only a
single answer, the recognition of the existence of multiple answers; a
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comprehensive listing of all such answers, or the provision of a general
statement encompassing all possible answers.

Extended answer question (explicit cueing and guidance)

(from VCAB, Space and Number, Common Assessment Task 4,
Analysis task, 1991)

In 1989, the cost of a ‘Culturpac’ seven-day holiday package in Europe
was determined by the distance of the destination from London.
Some examples are:

Destination Q R S T
distance (d) 625 2500 2916 1444
costin $ (C) 700 1200 1280 960
x =d 25 50 54 38

a. Plot all the ordered pairs (x, C) using the axes provided on the answer
sheet and join the points. (Clearly label each point). Extend the line in
both directions, for 0<x<60.

b. If the equation of the line obtained is C = mx + k, find the values of m
and k.

c. Write down the formula for C in terms of d and your values for k and
m.

d. As of January Ist, 1990, all the prices were increased by 10 per cent.

1) What is the new formula connecting the cost with the distance?

An opposition tour operator, Sightseer, decides that for their 1990 tours

the cost will be determined by the formula C = 25x + 100.

i1) Find the values of d for which Sightseer offers cheaper fares than
Culturpac.
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Open-ended, extended answer question (some cueing of method)
(from CAP, 1991 Test problem H-8, see also A question of thinking,
1989)

A school mathematics club was designing games for students to play at a
school carnival booth. One of the games was:

Take two ordinary dice of different colours (for example, one white die
and one red die). Roll both dice together. The student player wins if the
number on the white die is greater than the number on the red die. The
math club wins otherwise.

Explain how you could decide whether or not [he players and the club
have an equal chance of winning. Use a diagram if it helps clarify your
explanation.

VCAB challenging problem (Problem solving, significant mathematical
content)

(from VCAB, Change and Approximation, Common Assessment Task 2,
Challenging Problem, 1990b)

For any triangle there exists a point X such that the sum of the distances
from each vertex to X is a minimum. Consider all isosceles triangles of
perimeter 6 units. For which of these triangles is the sum of the distances
from each vertex to X a minimum?

Fermi problems (context-specific, minimal cueing of mathematical tool
skills)
(from the [Australian] Mathematics Curriculum and Teaching Program,
1988)

| How many piano tuners are there in Singapore?

It is the intention with this type of task that students should not have
recourse to other sources of information beyond the knowledge of the
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group with which they are working. For the purposes of recording their
problem solving attempts, the students were asked to employ a five-part
report format:

a. State the problem

b. What do you know that would help you solve the problem?

c¢. Record what you did, step by step.

d. State your answer.

e. How good is your answer?

One of the characteristics which distinguishes this task-type is its
capacity to reveal the mathematical tool skills which a student
spontaneously chooses to access. This characteristic is shared by such
problems as “Which is the better fit: a square peg in a round hole or a
round peg in a square hole?” (from Schoenfeld, 1985). As with the Good
Questions of task type #4, these tasks are characterized by simple
expression, leaving the responsibility for the elaboration of the task
demands in the hands of the student.

4.2 Task selection

In choosing a task-type for the purposes of assessment it is useful to
subject the task to the scrutiny of these four questions:

a. What aspects of mathematical performance are being assessed by
tasks of this type?
What elements of this task-type are essential to the purpose?

c. What elements of this task-type are optional for the purpose for
which it is to be used?

d. What elements are missing from this task-type which might
contribute to the purpose?

The preceding eight task types offer the opportunity for students to
display a range of mathematical performances. The introduction of an
assessment system that embodied the three principles given earlier would
possibly employ a subset of the task-types outlined to model, in
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combination, the form of mathematical behaviour, competence, or power
which the curriculum sought to promote.

Among those tasks illustrated above, categories 4, 6 and 8 are
categorized as “open-ended tasks” for the purposes of this chapter. Any
such categorization is open to challenge and examples provided are
intended to be illustrative rather than definitive.

5 Open-ended Tasks - The Name of The Rose?

We shall not cease from exploration

And the end of all our exploring

Will be to arrive where we started

And know the place for the first time. (Eliot, 1950, p. 43)

What are the particular virtues of open-ended tasks? Consider the lines
above as a poetic depiction of the problem solving process in
mathematics and the insight that such activity affords. Do open-ended
tasks offer such opportunities for exploration and insight? A necessary
precursor to this question is the question, “What is an open-ended task?”
The set of sample task types in the preceding section provides a more
useful explication of the nature of open-ended tasks than a bald
definition. The difficulty in defining open-ended tasks lies in the
problematic nature of the context in which the task is framed. A task
may allow for multiple answers, as is the case with Good Questions
(#4 above), however if one answer is explicitly accorded higher value
than another, then the task will be interpreted by the respondent as a
closed task. Alternately, if the “open-ended” character of the task resides
in the possibility of multiple solution pathways, then almost any task can
be considered open-ended, since pupils’ idiosyncratic solution techniques
have been documented widely. A particularly notable example of
this last phenomenon can be found in the paper “Two hundred ways
to subtract: Most of them wrong” (Marriott, 1976), an analysis of
2826 children’s attempts to subtract 586 from 940. Difficulties in
the definition of open-ended tasks threaten to divert attention from
the underlying rationale: the legitimate modeling of sophisticated
mathematical activity in classrooms.
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“Problem solving” has been plagued by similar semantic difficulties.
Attempts at definition have communicated intention but hardly constitute
unambiguous and succinct specification.

For any student, a mathematical problem is a task

(a) in which the student is interested and engaged and for which he

wishes to obtain a resolution, and

(b) for which the student does not have a readily accessible

mathematical means by which to achieve that resolution.
(Schoenfeld, 1989, pp.87-88)

Debate over the meaning of “readily accessible” and uncertainty
regarding the origins of the student’s affective response to the task (what
if the student’s motivation is “to get a better grade”?) distract from the
success of this definition in invoking engagement and an implicit notion
of non-routine tasks.

Clearly, a mathematical “Problem” need not be ‘“open-ended”.
However, advocates of the use of problems and open-ended tasks draw
on similar arguments, and a research-based justification of the use of
open-ended tasks can call legitimately upon existing research into
problem solving and problem-based curricula.

5.1 Student responses to open-ended tasks - grasping the nettle

Through the unknown, remembered gate (Eliot, 1950, p.43)

In this chapter, assessment is portrayed as the process of modeling
student learning through the observation of student mathematical activity
in response to specific tasks. The paradoxical nature of many open-ended
and problem solving tasks is that they require students to apply familiar
and rehearsed skills in unfamiliar, non-routine contexts. It must be
established whether student responses to open-ended mathematical tasks
do provide accurate and appropriate information from which a model of
the student’s learning might be constructed. For the purposes of this
discussion, one type of open-ended task will be taken as representative.
Use of the “Good Questions” task-type for both instruction and
assessment has been investigated extensively (Clarke and Sullivan, 1992;
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Sullivan and Clarke, 1988). These tasks have a particular character:

The average of five numbers is 17.2, what might the numbers be?
A number is rounded off to 5.8, what might the number be?
A rectangle has a perimeter of 30 units, what might be its area?

The characteristics of these Good Questions have been discussed
elsewhere (Sullivan and Clarke, 1988; Clarke and Sullivan, 1990,
Sullivan and Clarke, 1991a and b, Sullivan, Clarke, and Wallbridge,
1991). Each of the following postulated characteristics of Good
Questions derives from a specific educational stance:

1. The task should require more than the recall or replication of a
fact or procedure.

2. The task should be educative.

3. The task should be open-ended.

In studies of student responses to tasks such as “A number is
rounded off to 5.8, what might the number be?” the following response
coding was used:

0 = no response or an incorrect response;

1 = a single correct answer (for example, 5.79);

2 = several correct answers, without an obvious attempt to provide a
systematic listing of possible answers (for example, 5.81, 5.83,
5.76);

3 = a systematic listing of possible correct answers (for example,
5.75,5.76,5.77,5.78, 5.79, 5.80, 5.81, 5.82, 5.83, 5.84);

4 = a correct general statement specifying all possible answers (for
example, “Any number equal to or bigger than 5.75 and smaller
than 5.85).

Perhaps the most consistent and significant finding to emerge from
research into the use of such “Good Questions” was the reluctance of
pupils from grades 6 to 10 to provide more than a single answer to such
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open-ended questions. The term “reluctance” is used here to indicate the
disinclination of the pupils tested to give either multiple answers or a
general statement. This disinclination should not be confused with an
inability to provide multiple answers. If open-ended tasks like those
above were reworded so as to require pupils to list all possible multiple
answers, then the number of multiple responses increased substantially.
This demonstration of a capacity to provide multiple answers was also
evident in the responses of pupils when the tasks were administered in
interview situations. It is clear from these earlier studies (Clarke and
Sullivan, 1992) that, while few students are equipped to produce general
statements as solutions to open-ended tasks, many pupils have the
capability to produce multiple answers but do not choose to do so.

Key findings of the research (from Sullivan, Clarke, and Wallbridge,
1991; Clarke and Sullivan, 1992) included:

1. The capability to give multiple and general responses increased
with age.

2. Revision of the “Good Question” format to specifically request
multiple answers resulted in a significant increase in the
proportion of students providing multiple responses. However,
even using this format there were many pupils who gave zero or
one response.

3. Students were more likely to provide multiple responses in an
interview context than in a test context.

4. Student responses to such tasks administered in test-like
conditions were not significantly different after a seven-lesson
teaching program based solely on the use of such open-ended
mathematics tasks to the responses of students from a control
class instructed to follow the program presented in the most
commonly used text. Despite the explicit valuing of multiple
responses in the instructional treatment, when responding to a test
involving open-ended tasks that did not request multiple answers
explicitly, there were no students in either group who attempted
multiple answers.
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The use of open-ended tasks to assess student learning and as
instructional tools has been discussed and studied from the perspective of
many academic disciplines (for instance, Thomas, 1989b. p. 44). With
regard to the possibility of disadvantage, evidence exists that girls may
be disadvantaged by the use of open-ended items in the context of
science.

We see once more that the open-ended nature of the question may
have disconcerted many students ... Many fewer girls than boys
attempted the question. (Thomas, 1989a, p. 43)

Research undertaken some time ago (Clarke, Sullivan, and Spandel,
1992; Sullivan, Clarke, Spandel, and Wallbridge, 1992) sought to
investigate student responses to open-ended tasks with respect to the
effects of grade level, gender, task-specificity, the presence or absence of
explicit cueing, and the interaction of these variables with academic
domain. In contrast with the findings of Thomas (1989a), girls in this
study were significantly more likely than boys to provide multiple
answers when specifically requested to do so, with the exception of
mathematics in which the results were comparable.

Conclusions which might be drawn from these results included:

e that the inclination to give single responses (or the reluctance to
give multiple responses) appeared to be a product of schooling,
and not peculiar to mathematics. Both Year 7 and year 10 pupils
were similarly reluctant to give multiple answers in all four
academic contexts (mathematics, science, social studies and
English);

e that the explicit request of multiple responses produced a
significant increase in the quality of response (response level) in
all four subjects;

e that the capability to give multiple responses increased
significantly with year level, except in the context of English;

e that gender-related differences in response level were evident,
and where these existed they favoured girls.
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Several issues have been raised regarding the use of open-ended
items for assessment purposes. In part, the motivation for their use in
instruction can be aligned with the view of Cornbleth (1985).

The myth of the right answer ... fosters an illusion of knowing that
subverts construction of a functional knowledge base for critical
thinking. (Cornbleth, 1985, p.31)

Within the mathematics education community, mathematical power
has been identified with the capacity to solve non-routine problems (e.g.,
NCTM, 1989), and open-ended tasks are seen as an appropriate vehicle
for instruction and assessment of students’ learning in this regard. Given
the various curriculum initiatives that have employed open-ended tasks
for assessment purposes (for example, CAP, 1989; VCAB, 1990a), the
results of this research assume some significance.

Arguments have been framed elsewhere in the literature, which
assert that for the purposes of assessment the conclusions drawn from
closed and open-ended items are sufficiently similar as to render the use
of open-ended items unnecessary and undesirable on practical grounds.

Whether students are tested via multiple-choice items or open-ended
ones, their relative performance does not differ significantly.
(Badger, 1990, p. 5)

This argument restricts the purposes of assessment to the ranking of
students. However, present notions of assessment demand that
assessment perform a variety of functions, the most central of which is
the provision of information to inform the actions of learners and
teachers. I would like to argue, in addition, that assessment based solely
on closed or multiple-choice items will be insensitive to the process
outcomes that have constituted much of contemporary mathematics
curricula for the past 20 years (e.g., NCTM, 1989) and which are now
being embraced even more widely in the mathematics curricula of
several Asian countries.

Among the various concerns expressed about the use of open-ended
tasks for assessment in mathematics, student unfamiliarity with the
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required mode of response is frequently cited. In response to this
observation, it should be noted that, for the case of mathematics, even
when multiple responses were given the explicit endorsement of an
instructional intervention (seven lessons), no corresponding increase in
response level ensued (Sullivan, Clarke, and Wallbridge, 1991). This
would suggest that student reluctance or incapacity to provide multiple
responses to open-ended tasks was attributable to more than simply lack
of familiarity with the task format. It is possible that while the brief
instructional intervention effectively addressed the issue of familiarity,
student inclination to give single responses to academic questions is a
consequence of an extensive educational history, and that a much more
extended instructional intervention would be required to challenge this
“training” effect. This study has demonstrated that this training effect is
evident in other academic contexts besides mathematics, and may be
more appropriately seen as a consequence of schooling rather than just
mathematics instruction.

The legitimacy of relating student responses to non-routine and
open-ended tasks to curricular content currently being studied continues
to be the subject of research. It may not be realistic to expect students of
any age to access recently-acquired skills in open-ended or problem-
solving situations.

5.2 Grading responses to open-ended tasks

A condition of complete simplicity
(Costing not less than everything) (Eliot, 1950, p.44)

Holistic Assessment

Together with the acceptance of the inherently complex nature of
mathematical activity and the need to provide classroom experience with
“complex, thought-provoking” activities (New Standards Project, 1991)
has come “holistic assessment” and the associated discarding of
analytical scoring techniques. Advocates of holistic assessment sensibly
argue that the interrelatedness of mathematical concepts and skills in the
completion of a complex mathematical activity is best assessed
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holistically: that is, without the explicit attachment of numeric weights to
solution components. Unfortunately, the abandonment of analytical
scoring protocols has been accompanied in some instances by the
abandonment of any analytical framework whereby the elements of a
student’s solution might be given explicit consideration. That is, the
principle of holistic assessment has become confused with a commitment
to non-analytic assessment. Non-analytic scoring has become
synonymous with holistic assessment and has led also to the conviction
that the assessment of a student’s response to a complex mathematical
task should not be documented in any form which employs an analytical
framework such as the four dimensions of problem solving behaviour
found in Schoenfeld (1985) and Clarke (1989), or the response coding
employed for the study of Good Questions in this chapter. This stance is
both naive and counter-productive. Clearly, the assessment of an essay or
a work of art historically has been holistic in character, and yet in both
cases a theoretical framework guides the assessment and facilitates the
identification of excellence or mediocrity, without incurring any
obligation to quantify elements within the analytical framework for the
purposes of assigning a grade. Importantly, in the context of the
classroom, the communication of an assessment through a single grade
has little chance of constructively informing the future practices of either
student or teacher and, lacking explanatory detail, runs the risk of
appearing arbitrary.

If an obligation exists to record assessments in the form of grades,
then the grade should be supplemented by a descriptive statement
commensurate in its detail with the quality and detail of the information
provided by the assessment tasks. It should also be made clear how the
grade itself is to be interpreted.

With regard to the meaning that might be attached to the grade score,
at least three approaches might be employed in answering the question,
“What do you know if a student is a 4?”

1. Central tendency
“A student who is a 4 will most likely do these things” (examples of
typical behaviours provided).
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2. Exclusion
“A student who is a 4 will be able to do these things and will not be able
to do these other things.”

3. Range
“The performance of a student who is a 4 will lie within these
performance bounds.”

One must always ask, of course, whether it is the student who is a
“4”  or rather the student’s response to a task or battery of tasks.
Teachers will require support if they are to employ and/or interpret such
grades. Based on Australian experience, the most useful form such
support could take would be the provision of annotated student work
samples.

The obligation imposed by state departments or school
administrations to reduce assessment information to a single grade for
the purposes of comparison or reporting is one reason why assessment
has been practised typically as distinct from instruction, since the
information which assessment has the potential to provide has been
discarded in the grading process.

To summarize assessment information... with a letter grade is to
sacrifice precisely that detail which might most constructively
contribute to the subsequent actions of teacher, student and parent
(Clarke, 1989, p.5).

In summary, if any assessing body is committed to graded
assessment then an obligation exists to articulate and illustrate the
meaning of each grade assigned and to supplement a student's grade with
descriptive detail that will usefully inform the consequent actions of
teacher and student. If the assessing body, for whatever reason, were to
restrict itself in its communication to schools and students to a single
grade as the total measure and message regarding each student's
performance in mathematics, the message would inevitably be a
counterproductive one. Where the assessment task is open-ended, any
such simplification buys simplicity at the cost of almost all the
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informative detail that characterizes student responses to open-ended
tasks.

6 Conclusions and Synthesis

Even if we were to concede the instructional virtues of the use of open-
ended tasks, their use for assessment purposes in mathematics requires
justification. The summation which follows sets out some of the points
for and against the use of open-ended tasks for mathematics assessment.
Each point highlights an issue central to the use of open-ended tasks for
assessment. Careful consideration of each point would inform the design
and use of open-ended tasks for assessment purposes.

6.1 Why use open-ended tasks/or assessment purposes in mathematics?

Answer 1. Legitimate mathematical activity
Because such tasks model mathematical activity appropriately and
effectively;

Answer 2. Acting as a catalyst for systemic curricular change

Because such tasks, once endorsed by a state or national assessment
body, act as a catalyst for systemic change of the official mathematics
curriculum and of the taught curriculum within mathematics classrooms;

Answer 3. Stimulating teacher professional growth

Because the legitimization of such tasks through their inclusion in
assessment practices necessitates teacher classroom experimentation with
associated instructional practices, and increased the likelihood of teacher
professional growth (Clarke and Hollingsworth, 2002; Clarke and Peter,
1993);

Answer 4. The individuality of student learning

Because such tasks offer students the opportunity to construct responses
in ways that reflect the individuality of each student’s mathematical
understandings and so offer insight into student learning;
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Answer 5. The complexity of mathematical thinking

Because such tasks require complex responses at a level commensurate
with the complexity of the mathematical thinking we seek to monitor:
both elaborated responses over extended time periods, and sophisticated
responses synthesizing a range of concepts and procedures;

Answer 6. Spontaneous skills access

Because such tasks are more likely than conventional closed tasks to
indicate the mathematical tool skills that a student chooses to access, and
thereby provide a more accurate indication of the developing
mathematical power of the student than would be the case with
specifically-cued skills items;

Answer 7. Detailed information

Because student responses to such tasks provide information in sufficient
detail to meaningfully inform consequent instructional practice;

Answer 8. Student engagement

Because students find the contextual location and the challenge of most
open-ended tasks more stimulating and interesting than conventional
closed tasks, with a consequent increase in student engagement with such
tasks.

6.2 Why avoid using open-ended tasks for assessment purposes in
mathematics?

Answer 1. Misrepresent the student through a minimalist response
Because student responses to such tasks may misrepresent the student’s
mathematical capabilities, where the student supplies a correct but
minimalist response;

Answer 2. Misrepresent the student through contextual difficulty

Because open-ended tasks are more likely to have elaborate contexts,
student familiarity with the specific context of a task is a more significant
factor in determining the quality of a student’s response than is the case
with conventional closed tasks;
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Answer 3. Misrepresent the student through difficulties of literacy
Because open-ended tasks typically take more elaborate verbal forms
than closed tasks, the mathematical understandings of students with
language difficulties will be misrepresented in their responses to such
open-ended tasks;

Answer 4. Misrepresent the student through inadequate behaviour
sampling

Because open-ended tasks typically require longer periods of completion
time, less tasks may be used for the purposes of student assessment,
which is consequently based upon a narrower behaviour sample, and
more likely to be influenced by task-respondent interactive effects (such
as context, as noted above);

Answer 5. Questionable legitimacy of grading

Because student responses to such tasks are typically complex to a
degree that precludes the simplistic quantitative grading required by
school systems: that is, questionable grading validity;

Answer 6. Complexity of information
Because student responses display a complexity which defies useful
summation for the purposes of informing instructional action;

Answer 7. Lack of reliability

Because student responses display a complexity and a degree of
idiosyncrasy that makes problematic the reliability of any assessment
scoring;

Answer 8. Relative performance is no different
Because whether students are tested via closed or open-ended tasks, their
relative performance does not differ significantly;

Answer 9. Lack of teacher expertise

Because teachers lack experience in the use of such tasks, substantial in-
service and pre-service programs will be required if teachers are to use
such tasks appropriately and effectively;
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Answer 10. Student stress

Because students find open-ended tasks more demanding and
consequently more threatening and stressful than conventional
closed items, where expectations and methods are specified in more
detail.

6.3 The effective integration of open-ended tasks into assessment
practices

The three principles stated earlier in this chapter, constitute one attempt
to provide simple criteria for the construction of an assessment system
that will adequately represent both mathematics and the student in a way
likely to constructively inform teaching and learning. The role of open-
ended tasks within such a system will depend upon our success in
addressing the concerns listed above.

In concluding, I would like to offer some practical suggestions for
future directions in which we might usefully expend some effort. I have
argued that a substantial range of prototype mathematical tasks now
exists sufficient to meet our assessment needs. These are the tools of
sophisticated mathematical assessment. But these tools have been in
existence for twenty years. Why do we not see more widespread use of
open-ended tasks in mathematics assessment? It could be that the
necessary systemic approach has yet to be developed. This is the
challenge for the present generation of educators.

First, we require straightforward criteria for the selection of suitable
batteries of such tasks. Such criteria should include the requirement that
the selected tasks:

e reveal tool skill acquisition and deployment;

e provide the opportunity for sophisticated performance;

e provide immediate feedback to students and teachers;

e constitute in combination an evolving profile of student
mathematical performance;

e constitute effective instruction;

e provide easily documented information.
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I would suggest that various specific types of open-ended tasks in
mathematics have the potential to meet these criteria. An effective first
step is the development of a large bank of such tasks containing sample
items suitable for all topics and grade levels.

Second, we require a school community expert in the use of such
tools/tasks. Both teachers and students will require extensive practice and
support in the use of such tasks. both in instruction and assessment
contexts (see Clarke, 1995). Part of this process will involve the
recognition that the same tasks can serve both instructional and
assessment purposes, and summative and formative purposes. The
reconceptualisation of formative assessment as central to effective
instruction is presently underway in many school systems around the
world. The documentation of student performance should serve each and
all purposes.

Third, we require an assessment regime whereby the information
generated by such tasks can be put to good use. If assessment is to play
the constructive role within the curriculum that is the stated goal of
recent assessment initiatives, optimal communication mechanisms will
be required to inform (in the short-term) the actions of students, teachers
and parents, and (in the longer term) school administrations, curriculum
developers, and State boards of education.

6.4 A social contract

It should be possible to negotiate a social contract with teachers in which
new modes of assessment are seen to offer teachers, schools, and
education systems a mutually beneficial relationship. Under such a
contract, the assessing body undertakes to provide quality assessment
instruments (and, implicitly, quality instructional models), together with
guidelines and support for teachers’ cumulative monitoring of student
performance. In return, teachers maintain the program of on-going
monitoring, provide the authority with descriptive statements to
supplement graded assessments, and administer the assessment
instruments. The scoring of student performance on the new instruments
is best undertaken by classroom teachers under the guidance, co-
ordination and support of the assessing body. The individual student
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report arising from such an assessment system should combine informed
scoring with teacher descriptive reports in a constructive portrayal of the
student's mathematical power. Given this information, -effective
summative reporting will be possible at the level of the school, the
district and the State.

If such a system were introduced, it is likely that one consequence
would be that teachers at all grade levels would model their instruction
and assessment on the new tasks. We must be convinced that open-ended
tasks:

¢ model mathematical behaviour appropriately;
e constitute effective instruction and assessment;
¢ inform subsequent action.

If researchers and those involved in the development of assessment
tools and systems can successfully address the concerns that have been
raised in this chapter, then open-ended tasks may lead to the
reconciliation of instruction and assessment, and provide the means by
which sophisticated mathematical thinking is engaged in universally and
routinely in mathematics classrooms at all levels of schooling: That is, a
comprehensive and complete synthesis of our educational agendas.

We shall not cease from exploration
And the end of all our exploring

Will be to arrive where we started
And know the place for the first time.
Through the unknown, remembered gate
When the last of earth left to discover
Is that which was the beginning;

At the source of the longest river

The voice of the hidden waterfall
And the children in the apple-tree
Not known, because not looked for
But heard, half-heard, in the stillness
Between two waves of the sea.
Quick. now, here. now, always -
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A condition of complete simplicity

(Costing not less than everything)

And all shall be well and

All manner of thing shall be well

When the tongues of flame are in-folded

Into the crowned knot of fire

And the fire and the rose are one. (Eliot, 1950, pp. 43-44)
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Chapter 8
Using ICT to Improve Assessment

Marja van den HEUVEL-PANHUIZEN
Angeliki KOLOVOU  Marjolijn PELTENBURG

This chapter addresses how ICT can be used to improve the
assessment of students’ understanding of mathematics. In general,
we see three ways in which ICT can contribute towards better
assessment: (a) making it possible to use tasks with high
mathematical demand, (b) making tasks more accessible for
students, and (c) revealing students’ thinking and solution
processes. We illustrate these new ICT-generated opportunities for
assessment by providing examples from our own research projects
in the field of problem solving, i.e., early algebra in the upper
grades of primary school, and from solving subtraction problems
with crossing the ten by students in primary special education who
are weak in mathematics.

1 Introduction

Assessment and education have a reciprocal relationship. On the one
hand, assessment is determined by the curriculum and on the other hand,
assessment has a strong effect on what is taught and how it is taught
(Pellegrino, Chudowsky, and Glaser, 2001; Popham, 2000). The latter
means that assessment has the potential to be a lever for raising
the quality of mathematics education and to be a tool for systemic
innovation (Van den Heuvel-Panhuizen and Becker, 2003). In other
words, with better assessment, the disadvantage of “teaching to the test”
can become an advantage (De Lange, 1992a). Therefore, working on the
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improvement of assessment actually means working on the improvement
of education.

Following Popham (2000, p. 3), we consider assessment as ‘“‘a
process by which educators use students’ responses to specially created
or naturally occurring stimuli in order to make inferences about students’
knowledge, skills, or affective status.” These inferences can lead to
decisions with respect to individual students, complete classes or
schools, or to the educational system as a whole.

At all these levels, assessment can be used for different purposes.
The main distinction in this regard is Scriven’s (1967) differentiation of
summative and formative assessment. Summative assessment refers to
the assessment that occurs at the end of a school year, a particular course
or program. Usually these assessments are meant for certification or
accountability purposes. Another example of summative assessment is
judging students’ performance against national standards. Contrary to
summative assessment, formative assessment is done during a program
or at its beginning. This assessment primarily informs teachers about
their students’ learning process, though it can also inform the students
themselves. Mostly, the results are intended to adapt the program to the
students’ needs. Classroom assessment is one of the most common types
of formative assessment. Since the end of the 1990s, formative
assessment is strongly connected to the term “Assessment for learning”
(AfL) (Assessment Reform Group, 2002). The AfLL. movement was
especially prompted by studies carried out by Black and Wiliam (1998a,
1998b) in which they showed that improvement in classroom assessment
practice has a strong effect on student achievements.

Two aspects of assessment that are crucial in achieving a better
assessment are its content and format (Van den Heuvel-Panhuizen, 2007,
see also Shepard, 2000). The content refers to the tasks given to students.
These tasks should be mathematically meaningful and offer students
the opportunity to apply their mathematical knowledge. In fact, the
mathematics task that is presented to students forms the heart of an
assessment in mathematics education (De Lange, 1992b). The task
embodies what we think is important for students to learn. Moreover, the
task determines to a large degree the nature of the student’s response
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and, consequently, whether the assessment gathers the information that
teachers need for didactical decision making.

Besides the task, the format is also a determining factor. The
assessment format influences heavily the types of tasks that can be
offered to the students and the kind of responses that can be collected
from them. For example, paper-and-pencil assessment focuses more on
retrieving students’ answers than on revealing their cognitive processes.

The two formats that traditionally have been used in assessment are
oral assessment and written assessment. Currently, assessment is
enriched with a third format: assessment based on Information and
Communication Technology (ICT) (Van den Heuvel-Panhuizen, 2007).
This format brings in a number of unique opportunities for improving
assessment from the perspective of the teacher as well as from that of the
student. These unique opportunities of ICT to improve the quality of
assessment and, consequently, that of teaching and learning mathematics,
are discussed in this chapter.

In recent years, the use of ICT has fundamentally changed the
spectrum of assessment possibilities. While in the early stages of using
computers for assessment, tests on the computer were rather similar to
the written tests (Bennett, 1998) — where questions on paper were
converted to questions on screen — the recent advances in the information
technologies brought in new possibilities for assessment, which clearly
go beyond the written format and constitute a new assessment
environment (Burkhardt and Pead, 2003; Ripley, 2003). In other words,
current ICT-based assessment uses technologies more optimally. In our
view, this can be done in three ways, which respectively results in
(a) using tasks that have a high mathematical demand, (b) making tasks
more accessible for students, and (c) revealing students’ thinking and
solution processes.

In this chapter, we give examples from our own research projects to
illustrate these new opportunities for improving assessment by using
ICT. It is important to realize that these examples are not derived from
classroom practice and may not be directly applicable in school.
Nevertheless, the main reason for including them in a yearbook for
teachers is to give them a broader view on what is possible in
assessment, a view that goes beyond common ways of testing.



168 Assessment in the Mathematics Classroom

2 ICT Can Make it Possible for Assessment Tasks to Have High
Mathematical Demand

Computer-based technologies have highly influenced how and what
students learn in school (Roschelle, Pea, Hoadley, Gordin, and Means,
2000) and have also changed assessment. One of the major opportunities
that ICT-based assessment provides is a rich and natural working
environment for students to work on complex tasks. An ICT environment
makes it possible to present tasks that cannot be presented to students
through a conventional paper-and-pencil format. This is so as the
computer can interactively carry out simulations in which different but
related values are dynamically linked. These computer simulations of
problem situations are considered to be a rich and highly promising
genre of ICT-based assessment (Burkhardt and Pead, 2003) by which
skills and processes that are difficult to document using traditional tests
can be assessed (Pellegrino, Chudowsky, and Glaser, 2001).

The following sample task, taken from the POPO project', clearly
demonstrates that an ICT environment opens up opportunities for more
complex assessment tasks. The so-called “n hits, n misses, and n points”
task and the corresponding digital environment including the game Hit
the target’ (see Figure la) is meant to investigate primary school
students’ ability to solve early algebra problems. More precisely, the task
is developed to assess whether students can deal with covarying
variables.

In the task, which is about an archery game, the students have to
figure out which game rule should be applied to get 15 points in total
with 15 arrows that hit the target and 15 arrows that missed it. After this,
the students are asked whether other game rules are possible that give the
same result. Later, similar questions are posed with respect to 16 points,
16 hits and 16 misses, and 100 points, 100 hits and 100 misses. In fact,
these problems have an infinite set of solutions that can be described by

! POPO stands for Problem Solving in Primary School. This project is being carried out
at the Freudenthal Institute. Angeliki Kolovou and Marja van den Heuvel-Panhuizen are
the main investigators of this project.

2 The game Hit the target is developed by Marja van den Heuvel-Panhuizen and
programmed by our colleague Huub Nilwik at the Freudenthal Institute.
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the general relationship between the quantities of the problem: to get
n hits, n misses, and n points the sum of the points per hit and the points
per miss should be 1.The idea behind the assessment is to examine
whether students are able to discover the general principle of getting an

equal number of hits, misses, and total points.

Students in primary school who have not yet been taught formal
algebraic strategies are not likely to solve the problem of getting » hits,
n misses, and n points in a straightforward way by setting up the equation
15a + 15b= 15. Instead, they have to reason about the relations between
the hits, the misses, the game rule, and the total score. The game Hit the

target provides them with an environment to do so.

B > e e arger @
Hit the target

Logged in
Bastian

Who shoots the arrows ~me® computer

=

(

ARROWS  hits o |

GAME RULE ome ®computer
ant SN misses
amiss T SNE| atrandom [

Figure la. Screen view of game in the computer shooting-mode

SCORE BOARD
total points

GAME RULE
- points per hit

- points per miss

ARROWS
- hits

- misses

Figure 1b. Covarying variables
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The screen of the game displays five features: the target, the pile of
arrows and the bow, the score board that shows the points, the board that
displays the game rule, and the board that displays the number of hits and
misses. In the game the students can set the shooting mode and the game
rule mode. The shooting mode has two options: shooting arrows one by
one by dragging them to the bow (i.e., user shooting) or entering a number
of hits and misses and shooting them at once (i.e., computer shooting). The
game rule mode also has two options: the students can set the game rule by
filling in the points added or subtracted in case of a hit or a miss (i.e., user
defined game rule) or the computer sets the rule randomly (i.e., computer
defined game rule). The number of arrows, the game rule and the number
of points are dynamically linked. This means that a modification in the
value of one of the variables has a direct effect on the other variables (see
Figure 1b). While shooting or removing arrows from the target, the values
on the scoreboard update rapidly in relation to the game rule. The students
can use this instant visual feedback that shows the consequences of their
actions as a means to perform self-assessment and error detection and as a
source for constructing a model of the relationship between the variables
(cf. Kolovou and Van den Heuvel-Panhuizen, 2010; Nathan, 1998).

The “n hits, n misses, and n points” example has shown that an ICT-
based assessment can bring in more complex tasks that cannot be
presented to students through a conventional paper-and-pencil format. In
addition, we should always be aware that irrespective of the complexity
of the problems the assessment format always influences the ability that
is assessed (Bennett, Braswell, Oranje, Sandene, Kaplan, and Yan, 2008;
Clariana and Wallace, 2002). For example, the interactive character of
the computer environment which is lacking in a paper-and-pencil format
may affect the student’s performance and lead to different assessment
results (Burkhardt and Pead, 2003).

3 ICT Can Make Tasks More Accessible to Students

ICT-based assessment can make problems more accessible to students,
because it has the possibility to incorporate particular features that can
help students to better understand what the tasks are about. In addition to
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static drawings and photographs that can be included in written
assessment, ICT-based assessment can also contain dynamic video clips
(Bottge, Rueda, Kwon, Grant, and LaRoque, 2007) and animations
(Burkhardt and Pead, 2003).

Bottge et al. (2007) found that ICT-based assessment in which the
problems were presented by means of a video reduced the cognitive load
for low achieving students. The video-enriched assessment enabled the
students to better demonstrate their understanding of the mathematical
concepts they had been taught. Furthermore, struggling readers may
benefit from using audio tools that read aloud text (Elbaum, 2007
Helwig, Rozek-Tedesco, and Tindal, 2002).

Special types of interactive, dynamic tools that can be added to an
ICT-based assessment are mathematical auxiliary tools. In case students
get stuck in solving tasks, they can mobilize these tools to carry out
specific mathematical operations on the screen (Sarama and Clements,
2006).

3.1 Mathematical auxiliary tools in ICT-based assessment

In the following part of the chapter, we illustrate the use of mathematical
auxiliary tools in an ICT-based assessment. The examples are taken from
the IMPULSE project.” We discuss two types of tools: one including
digital manipulatives and one consisting of a digital empty number line.
Both tools are aimed at supporting students in solving subtractions
problems up to 100 and, in particular, subtraction problems that require
crossing the ten. These are problems in which the ones-digit of the
subtrahend is larger than the ones-digit of the minuend (e.g., 48-39). A
frequently made mistake in these problems is processing the ones-digits
in the reverse way (e.g., in the case of 48-39, this means subtracting 8
from 9 instead of 9 from 8).

> IMPULSE stands for Inquiring Mathematical Potential and Unexploited Learning of
Special Education students. This project is being carried out at the Freudenthal Institute.
Marjolijn Peltenburg and Marja van den Heuvel-Panhuizen are the investigators of this
project.
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Another characteristic of these auxiliary tools, as used in our
assessment, is that they are optional. Whether the students use them or
not is their own decision. This means that the tools can stimulate the
students to reflect on their own abilities to solve particular tasks and
make them more active when being assessed. In fact, this can be
considered as a form of self-assessment, like in the Hit the target game
where the students have to interpret the consequences of their actions as
shown on the scoreboard. With respect to the auxiliary tools, it is their
optional character that brings in self-assessment in a natural way.

3.2 Digital manipulatives

Figure 2a shows what the students see on the screen of their computer
when they have to solve the problem of the Spiroe comics (Janssen,
Scheltens, and Kraemer, 2005). The calculation to be carried out is 48—
39. If they want to use the auxiliary tool, they have to click the tool
button. The digital manipulatives tool pops up (see Figure 2b). It consists
of a digital 100-board and a storage tray with counters. Any number of
counters from 1 to 10 can be dragged in one movement to the board. The
board has a 10 by 10 grid, with a 5 by 5 structure, which means that the
board is divided into four parts.

[1[2]3]4]5]6]7[8[9N0]
Answer:[ |

There are 48 comics of Spiroe. Jan already has 39 of them.
How many comics does he not have yet?

Figure 2a. ICT-based assessment with button for digital manipulatives tool
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[1[2[3[4[5[6[7[8[oN0]
Answer: I:]

A, Spiroe
e now only £}
€350 apiece

There are 48 comics of Spiroe. Jan already has 39 of them.
How many comics does he not have yet?

Figure 2b. ICT-based assessment with digital manipulatives tool popped up

The students can use the tool to make a visual representation of the
numbers involved in a problem by putting the corresponding number of
counters on the digital board and carrying out the required operations by
moving or removing the counters. In contrast to working with wooden
manipulatives on their desk, the digital counters provide flexible and
manageable manipulatives, which might put students on the track of
finding a solution by making use of the 5- and 10-structure instead of
counting one-by-one.

Moreover, by creating an on-screen visual representation of the
subtraction problem that has to be carried out, students may be less
inclined to reverse the processing of the ones-digits. For example, in
the case of 48-39, the tool can prompt them to find a solution for
subtracting 9 from 8 by opening up the next ten. In this way, the
auxiliary tool assists the students in modeling problems, which means
that the tool provides them with a structure for thinking and acting when
solving them (Bottino and Chiappini, 1998; Clements, 2002; Clements
and McMillen, 1996).
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3.3 Digital empty number line

The digital empty number line tool consists of a horizontal line, a pencil,
an eraser, and a clear-all button (Figure 3). The tool operates by touch
screen technology. The students can use the pencil to carry out operations
by putting markers and numbers on the number line and making jumps
backwards and forwards. This means that, as with the digital manipulatives
tool, a flexible and easily manageable tool is offered to students. They can
work with the tool in the same way as with a pencil on a piece of scrap

paper.

Figure 3. Digital empty number line

The digital empty number line can help students in solving
subtraction problems, since it can function as an aid to order the numbers
involved in the problems and carry out the necessary operations. For
example, in a problem in which students have to solve the subtraction
problem 62-58, they have to think about the position of these numbers in
the counting sequence, and then realize that these numbers are actually
quite close to each other. This understanding can trigger them to bridge
the difference by adding on from the subtrahend until the minuend is
reached (see Figure 4).

N7 YL
R b *

Figure 4. Solving 62-58 by adding on
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Of course, students can also apply other strategies. For example, they
can take away 60 (six times ten) from 62, arriving at 2, and then add 2 to
reach the answer 4. This way of solving the problem is based on
compensating.

n
{\__/ /N N /\/\ \—fw

2 o

Figure 5. Solving 62-58 by compensating

3.4 Mathematical auxiliary tools make tasks more accessible to
students

Our studies in which we assessed special education students’ ability in
solving subtraction problems with “crossing the ten” (see Peltenburg,
Van den Heuvel-Panhuizen, and Robitzsch, 2010) verify that ICT can
make tasks more accessible to students. The students in our studies were
8 to 12 years old and their mathematical level was one to four years
behind the level of their peer group in regular education. We tested the
students two times. First, they did a set of subtraction items in an ICT-
based environment including an optional auxiliary tool (either the
manipulatives tools or the digital empty number line tool)* and five
weeks later they did the written standardized version of the test items,
not including a tool.

A comparison of the students’ responses from the two test formats
showed that the ICT-based assessment was a more appropriate
instrument than the standardized test to reveal what the students were
really capable of. The students solved more problems correctly in the
ICT-based assessment than in the standardized test. In addition, it

* The ICT-based environment including the optimal auxiliary tools is developed by Marja
van den Heuvel-Panhuizen and Marjolijn Peltenburg; it is programmed by our colleague
Barrie Kersbergen at the Freudenthal Institute.
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appeared that the students were quite capable of judging their
mathematical competence and therefore could decide whether the use of
an auxiliary tool could be beneficial. This conclusion is based on the fact
that the students who gave an incorrect answer to an item in the
standardized test had used the tool more frequently for solving that
item, than the students who gave a correct answer to that item in the
standardized test format. In other words, when doing the firstly
administered ICT-based assessment the students correctly judged their
need for an auxiliary tool.

Based on these results, we could conclude that using ICT-based
mathematical auxiliary tools like digital manipulatives and a digital
empty number line can make tasks more accessible to students. These
tools give students a better opportunity to show what they are able to do.
Of course, solving these subtraction problems with the help of a tool
does not reflect the same ability level as solving the problems without
any help. So, one may wonder where this assessment with auxiliary tools
is useful for. The power of this assessment is that it opens the students’
“zone of proximal development” (Vygotsky, 1978) and that it better
reveals what students are able to do. Moreover, whether the students
used the auxiliary tools and how they used them informs us about what
instruction is needed to bring students to a higher level of performance.

4 ICT Can Reveal Students’ Thinking and Solution Processes

Although (video-recorded) observations and thinking-aloud procedures
applied in oral assessment, offer good opportunities for gathering
knowledge about the students’ thinking and their way of solving tasks,
these opportunities can be enhanced within ICT-based assessment. The
use of computers makes it possible to follow and register the students’
working very precisely, either by software that enables audio and screen
recordings or by software that produces log files.
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4.1 Audio and screen recordings

An example of the use of audio and screen recording software can be
found in the Impulse project. Stills from the screen videos made of the
students working in the assessment environment are shown in Figures 4
and 5. The screen videos allowed us to follow very precisely the
students’ movements on the computer screen when using the auxiliary
tools for solving the subtraction problems. Another example that shows
how informative screen videos are about the student’s solution processes,
can be found, for example, in Barmby, Harries, Higgins, and Suggate
(2009). Their experiences show that these screen videos enable the
examination of students’ strategies in a more in-depth way than paper-
and-pencil tests can do.

4.2 Log files

The use of software that produces log files, an approach that was applied
in the POPO project, also make it possible to track and register students’
workings. In order to get these log files, the online environment of the Hit
the target game was linked to the Digital Mathematics Environment
(DME)’, which is a software that registers students’ actions while working
online. One of the log files from this project is displayed in Figure 6. It
shows a student’s working on the “n hits, n misses, and n points” task in
the Hit the target environment. The advantage of this log-file approach,
compared to making screen videos, is that having log files does not require
real-time analysis of the student’s working. These log files show the
solution process in a more condensed way, but consequently they are less
precise.

A log file consists of a list of all events that a student has carried out
in the environment structured in sessions. A session contains the activity
that a student performs each time she or he logs in the online
environment. The date and the duration of the sessions are also
registered. An event is a single shooting action performed when the

> The Digital Mathematics Environment (DME) is developed by our colleague Peter
Boon at the Freudenthal Institute.
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student clicks on the shoot button. By examining the succession of events
that a student performs we can detect whether she or he tries to answer a
particular problem or carries out random events. We call the events
connected to answering a problem focused events.

In the log file in Figure 6 we can read that in event 1, the student
chose the computer shooting mode and that she filled in 15 hits and 15
misses and no randomly shot arrows. Moreover, she chose the user mode
with respect to the game rule and filled in 15 points added for a hit and
15 point less for a miss. After shooting she did not remove any arrows. In
event 2, she changed the game rule to 30 points added in case of a hit. In
event 4, she found that 16 added for a hit and 15 less for a miss resulted
in the correct solution. In event 5, she applied this knowledge to find
another correct solution.

Table 1 displays the complete overview of the student’s working as
reflected in the log file in Figure 6. In this table, we also provide the total
points in order to help the reader follow the student’s activity.

Table 1
Student’s working as reflected in the log file

Problem Event # hits # misses Game rule Total points

Points  Points

per hit per miss

15 hits-15 misses-15 points 1 15 15 +15 -15 0
2 15 15 +30 -15 225
3 15 15 +15 -16 -15

4 15% 15 +16 -15 15

5 15 15 +17 -16 15

16 hits-16 misses-16 points 1 16 16 +17 -16 16
2 16 16 +18 -17 16
100 hits-100 misses-100 points 1 50 50 +2 -1 50
2 10 10 +4 -2 20
10 10 +4 -3 10

* The bold printed figures belong to a correct solution.
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session: 1 date: 2008/11/11 08:57:10 duration: 00:05:57 total events: 5
event: 1 b
who shoots: computer hits: 15 misses: 15 at-random: 0 removed: 0 Cancel-out
game rule: student hit: 15 added miss: 15 less
event: 2
who shoots: computer hits: 15 misses: 15 at-random: 0 removed: 0
game rule: student hit: 30 added miss: 15 less L
event: 3
who shoots: computer hits: 15 misses: 15 at-random: 0 removed: 0 Trial-and-
game rule: student hit: 15 added miss: 16 less error
event: 4
who shoots: computer hits: 15 misses: 15 at-random: 0 removed: 0
game rule: student hit: 16 added miss: 15 less ?
event: 5 .
who shoots: computer hits: 15 misses: 15 at-random: 0 removed: 0 Applying a
game rule: student hit: 17 added miss: 16 less general rule
session: 2 date: 2008/11/17 08:50:24 duration: 00:04:20 total events: 3
event: 1 .
who shoots: computer hits: 16 misses: 16 at-random: 0 removed: 0 Applying a
game rule: student hit: 17 added miss: 16 less general rule
event: 2
who shoots: computer hits: 16 misses: 16 at-random: 0 removed: 0 | Applying a
game rule: student hit: 18 added miss: 17 less general rule
event: 3
who shoots: student hits: 2 misses: 0 at-random: 1 (misses: 1) removed: 0
game rule: student hit: 99 added miss: 98 less
session: 3 date: 2008/11/17 08:54:48 duration: 00:08:53 total events: 4
event: 1
who shoots: computer hits: 16 misses: 16 at-random: 0 removed: 0
game rule: student hit: 17 added miss: 16 less
event: 2
who shoots: computer hits: 50 misses: 50 at-random: 0 removed: O | Analogous
game rule: student hit: 2 added miss: 1 less problem
event: 3
who shoots: computer hits: 10 misses: 10 at-random: 0 removed: 0 | Analogous
game rule: student hit: 4 added miss: 2 less problem
event: 4 Trial-and-
who shoots: computer hits: 10 misses: 10 at-random: 0 removed: 0 Analogous error
game rule: student hit: 4 added miss: 3 less problem

Figure 6. Student’s log file and applied strategies (in italic)

By looking at students’ activities, we could identify the strategies they
applied when solving the “n hits, n misses, and n points” task. Table 2 gives

an overview of the strategies.
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Table 2
Overview of strategies

Strategy Description Example
Altering/Ignoring The student arrived at the The student shot 15 hits and
information targeted result, but only part of 0 misses and assigned

Using extreme
values (Reducing

complexity)

Erroneously

derived rule

Repeating

Trial-and-error

Splitting the

problem*

Systematic trialing

Reversing solution

Transposing

variables*

the information was used.

The student assigned the value 0
to one of variables so that the
other variable could get the
maximum value.

Based on a correct answer to a
problem the student applied an
erroneously derived rule to
provide more answers to this
problem.

The student repeated a (correct)
answer to a problem to provide
more answers to this problem.
After one or more trials the
student came up with a (correct)
answer.

The student answered a problem
in two steps and added the
partial scores to calculate
(mentally) the total score.

The student adjusted
systematically the numbers
involved in the solution until a
(correct) answer was found.
The student reversed a correct
answer to a problem to provide
more answers to this problem.
The student exchanged the

values of arrows and points.

1 point to each hit.

The student used the game
rule +1 (1 point added for
hit) -0 (0 points less for a
miss).

Based on the correct game
rule +2 —1 the student
applied the game rule +4 -2
(i.e., ratio of points per hit.

points per miss is 2).

The student applied several
game rules until she came up
with the targeted result.

The student shot first 100

hits and O misses, then 0 hits
and 100 misses, and added
the two partial results.

The student applied
consecutively the game

rules:

+6 -3, +6 —4, +6 5.

The student first applied the
game rule +2 —1 and then the
rule —1+2.

The student shot 2 hits and 1
miss and used the game rule
+100 -100.
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Solving an The student substituted the Instead of shooting 100 hits
analogous* numbers of a problem with and 100 misses the student
problem smaller numbers. shot 10 hits and 10 misses.
Cancelling out The partial (negative) score of The student shot 15 hits and

the misses cancels out the partial 15 misses and applied the
(positive) score of the hits. The game rule +1 1.
total score becomes 0.
Applying a general  The student applied a general The student applied the
rule solution. general rule where the sum
of points per hit and points

per miss is 1, e.g.: +100 —99.

*These strategies are induced by the built-in constraint of the maximum number of

arrows that is 150.

By means of this overview of strategies, we could reveal the
development in the student’s solution process as it was reflected in the
log file included in Figure 6. First, the student applied a trial-and-error
strategy for finding a local solution. Then, she applied a general rule for
solving a problem with an identical structure. Surprisingly, later on she
reverted to the trial-and-error strategy.

4.3 Advantages and concerns related to using screen videos and
log files

As shown in the examples in this section, on the one hand, interpreting
students’ mathematical activity is more complicated and time consuming
than marking a response as correct or incorrect. But, on the other hand,
the log files and the screen videos provide a detailed access to the
solution process and reveal much more than a single summary score
does. Such process information can be used for diagnostic purposes and
also to assess students’ level of understanding. For example, the log files
can reveal that the problem solving strategies that students apply differ in
the degree of sophistication.

In contrast with oral assessment, in ICT-based assessment this
information can be provided without the presence of the interviewer and
can even take place from a distance. Therefore, we coin the term
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“tele-assessment” for this way of assessing students. Characteristic of
this assessment is that it can facilitate both small-scale and large-scale
assessment. Therefore, the computer makes it possible for large-scale
assessments to be focused not only on answers but also strategies.

Furthermore, technology provides students with increasing
opportunities to receive feedback almost immediately thereby enabling
them to revise and improve their understanding and reasoning (Kolovou
and Van den Heuvel-Panhuizen, 2010). In addition, feedback can elicit
students’ reflection and self-assessment. The latter makes clear that
revealing students’ thinking and solution processes touches not only the
perspective of the assessor but also that of the student: ICT-based
assessment gives the students access to their own thinking processes.

Apart from these unique advantages of ICT-based assessment, there
are also two issues which need to be taken into consideration when
applying this assessment format.

First, our examples have revealed that the computer can record a vast
amount of data; however, choices need to be made about which features
of a student response have to be isolated for scoring purposes. In
addition, these features have to be connected to inferences about
performance (see also Bennett and Persky, 2002). For example, in the
case of the log files, one has to think about what aspects of the students’
mathematical activity need to be registered. This, in fact, defines the
validity of the assessment, in other words, to which degree the
instrument fulfills the aims of the assessment.

Second, only a range of the students’ thinking is shown through the
interactions of the students with the computer (Burkhardt and Pead,
2003). For example, in the case of working with screen video data,
crucial steps in the student’s solution process may not be captured. A
combination of using screen videos and think aloud protocols may be
more suitable to assess the students’ strategies.

5 Final Remark

In this chapter, the focus was on how ICT can be used to improve
assessment. We generally see three ways in which ICT can contribute
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towards better assessment. In our view, ICT can bring in tasks that have
high mathematical demand, can make tasks more accessible for students,
and can reveal students’ thinking and solution processes. Each of these
approaches has great potential to add value to learning and teaching of
mathematics. We hope this is illustrated by the examples that we have
presented in this chapter and wish that they may be an inspiration for
those involved in thinking about new approaches in assessing students’
development in mathematics.
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Chapter 9

The Assessment for, of and as Learning in
Mathematics: The Application of SLOA

Magdalena Mo Ching MOK

Globalisation and knowledge economy demand a renewed vision on
pedagogy. This chapter presents a framework of learning and
assessment integration for pedagogical re-vision in the context of
mathematics education. This framework, termed the Self-directed
Learning Oriented Assessment (SLOA), is grounded on cognitive
learning theory and underpinned by the belief that all assessment
activities should contribute to learning. In SLOA, the learning-
assessment integration is considered from three perspectives. First,
Assessment of Learning informs the learner about how much has
been learned, and identifies the gap between intended learning goal
and current achievement. Second, in Assessment for Learning,
assessment is a vehicle for informing the learner how to enhance
future learning. That is, feedback from assessment is used to
feedforward. Third, Assessment as Learning means the learner
internalises assessment as part of learning and becomes a self-
directed learner. The SLOA framework encourages student
participation, and highlights the role of self-evaluation and self-
assessment. By returning ownership of learning to the student, the
framework makes assessment a transparent process and
consequently accountable at all levels of education.
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1 Introduction

In response to rapid changes in education, resultant from globalisation,
technological advancement, and the changing nature of work, there has
been increasing emphasis in the 21* century by key education systems in
the preparation of students who are trainable rather than trained, to
become self-directed rather than teacher-directed learners. There is
strong consensus among governments that building capacity for self-
directed learning and sustaining motivation to learn are key education
pursuits. For instance, the vision of education for Singapore is to
develop self-directed learners who take responsibility for their own
learning, who question, reflect and persevere in their pursuit of learning
(Ministry of Education, 2010). Resources have been invested by
developed countries worldwide to promote competencies for learning
throughout life. The centrality of the capacity for self-directed learning
is underscored as essential for the implementation of the 1996 “lifelong
learning for all” vision of the Organisation for Economic Co-operation
and Development (OECD) Education Ministers (OECD, 2004). In
parallel, there has been a proliferation of research in recent decades on
self-directed learning with significant impact on learning and instruction
(Dignath and Biittner, 2008; Winne, 2005).

Investigation into self-directed learning is particularly necessary in
Asian countries like Singapore and Hong Kong for several reasons. First,
there is strong societal and familial expectation in these countries for
children to succeed academically. Outcomes are normally attributed to
effort rather than ability (Phillipson, 2006). Second, classrooms of these
countries are often portrayed as highly competitive, teacher-centred,
large-group teaching, and places where learning is characterised by
transmission of declarative knowledge rather than knowledge
construction (Kan, 2010). This environment is unfavourable for the
development of self-directed learning competencies. Third, research
shows that not all research findings in the West are directly transferrable
to learners of the other cultures. For example, Lee, Yin, and Zhang
(2009) found that, in Hong Kong teacher rather than student involvement
and support in classrooms was the strongest predictor of self-regulated
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learning. Fourth, there is ample research evidence that students who are
self-directed in their learning also achieve better (Schunk, 1998).

Nevertheless, although positive effect of self-directed learning on
academic outcomes has been reported by researchers and findings tend to
be replicated across North American and Western Europe, few studies
were undertaken in Asian countries (Law, Chan, and Sachs, 2008; Lee,
Yin, and Zhang, 2009). Further, whereas conceptually self-directed
learning has been embraced at the policy level, a review of recent
literature suggests that implementation at the practical level is limited.
There is little evidence of strategies that support teachers putting self-
directed learning theories into practice (Dignath and Biittner, 2008;
Stoeger and Ziegler, 2008).

In this chapter, I draw on classroom research undertaken in China,
Hong Kong, and Macau concerning the successful implementation of a
model for the development of self-directed learning in primary and
secondary students. The model is called Self-directed Learning Oriented
Assessment (SLOA). Discussion in this chapter focuses attention on
strategies of applying SLOA in the context of mathematics learning in
primary and secondary classrooms.

In this chapter, I discuss how assessment can be used to foster self-
directed learning. The use of assessment as a means to promote the
capacity to take charge of one’s own learning is called Assessment as
Learning by Earl (2003). Unlike in the past when assessment was used
solely for selection purposes, assessment takes on several functions in
the 21" century. Another function of assessment is the generation of
feedback to promote metacognition and enhance achievement, or what is
known as Assessment for Learning. Extant research shows that feedback
is a powerful factor influencing learning and achievement (Black and
Wiliam, 1998, 2009; Hattie and Timperley, 2007). Feedback provides
students with information about their learning, and the gap between
current and intended performance. Students can then readjust their
learning strategies or refine learning goals. In order to ascertain where
the students have reached in comparison to intended achievement,
Assessment of Learning is necessary. Assessment as Learning, for
Learning, and of Learning are the three components of SLOA.
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SLOA is a coherent framework of assessment, deliberately designed
to capitalise on the integrative impact of metacognition, feedback,
motivation, contextual factors, and self-regulation on learning in the
construction of assessment activities in order to cultivate self-directed
learning capacities in students. The SLOA framework has been informed
by previous research in the area of learning psychology, particularly
research in feedback, metacognition, assessment, and self-directed
learning (Black and Wiliam, 1998, 2009; Boekaerts and Cascallar, 2006;
Carless, 2007; Flavell, 1987; Hattie and Timperley, 2007; Hogan and
Gopinathan, 2008; Schunk, 2008; Schunk and Zimmerman, 2007;
Weiner, 1986; Zimmerman, 2008). The essence of SLOA is the notion
that assessment should serve and advance learning, and that the learner
should be self-directed. Three principles are fundamental to SLOA:
(a) assessment should comprise learning tasks; (b) assessment should be
designed to engage students in learning; (c) feedback generated from
assessment should feedforward to inform subsequent learning (Carless,
2007). In the SLOA framework, evidence of learning is conscientiously
gathered in order to develop meaningful connections among the student’s
learning progress, his/her level of achievement, misconceptions, learning
difficulties, short- and long-term learning goals, curriculum, and
assessment such that the next phase of teaching and learning can be more
effective.

2 Implementation of SLOA in Mathematics

The SLOA framework can be applied to all curriculum subjects but its
effective implementation is best to be contextualised. Mathematics is a
good subject for contextualising SLOA because mathematics involves
deep and systematic thinking, and research has shown that mathematics
learning benefits from developing students’ metacognition.
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2.1 Building a SLOA school culture: shape mindsets and change
practice

Mathematics learning does not happen in a vacuum. For effective
mathematics learning, supportive school and classroom learning
environment is crucial. Translated to SLOA terminology, this means to
have a whole school approach, build a culture of SLOA in schools
through shaping mindsets and changing practice. Zimmerman (2008) put
forward a cyclical model of self-directed learning, comprising three
phases, namely (a) the forethought phase during which the learner
analyses the task, sets learning goals, and plans the study; (b) the
performance phase during which the learner exercises self instruction,
focuses attention, enacts learning strategies, exercises metacognitive
monitoring, and self records learning outcomes, and (c) the self-
reflection phase during which the learner self-evaluates, makes causal
attribution, and self-regulates to enhance subsequent performance. A
self-directed learning school engages itself in these three phases of self-
directed learning conscientiously. In other words, school leaders should
set the learning goals in mathematics for the whole school so that there is
a coherent mathematics curriculum across year levels, develop pedagogy
for effective mathematics teaching and learning, establish assessment
strategies at the systemic level, undertake systematic self-review to
enhance group metacognition, instigate mechanisms for school self-
regulation to enhance overall achievement.

2.2 Professional development: equipping mathematics educators for
the effective implementation of SLOA

Recent research (e.g., Boekaerts and Corno, 2005) found a shift in
professional development from a strategy training approach to an
integration of training on both domain-specific knowledge and
knowledge about learning. Professional development of SLOA is more
effective if it is embedded in a school subject such as mathematics.
Further, innovation is usually associated with change-induced
stress. Increased workload particularly at the start of the intervention,
apprehension about the lack of technical knowledge for the
implementation, fear of exposure to criticisms by parents and peers, and
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lack of confidence in the efficiency and effectiveness of the new method
are the common stressors. Support from school leaders will reduce
the stress (Kayler, 2009). In particular, a safe work environment where
the teachers can feel secure to experiment with the new approach
(Day, 2008), alignment of teachers’ goals with the mission of the school
(Chan, Lau, Nie, Lim, and Hogan, 2008), and provision of hard evidence
on students’ increase in achievement (Day, 2008) are strategies to
enhance teachers’ willingness to implement innovations (Ballet and
Kelchtermans, 2009).

For the implementation of SLOA in mathematics it is critical that
teachers are able to set assessment tasks that discriminate the
performance of students. For this purpose, mathematics teachers find
teacher development in item setting particularly useful. Two recent
developments of item setting are worth mentioning here and the first
concerns the use of two-tier items to detect areas of weak understanding.
Two-tier items are testlets with two related items assessing the same
concept bundled together. The first item is usually designed to assess
declarative knowledge and the second to explore reasons behind
students’ responses to the first item. Two-tier items have the benefits of
revealing not only whether or not the students have mastered a concept,
but also where misconceptions have occurred. Since it is very difficult to
get both items correct by guessing, two-tier items can overcome some of
the drawbacks of multiple choice items due to guessing. An example of
a two-tier item is presented in Figure 1.

1. Which of the two fractions 3/5 and 2/7 is larger?
A. 4/5 is larger than 2/7
B. 2/7 is larger than 4/5
C. 2/7 and 3/5 are equal in size
2. Please give the reason for your choice in Item 1.
A. 4 is greater than 2, so 4/5 is larger than 2/7
4 is greater than 2, so 2/7 is larger than 4/5
7 is greater than 5, so 4/5 is larger than 2/7
7 is greater than 5, so 2/7 is larger than 4/5

monw

4 is larger than 2 by 2, and 7 is larger than 5 by 2, so they are equal.

Figure 1. Example of a two-tier item in fractions
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A second new development in item setting relates to cognitive
diagnostic assessment (de la Torre, 2009). Cognitive diagnostic models
are psychometric models for the diagnosis of students’ strengths and
weaknesses in their learning. In this branch of study, assessors have to
first of all establish the knowledge base of the topic to be tested,
delineate the attributes underpinning the topic, and then set items to
capture students’ degree of mastery of these attributes. The oft quoted
example of cognitive diagnostic assessment is work on subtraction of
fractions where five underpinning attributes are identified (Tatsuoka,
2009). The five attributes are illustrated by the example in Figure 2.

Attribute
Item 1 2 3 4 5
1 E — 1 v X x X X
5 5
21
2 3% v v x X X
3 2 ! 3 i
5 7% v v v v v
. 3
4 4 v x v v v
etc...
Attributes:
1. Performing basic fraction subtraction operation
2. Simplifying/reducing
3. Separating whole number from fraction
4. Borrowing one from whole number to fraction, and
5. Converting whole number to faction.

Figure 2. Attributes of Fraction-subtraction

Item 1 in Figure 2 requires attributes 1, and Item 2 requires attributes
1 and 2. If the items are set thoughtfully, then by simply comparing
performance across items, the teacher can identify areas of strength and
weaknesses. For more sophisticated problems, students’ assessment data
can be analysed using the DINA (deterministic, inputs, noisy “and” gate)
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model (de la Torre, 2009) to find out exactly where the difficulties lie for
each student taking the assessment.

3 Assessment for Learning in Mathematics

3.1 Pedagogical approaches for the implementation of Assessment
for Learning in mathematics

Assessment for Learning is central to SLOA. It refers to the generation
of feedback from assessment in order to inform and advance learning.
Feedback can be generated from monitoring processes that inform
learners about the standards of the task, the match or gap between the
desired goal and actual achievement, and the effectiveness of learning
strategies.

The types of feedback, the way feedback is given, and the way
feedback is received all affect the power of feedback on learning
(Hattie and Timperley, 2007). Feedback that is directed at the self
or personal level (e.g., in the form of personal praise or criticism) tends
to be debilitating as the learner subsequently would minimize the risk to
the self by avoiding challenging tasks or failure (Black and Wiliam,
1998; Hattie and Timperley, 2007). Feedback is formative or facilitates
learning when it is directed towards the quality of the task or learning
process, especially when it helps to identify misconceptions and then
leads to clarification of concepts, or development of more effective
learning strategies (Hattie and Timperley, 2007). Feedback is most
effective when it helps to identify the gap between the learner’s
performance and his/her learning goal, and then provides advice on how
to improve from there (Black and Wiliam, 1998; Hattie and Timperley,
2007). When the gap is clearly identified, feedback can increase effort
and motivation to close the gap, and/or to search for clues and engage in
task processes that increase understanding.

Effective self-directed learners make use of both internal feedback
generated from self-monitoring and self-reflection, and external feedback
from teachers or peers to optimise cognitive awareness and academic
outcomes (Labuhn, Zimmerman and Hasselhorn, 2010; Paris and Paris,
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2001). External feedback from teachers can act as a basic standard and
reference point and is particularly useful for students’ metacognitive
processes including goal-setting, self-monitoring, and self-evaluation
(Paris and Winograd, 1990).

Hattie and Timperley (2007, p. 86) recommended three questions
that students should form the habit of asking themselves to generate self-
feedback:

(1) “Where am I going”, or what is the desired outcome (long-,
intermediate-, short-term) of my learning endeavour? What is the
anticipated outcome if I approach the problem this way? How is
this new learning related to my previous learning?

(2) “How am I going”, or what does the assessment evidence tell me
about the effectiveness of my learning strategies and is there a
gap between my desired goal and my current progress? If there is
a gap, what are the possible causes? And,

(3) “Where to next”, or what should be my next steps? Do I have to
keep going this way or should I modify my learning strategies?
Should I change my goal (set higher/lower goal; change
direction)? Should I seek help and if so from where should I get
help?

Assessment for Learning takes time to develop and for the
newcomers, the process can be daunting: students expose themselves to
analyses by themselves, peers and the teacher on their deficiencies and
misconceptions. Care must be taken in building a classroom environment
in which students feel safe enough to experiment with the new
experience. The purpose of feedback must be explained clearly to the
students at the outset. Further, rules, protocols, and etiquettes have to be
established and agreed upon by all those involved. For instance, teachers
may want to reach consensus with students on the following:

e Feedback has to aim at improvement of learning;

e Feedback has to focus on issues rather than on person;

® Give reasons and explain why you disagree or agree with the
other student;
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e Point out explicitly any possible mistake or misconception the
other person may have;

e Acknowledge other students’ contributions before putting in a
different view;

¢ Compare and contrast different approaches to solving an item;

e Everyone has to contribute to the group learning in some way;
and

¢ Raise your hand if you want to express an idea, and speak in turn.

Teachers may want to construct some “standard” statements at the
beginning as scaffolding for those weaker in language and expression,
and for younger students. Our experience shows that even children as
young as primary 2 can learn how to provide thoughtful feedback.
Further, students enjoy class discussion and peer feedback if they can see
the benefits of these activities. As one student wrote in her reflective
journal, “I like class discussion because I can ask for help if I don’t
understand, and I can help others too”.

Feedback in Assessment for Learning helps both learning and
teaching. In order to generate feedback from assessment to inform
teaching, teachers have to design informative assignment tasks.
Designing and using two-tier items is one approach, but effective use of
multiple choice items is another effective method. The key lies in making
predictions of students’ response before administering the assessment
items. Teachers should deliberate upon the common mistakes and
difficulties encountered by capable students, weak students and the
averaged student. For instance, an item on estimation is presented in
Figure 3. Common mistakes in estimation are: (a) rounding up the two
numbers before addition. This common mistake is incorporated in Option
A; (b) Rounding up or rounding down component numbers before
addition. This common mistake is incorporated in Option B; (c) No idea
about what is estimation at all. This common mistake is incorporated
in Option D. The remaining option, Option C, represents the correct
procedures for estimation.
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Estimate the value of 342.7 + 58.51

A. 402
B. 401
C. 400
D. 401.21

Figure 3. A Multiple Choice item with options to reveal common misconceptions

Misconception is only one source of error for students. Nevertheless,
difficulties faced by students in problem solving may not be confined to
misconceptions only. Students may be hindered by language issues, for
instance. Teachers should set items and include problem solving
strategies to help delineate where the problem lies if a student gets an
item wrong. For instance, the item in Figure 4 is set to test students’
understanding of “equal shares” in the concept of fractions but students
may get the item wrong for a number of reasons: they do not know the
word fraction, so they just counted the number of shaded parts (Option
A); cognitive load may be too high for some students and they cannot
mentally hold all the different parts together, so they just focus on one
shaded part within one of the smaller squares (Option B); they may not
recognise all the parts have to be equal in size for a fraction, so they
count the number of shaded pieces, use it as the numerator, count the
total number of pieces and use it as the denominator (Options C or E;
depending on whether they simplify or not). Only those who can
visualise and move one of the shaded parts to be adjacent to the other
shaded part get the correct option (Option D). Teachers can generate
information about the difficulties faced by students using carefully
crafted options in multiple choice items. In order to find out whether
students understand the English words “fraction”, “shaded”, and “parts”,
teachers may administer a simple item, such as the item in Figure 5, first
of all.
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What is the fraction representing the shaded parts in figure A?
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Figure 4. Representation of Shaded Parts in a figure

What is the fraction representing the shaded part in figure B?
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Figure 5. Representation of Shaded Parts in a figure

3.2 Tools for Assessment for Learning

The essence of Assessment for Learning is that assessment can be used
to inform and support further learning. Assessment can be formative if
teachers know where to exercise scaffolding. The Rasch model (Bond
and Fox, 2007) is a tool for the identification of the Zone of Proximal
Development (ZPD) (Vygotsky, 1978 in Rieber and Carton, 1987)
for each student. Three “maps” outputs from the Rasch analysis are
particularly useful to teachers, namely, (a) Item-Person Map; (b) Kid-
Map; and (c) Unexpected Persons Map.

The Item-Person Map is a visual display of students taking the test,
and the items in the test along the same measurement scale. An example
is presented in Figure 6. In this Map, student abilities are arranged from
the lowest (at the bottom of the map) to the highest (at the top of the
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Figure 6. Item-Person Map

map), and presented on the left of the measurement scale.

-MAP- Maths
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Item C
ZPD
5
Item A
Items are

arranged from the least difficult (at the bottom of the map) to the most
difficult (at the top of the map). If the ability of a student (e.g. student X)
is more than the level of difficulty required to solve an item (e.g. item
A), then chances are high for the student to get the item correct. On the
map, this is indicated by the student being above the item on the display.
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If on the other hand the ability of the student (e.g. student X) is lower
than the level of difficulty required to solve an item (e.g. item B), then
chances are high for the student to fail the item. On the map, this is
indicated by the student being below the item on the displayed. If the
ability of the student is equal to the difficulty level of the item (e.g. Item
C), then the student has 50% chance to get the item correct. By drawing
horizontal lines for each student, the teacher can find out the region
where the student has 50% chance of getting the item correct. This is the
Zone of Proximal Development of the student. Around this region, the
student has 50-50 chance of getting the items correct but with scaffolding
from the teacher, the student can improve his/her chance of getting right
answers to beyond guessing.

The Kid-Map provides information on expected and unexpected
response patterns for each student taking an assessment. The Kid-Map
has four quadrants and the students’ ability level is represented by
“XXX” in the map (Figure 7). On the left are items attempted correctly
by the student and on the right are those items that the student got them
wrong. Each side is in turn divided into the top and bottom quadrants.
The top quadrants (Harder Achieved, and Harder Not Achieved
quadrants) represent those items with difficulty levels beyond the ability
level of the student, and items at the bottom quadrants (Easier Achieved,
and Easier Not Achieved quadrants) are below the student’s ability. For
instance, student got item 30 correct (Figure 7). This is in fact a difficult
item, more difficult than the student’s ability level. The teacher may
want to find out why this has happened. Is there some untapped potential
of the student? Has the student answered the items honestly? Is there any
component of guessing or luck? More importantly, items 5, 47, 50, 45,
46, 23, 4, 27, and 49 are items below the ability level of the student and
the student was expected to answer them correctly but the student got
them wrong. What are the concepts, skills, and attributes underpinning
these items that the student has not mastered? These items represent
areas for remediation. The items in the Easier Achieved quadrant (e.g.
item 40) represent areas where the student has mastered and the teacher
can use the areas as foundation to build up the student’s relevant
mathematics ability. The region one standard deviation above and below

b3

the student’s ability level is indicated by “...... above and below the



The Assessment for, of and as Learning in Mathematics 201

“XXX” in the map, and contains items 41, 29, 13, 8, 22, 37, and 11.
This could be taken as the Zone of Proximal Development of the student.
This is where scaffolding can be applied.

The Unexpected-Person Map gives teachers an in-depth
understanding of the errors made by individual students. An example for
student number 27 is presented in Figure 8. Person ability (from 10 to
100 in the Figure) and item difficulty are presented as the horizontal and
vertical axis respectively. Item Q23 (with entry number 33) is the most
difficult, and item Q2 (with entry number 2) is the least difficult, item in
the list. The student has ability measure 74.86 estimated using the Rasch
model. For persons at this ability level, they are expected to fail Q23
(represent by “0” in the map), but to get items Q11, Q10, Q4 and Q2
correct (represented by the column of “1”’s in the map).

Student: 11 Ability: 0.8

Class: P3A Fit: 1.05

Scale: Fractions % score: 62%

777777 Harder Achieved-----——--——---—-Harder Not Achieved ———-—-——-

truncated
0

1
10
3 12 18
................................ 5 2 16
41
29
XXX 22 37
13
8 11
40 |1 2
47
9 48
50
45
32 34 38
46
721
44 43 33 6 23
25 31 36 39 20 26 a
42 15 14
17
19 27
28 49
24

truncated

Figure 7. An example of a KIDMAP
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However, it is observed that for this student, s/he has answered item
Q23 (the most difficult item) correctly. Only persons with ability level
around 92 are expected to get item Q23 right. On the other hand, this
student has failed items QI11, Q10, Q4, and Q2 and these results are
highly unexpected because only those students with ability level around
42 are expected to fail QI11; those with ability level around 38 are
expected to fail Q10; those with ability level around 32 are expected to
fail Q4; and those with ability 20 are expected to fail item Q20. The
teacher is provided with detailed information about this student to follow
up with.

KEY: . 1.=0BSERVED, 1=EXPECTED, (1)=0BSERVED, BUT VERY UNEXPECTED.

NUMBER — NAME MEASURE — INFIT (MNSQ) OUTFIT - S.E.
271 27 74. 86 1.6 A 4.1 5.85

10 20 30 40 50 60 70 80 90 100
| } } } } } ; } } | NUM item
1. 33 Q23
11 Q11
10 Q10
4 Q4
2 Q2
: . . : . . : | NUM item
10 20 30 40 50 60 70 80 90 100

(0)
(0)
(0)

b - - = —m O

(0)

Very unexpected response Expected pattern of responses for students
with ability Measure 74.86

Figure 8. Unexpected- Person Map

In summary, the Rasch model can be used to provide the teacher
with both a global picture about the whole class, and detailed information
about individual students for remedial actions. This is the essence of
Assessment for Learning.
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3.3 Using Student-Problem Chart for Assessment for Learning

The Student-Problem Chart (SP-Chart) was originally devised by
Takahiro Sato (1980; see also Chacko, 1998; Harnisch, 1983) as an
Assessment for Learning tool in order to exploit the interactions between
students and test items for information to support instruction. The SP-
Chart can be constructed by rotating the rows and columns of the
student-item response matrix such that students are arranged from top to
bottom of the matrix in descending order of their total scores, and items
from left to right in descending order of item total scores. This is
illustrated in Figure 9 with a hypothetical example involving 7 students
taking an assessment of 6 items.

Student
Q3 Q1 Q6 Q4 Q2 Q5 Total
S1 1 1 1 1 1 VI | 5
S4 1 1 1 1 0 0 4
S6 1 1 1 0 1 0 4
S5 1 1 0 1 0 0 3
S2 0 1 1 I 0 0 0 2
S3 1 0 0 0 0 1 2
S7 1 0 1 0 0 0 2
Item
Total 6 5 5 3 2 1
Key:
4
Student Curve
|
Problem Curve

Figure 9. Student-Problem Chart with Student-Curve and Problem-Curve
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Since after arrangement, the items listed on the left of the response
matrix are easier than those on the right, it is expected that under normal
circumstances, a student (e.g. S3) with 2 correct answers will get the 2
easier items (i.e., Q3 and Q1) right, and the harder items (e.g. Q6, Q4,
Q2, Q5) wrong. A vertical line can then be drawn in the matrix to
separate these two sets of items for this student to indicate the expected
right/wrong pattern of responses for the student. Responses to the left of
the vertical line are expected to be correct answers and responses to the
right are expected to be wrong. This can be done for all students. Joining
up all the vertical lines gives a Student curve. Similarly a Problem curve
can be formed by joining the horizontal lines that indicate the expected
right/wrong responses obtained for each item.

Importantly, by inspecting the SP-Chart, the teacher can detect easily
anomalies in students’ response. For instance, students S2, S3, and S7 in
Figure 9 both have 2 correct answers but the response pattern of S3 is
aberrant. Student S3 has two correct responses, one for Q3 (the easiest
item) and the other one for Q5 (the most difficult item). These irregular
response patterns may be due to a number of reasons, including guessing,
cheating, carelessness, inadequate mastery, lack of test-taking skills, etc.

3.4 Avoiding common pitfalls in Assessment for Learning

Several common pitfalls should be avoided and the first of these is
the confusion between Assessment for Learning and Continuous
Assessment. Whereas the former means the provision of feedback on
student learning using information generated from assessment, the latter
means frequent assessment. Frequent assessment without careful
planning cannot guarantee useful information can be produced that can
inform learning. Too many assessments without proper feedback takes
away precious instructional time and can be stressful for students. The
second pitfall is over-reliance on item-level data. Teachers have to avoid
falling into the trap of operating at the item-level. Instead, they should
look beyond item-level data to attributes underpinning the items.
Consider when a student cannot do an item “% — 1% =?" Instead of
giving more exercises of the same type for the student, the teacher has to
find out whether the reason is due to: the student cannot distinguish
between fractions and number, does not know how to find the common
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denominator of the two fractions, cannot carry out simple operation of
fractions, or other issues.

4 Assessment of Learning in Mathematics

4.1 Pedagogical approaches for the implementation of Assessment of
Learning in mathematics

Assessment of Learning aims to identify the achievement of the learner
at the end of key learning stages (e.g., end of a learning unit). The key
questions concern how much the student has learned and whether or not
the standard, usually set externally, has been reached. In the SLOA
framework, Assessment of Learning is used not only to ascertain the
present level of achievement, but also to provide an external frame of
reference on that achievement. This information is used to provide an
anchor for curriculum design, identification of longer term goals, and
ascertain whether or not there is a gap between the targeted goals and
students’ achievement. In this way, Assessment of Learning takes up an
augmentative role for Assessment for Learning, or summative
assessment for formative use (Black, Harrison, Lee, Marshall, and
Wiliam, 2003), in the SLOA framework. Providing evidence with
external reference will also help students to have a better understanding
of where they are, or to develop metacognition; thus Assessment of
Learning helps to support Assessment as Learning in the SLOA
framework.

4.2 Tools for Assessment of Learning

A vertical measurement scale to chart student growth across time is an
important tool for Assessment of Learning. Traditionally schools rely
heavily on raw scores and level-specific tests and examinations to
measure student achievement. Unfortunately, the use of raw scores and
level-specific tests/examinations makes articulation of achievement
results across year levels impossible. For instance, if a student gets 80
marks in mathematics in primary 3 and 70 marks in the same subject in
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primary 4, does it mean that the student has regressed in his/her learning?
The substantive meaning of “80 marks” also varies from subject to
subject, between teachers in the same school, and across different
schools. That is, we need assessment tools that enable us to accurately
gauge the amount of growth in students’ learning. A mathematics
vertical scale that aligns with the mathematics curriculum in Hong Kong
has been developed to enable teachers to chart growth across year levels
(Lau, Mok, and Yan, 2009).

A mathematics vertical scale comprises an item bank of many (over
thousands) mathematical items that align with the mathematics
curriculum. These mathematics items have difficulty levels spanning the
curriculum years from primary 1 to senior secondary levels. The scale is
then calibrated using Rasch measurement method and validated with a
representative sample of students from the targeted year levels. As the
items in the scale are aligned with the local curriculum, students assessed
using the scale can have a clear indication of the standards reached by
the student taking the test. It is beyond the scope of this chapter to
discuss how a vertical scale can be developed. Interested readers may
want to refer to works by Patz and Yao (2007), and Kolen and Brennan
(2004).

4.3 Avoiding common pitfalls in Assessment of Learning

Several pitfalls should be avoided and the first of these is the assumption
that Assessment of Learning is not necessary or less important than
Assessment for Learning in the new era of assessment reform. On the
contrary, assessment has to satisfy multiple roles and one of them is to
inform parents, teachers, employers, and the government how much
students have learned, and whether what students have learned have
reached desired standards. This function cannot be achieved without
high quality Assessment of Learning. A second common pitfall is the
assumption that Assessment of Learning can only take place at the end
of the school year or semester. On the contrary, Assessment of Learning
need not be confirmed to the end of learning. It can be used at any time
to give teachers an overall picture of how much is learned.
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5 Assessment as Learning in Mathematics

5.1 Pedagogical approaches for the implementation of Assessment as
Learning in mathematics

The term Assessment as Learning is coined by Lorna Earl (2003). It
means the engenderment of students into self-directed learners through
reflecting on evidence of learning generated from assessment activities.
The desired outcome of Assessment as Learning is to let each student
take charge of his/her own learning and learn how to learn.
Metacognitive self-regulation in mathematics is an important predictor of
mathematics achievement at all developmental levels (Camahalam, 2006;
Desoete, 2008; Desoete, Roeyers, and De Clercq, 2003; Labuhn,
Zimmerman, and Hasselhorn, 2010). Desoete (2008) found that
metacognitive skillfulness combined with intelligence of primary
students accounts for 53% to 76% of their mathematics performance.
Desoete, Roeyers and De Clercq (2003) further found that 1/3 of children
with  mathematical learning disabilities also had ineffective
metacognitive skills.

The process of Assessment as Learning involves the cultivation of
capacity for goal setting, self-monitoring of learning progress, self- and
peer-assessment of achievement, self-motivation in face of difficulties,
and self-regulation and change in order to enhance further learning
where appropriate. Teachers may consider a modified infusion approach
originally designed by Swartz and Parks (1994) for the implementation
of Assessment as Learning in mathematics. The infusion method places
metacognition at the core of self-directed learning processes (Paris, 2002;
Paris and Winograd, 1990). Students are taught explicitly, through
direct teaching and modeling, strategies for planning, goal setting,
self-monitoring, self-evaluation, and self-regulation. They are coached
through systematic scaffolding (e.g. using mathematics learning logs,
guided questions and teachers’ feedback) to reflect on their learning and
to become aware of their own thinking. Self-directed learning strategies
are not taught in isolation. Rather, they are embedded in the learning
activities and taught across a range of primary mathematics topics (Paris
and Paris, 2001).
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A typical activity involves the teacher presenting a problem (e.g.,
“Please express the fraction 10.5/500 as a percentage.”) and students are
invited to present their solution (“How did you do it?” “How do you
know that this is correct?”). The rest of the class is asked to present
alternative solutions (“Can you solve it in any other way?”), consider
merits of the solutions (“Which of these is a better approach? Why?”),
reflect on future applications (“How will you tackle the problem if you
meet it again?”’), and to post new questions (“Can you create an item to
test if another student really understands the concept?”). These and other
reflection questions are revisited for other topics to build up a repertoire
of self-reflection strategies. Students are actively engaged while learning
mathematics in self-reflection and self-monitoring in a conscious and
explicit manner both individually and as a group so that they are
equipped with problem-solving skills, learning skills, and an inquiry
habit of mind in context (Dewey and Bento, 2009).

The infusion approach has many reported advantages: (a)
Framework: A framework is provided to the general activities that can be
used by the teachers in conjunction with the mathematics curriculum
where appropriate; (b) Integration: Embedding learning in context has
been shown to be an effective way to learn self-directed learning (Paris
and Paris, 2001; Zimmerman, 2008); (c) Flexibility: Instructional
materials are flexible for teachers to fit into their teaching schedule and
to align with students’ abilities; (d) Active learning: Students are
engaged through activities designed for embedded instruction; (e) Spiral
instruction: New self-directed learning skills are introduced gradually,
with ample opportunities for practice and deepening throughout the
intervention period (Spektor-Levy, Eylon, and Scherz, 2008).

5.2 Tools for Assessment as Learning

Critical questions for Assessment as Learning in the SLOA framework
are: How to promote metacognition in students? How to engender and
sustain their learning motivations, and how to support them in
developing and internalising motivational volitional controls? In other
words, how to foster self-directed learning? This is done in SLOA by
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teacher modeling, teacher verbal/written feedback without grades,
learning log, and self-reflective journals. Vital to these strategies is to
elicit reflections from students themselves. The purpose is to make
subconscious processes overt such that the learner can have better control
and access to them at a later stage (Black and Wiliam, 2009; Vermeer,
Boekaerts, and Seegers, 2001).

A well-designed mathematics learning-log can be used to develop
the habit of mind for self-directed learning. Teachers may want to make
use of learning-logs to let students self-assess, and generate feedback to
inform their own learning. In so doing, assessment becomes an integral
part of learning. Learning logs are also good venues for parents, peers
and the teacher to communicate about student learning in a non-
threatened manner. Presented in Figure 10 is an example of page 1 of
one such learning-log for mathematics.

My Learning Goal
1. My current knowledge about fractions
D Excellent D Above average D Average D A bit weak

2. My goal is to reach the following level of understanding in fractions
D Excellent D Above average D Average

3. Canl reach this goal?
a Absolutely confident d Strong confident
1 Rather confident Absolutely not confident

4. My learning foci in fraction are:

0 understand the concept of dividing into equal parts (e.g.: E is dividing
into equal parts; E| is not dividing into equal parts)

1 Understand the portion (fraction) of the coloured part with respect to the
whole{e.g.EB =% Yy Is Y ofthe whole)

[ Understand how much is a certain fraction to the whole

a Compare fractions with equal denominator and numerator

Figure 10. Example of Mathematics Learning Goal
Courtesy Ms Doris C.H. Lau (The Hong Kong Institute of Education) and
Ms Jenny Li (Chai Wan Faith Love Primary School)
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In Figure 10, students were guided to self-assess on their current
knowledge, then set a learning goal in broad terms (“My goal is to reach
the following level of understanding in learning fractions: Excellent,
Above average, Average”), evaluate on self confidence, and set more
specific goals (“My learning foci in fractions are...”). The combination
of broad and specific goals helps develop students’ metacognition. The
specific goals are helpful for students to check against their learning
outcomes and identify the gap between desired goal and actual
achievement. After each assessment, students are guided using the
learning-log to evaluate their own achievement. In the learning-log, they
are invited to (a) assess whether they have or have not achieved their
learning goal, (b) evaluate the amount of effort they put into the study,
(c) make attributions for their learning outcomes, and (d) propose
strategies on how to improve on their outcomes the next time.

Of particular note is the use of learning-logs in developing students’
attribution for academic success or failure. Academic attribution is the
explanation an individual gives to explain the reasons for their academic
performance at school — successful or otherwise — after it has occurred
(Weiner, 1986). Ability, effort, luck, and task difficulty are common
reasons that students use in explaining academic successes and failures
(Chan and Moore, 2006). Attributions have been identified as powerful
determinants of student learning, achievement and self-esteem (Paris
and Paris, 2001; Zimmerman and Kitsantas, 1999; Zimmerman 2000).
Recent research emphasis has been placed on the use of strategies in
combination with effort (e.g., Chan and Moore, 2006; Paris and Paris,
2001). The greater controllability of strategy attribution has significant
educational implications. If success is explained in terms of effective
learning strategies, then the student is more likely to sustain their use.
Similarly, if failure is explained in terms of ineffective strategies, then
the student is in a good position to improve learning by enhancing
learning strategies (Chan and Moore, 2006).

5.3 Avoiding common pitfalls in Assessment as Learning

Several pitfalls should be avoided, and one is the assumption that self-
directed learning can be developed as the child grows older. Research
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(Desoete, 2008; Kramarski and Mevarech, 2003; Paris, 2002; Paris and
Paris, 2001; Pintrich, 2002; Zimmerman, 2008) reveals that the opposite
is true. These studies found that metacognitive knowledge and self-
directed learning strategies must be taught explicitly, for instance by
using explicit labeling, direct instruction, role modeling, open discussion,
or reciprocal teaching. Children could not be expected to develop
metacognition spontaneously as they mature and that children who had
developed metacognitive skills might not know when to apply them.
Embedding metacognitive instructions in the content matter and
integrating the cognitive, motivational, and affective domains of self-
directed learning provide the most effective approaches in developing in
students sustainable self-directed learning competencies.

6 Conclusion

Fundamental changes have occurred in school assessment practices in
Singapore, Hong Kong, and other parts of the world. Even though these
countries are at different stages of economic development, all of them
have initiated unprecedented reforms of their education and assessment
systems in responding to the rapidly changing and globalizing
international context.

The chapter draws on the work of the 3-year Assessment project
(2005 to 2009) in Hong Kong, and the Self-directed Learning Orientated
Assessment (SLOA) projects in Macau and China (2008-2009), some of
the results have been reported in Mok (2010). This chapter presents the
case of applying SLOA in mathematics education. The essence of SLOA
is that assessment should serve and advance learning, and that the learner
should be self-directed. This chapter discusses in detail the pedagogical
approaches of the three integrated components, namely, Assessment of
Learning, Assessment for Learning, and Assessment as Learning, tools
for their implementation, and common pitfalls to avoid.

Valid assessment helps identify areas needing support, and with
quality feedback derived from assessment, efficiencies of learning can
be enhanced. SLOA is one model that can be applied to mathematics
with proven success track records in China, Hong Kong and Macau.
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Nevertheless, success with SLOA is not guaranteed. Critical success
factors for the implementation of SLOA in mathematics are covered in
the chapter.

Several tools have been introduced to facilitate the implementation
of SLOA. Of these tools, cognitive diagnostic assessment and KIDMAP
have great potentials for mathematics education.
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Chapter 10

Building Bridges Between Large-Scale
External Assessment and Mathematics
Classrooms: A Japanese Perspective

Yoshinori SHIMIZU

This chapter discusses how large-scale external assessment and
classroom assessment in mathematics can be linked for enhancing
students’ learning and improving classroom teaching with a
particular reference to the case of the new National Assessment of
Academic Ability in Japan. The framework for mathematics
assessment and sample items is provided to describe how the test
items and the assessment results can be used for the improvement of
classroom teaching. There is a tension between large-scale
assessment and classroom assessment in their differences of purpose,
method, emphasis, and audience. Large-scale external assessment,
however, needs not be seen as completely different from classroom
assessment. Rather, external assessment like the one discussed in
this chapter can be used in certain ways for enhancing students’
learning and for improving classroom teaching.

1 Introduction

Assessment has been a long-standing problem in Japanese mathematics
education, as it has been in Singapore. Japanese mathematics educators
have struggled for decades with many of the same assessment issues that
plague educators in Singapore, asking questions such as:
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e What influences, both positive and negative, are exerted by
external assessment on classroom-based assessment?

e How can the results of external assessments be used to design
activities to move students’ thinking forward, in addition to
providing evidence of their present levels of knowledge and
skill?

e How can teachers become more familiar, through assessment,
with the abilities, skills, and thinking of their students, and
thereby more appropriately able to plan and modify their
instruction?

In April 2007, for the first time in 43 years, Japanese Ministry of
Education, Culture, Sports, Science, and Technology (MEXT) conducted
its national assessment of academic ability in school subjects of Japanese
and Mathematics. The assessment aims to monitor student’s academic
ability and backgrounds of their learning nationwide and to examine and
improve educational policies, and to provide key information to local
boards of education and schools so that they can improve classroom
practices. The new external assessment, started with the entire cohorts in
grades 6 and 9, had strong impacts on classroom practices in those
subjects.

In any school subject, in general, and in mathematics, in particular,
a tension between large-scale external assessment and classroom
assessment exists in their differences of purpose, method, emphasis, and
audience. One of the key, but sometimes not noted, issues for classroom
teachers with large-scale external assessments is to think about how to
capitalize the released results of them for improving classroom practices.

In the following sections, I will discuss how large-scale external
assessment and classroom assessment in mathematics can be linked to
enhance students’ learning with a particular reference to the case of the
new national assessemnt of academic ability in Japan. After the Japanese
contexts of the introduction of the national assessment are described
briefly, the framework for the new mathematics assessment and several
sample items are provided to describe how the test items and the results
can be used for the improvement of classroom practices. It is then argued
that large-scale assessment needs not be seen as completely different
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from classroom assessment and that external assessment like the one
discussed in this chapter can be used in certain ways to enhance students’
learning.

2 Recent National Assessments in Japan

2.1 The Japanese contexts

The Japanese education system is comprised of 6 years of elementary
school, 3 years of lower secondary school, 3 years of upper secondary
school, and 2-4 years of postsecondary school (e.g., 2 years of junior
college or 4 years of university). Recently, secondary schools of 6 years
are also available.

The basic guidelines for school curricula to be used nationwide are
prescribed in the National Course of Study, which is issued by the MEXT.
The document includes the objectives and contents of all the school
subjects. Each school sets up and implements its own curricula in
accordance with the guidelines, taking account the conditions of the local
community and the school, the stages of growth and the characters of
students, as well as other conditions for students' learning.

The MEXT has recently introduced a national assessment at the final
grades, the “exit”, of elementary and lower secondary schools to monitor
student’s academic ability and backgrounds of students’ learning
nationwide. In the current Japanese system, students’ learning is
evaluated by criterion-oriented evaluation from four different viewpoints.
For mathematics, evaluation of students’ learning covers the following
four categories.

* Interests in, eagerness for, and attitudes toward mathematics
* Mathematical ways of thinking

* Ability to represent and process mathematical objects

® Mathematical knowledge and understanding

The new national assessment discussed in this chapter aims to assess
the last three categories by paper and pencil tests and the first category
by questionnaires.
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2.2 Large-scale assessment in Japan

Besides the large-scale international assessments such as IEA’s TIMSS
(Trends in International Mathematics and Science Study, see Mullis et al.,
2004) and OECD’s PISA (Programme for International Students
Assessment, see OECD, 2004), several types of large-scale assessments,
including paper-and-pencil tests with questionnaires administered to
students, teachers, and schools, have been conducted in Japan. In
particular, since the 1980s, three different types of large-scale
assessments have been implemented; the Assessment of Implementation
of National Curriculum, the Assessment of Specific Issues in Students’
Learning, and the National Assessment of Academic Ability and
Learning Environments. Each of these assessments has different aims
and objectives for different school subjects with different student groups
as shown in Table 1. Assessment of Implementation of National
Curriculum has been conducted roughly every ten years to monitor the
implementation of new National Course of Study and then to improve
classroom practices in each school (National Institute for Educational
Policy Research, 2005). Assessment of Specific Issues in Students’
Learning plays a complementary role to it by scrutinizing students’
difficulties identified by other assessments.
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Tablel
Types of recent large-scale national assessments in Japan
National Assessment of Assessment of Assessment of
Academic Ability and Implementation of Specific Issues in
Learning Environments National Curriculum Students’ Learning
Major To monitor student’s To monitor the To investigate
Aims academic ability and implementation of specific issues in
background of learning new national course of | teaching and
nationwide to check and | study. learning which are
improve educational To improve classroom | not explored by the
policy. practices in each Assessment of
To establish the PDCA school. Implementation of
(Plan-Do-Check-Action) National
cycle in educational Curriculum.
policy. To improve
classroom practices in
each school.
Targeted | Grades 6 and 9 Grades 5 through 9 Depends on the
Grades subject (Grades 4
through 9 for
Mathematics)
Survey Complete (2007-2009) Sampling Sampling
Style Sampling (2010-)
School Japanese and Japanese, All the school
Subjects | Mathematics Mathematics, Social subjects
Studies, Science, and
English (only for
junior high schools)

3 The New National Assessment of Academic Ability and Learning

Environments

In April 2007, the new nationwide test was implemented to assess the
academic achievement of sixth-graders in elementary schools and
third-graders in junior high schools as well as to investigate the
environments and situations of students’ learning in and out schools.
Students in the targeted grades are in their final years of schooling at
each stage. Their scores in the test can be considered to give a good
indication of how much progress they have made at those stages of their
education.

From 1956 to 1966, there were national achievement tests covering
random sample (5-10%) of all the students, and another test for all
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students in grades 8 and 9. However, these tests were suspended as they
seemed to accelerate competitions among schools. The new nationwide
test in 2007 was a response to public concerns over the deterioration in
academic skills that became evident since 2002, when textbook content
was reduced by roughly 30%, the school week was shortened from 6
days to 5, and the Japanese ranking “went down” from PISA 2000 to
PISA 2003. In PISA 2000, Japan was on the top of the list of countries
and regions in terms of students’ achievement in mathematics, but in
PISA2003, Japan was in the sixth place.

3.1 The framework for mathematics assessment

The new national assessment consists of two bundles, A and B, for both
Japanese and Mathematics. Each of two bundles covers “Knowledge”
and “Functional Use” respectively in each subject as described in the
followings.

¢ Bundle A, Items for assessing “Knowledge”: Knowledge and
skills needed for further learning in schools and for applying in
the real life situations

e Bundle B, Items for assessing “Functional Use”: Competencies
for applying knowledge and skills to the situations in the real life,
and for planning, implementing, reflecting, and improving the
plan to solve problems

Students in grade 9 worked on each bundle for 45 minutes, followed
by another 45 minutes for the questionnaire. Bundle A includes multiple
choice and short answer style tasks, while bundle B includes open
construction tasks as well.

This is a summative assessment in nature based on the current
curriculum. The results give the ministry vital information on students’
academic performance nationwide, which will also be provided to
schools and students. From 2007 to 2009, about 1.2 million sixth-graders
at 22,000 elementary schools and 1.2 million third-year students at
10,500 junior high schools took the test. From 2010, only a random
sample of the targeted students took the test.
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Every year after a couple of months after its implementation, the
MEXT releases the results of assessment to the local governments,
boards of education, and schools that participated in the assessment. Also,
the students who participated in the test obtain feedback on their papers
and other information, including charts showing statistical information
on the test. Finally, classroom teachers are provided with documents that
describe detailed information of the intention of items and results from
related items in the previous assessment, as well as recommended lesson
plans so that they can use the assessment tasks in their classrooms.

3.2 The framework for mathematics bundle B

While each item in bundle A is intended to assess students’ basic
knowledge and skills, the items in the bundle B are to assess students’
functional use of mathematics in various contexts such as daily lives,
learning in other school subjects like science and social studies, and
learning within mathematics. Key phrases that describe the abilities the
assessemnt tasks require of the students in bundle B for grade 9 are as
follows (National Institute for Educational Policy Research, 2008).

* Observing things around us by focusing on numbers, quantities,
and figures to grasp their key features

* C(Classifying the given infromation to select an appropriate one

* Thinking logically to draw a conclusion and looking back on
one’s own thinking

* Interpreting events in the real world or in mathematical world,
and expressing ideas mathemtically

There are three dimensions to the mathematics assessment tasks in
bundle B:

* Mathematics content specified in the National Course of Study
¢ Situations and contexts
* Mathematical processes
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First, each item is aligned with the National Course of Study that
specifies goals and content of school mathematics. Second, there are
three categories for situations and contexts with which students are faced
in the test: mathematics, other school subjects, and the real world. Third,
there are three strands o, 3, and vy in mathematical processes:

a : Competencies for applying knowledge and skills to the situations
in the real life

B : Competencies for planning, implementing, evaluating, and
improving the plan to solve problems

v :Related toboth o and J

Table 2 shows the detailed description of mathematical processes to
be assessed.

Table 2
The mathematical processes to be assessed by the tasks in bundle B
Category The mathematical processes
Competencies for « 1: Mathematizing phenomena in everdy life.
applying knowledge a 1(1) Observing things by focusing on numbers,
and skills to the quantities, and shapes

situations in real life « 1(2) Grasping key features of things around us

a 1(3) Idealizing and simplifying

« 2: Functional use of information
@ 2(1) Classifying and organizing the given infromation
a 2(2) Sellect needed information appropriately to make
decisions

« 3: Interpreting and expressing phenomena mathematically
« 3(1) Interpreting phenomena
a 3(2) Expressing own idea mathematically

Competencies for B 1: Drawing up a plan to solve problems
planning, B 1(1) Thinking in a logical way
implementing, B 1(2) Making a plan

evaluating, and
improving the plan
to solve problems

B 1(3) Implementing the plan
8 2: Evaluating the result and improving the entire process
B 2(1) Looking back the result
B 2(2) Improving the result
B 2(3) Extending the result
Related to both o v 1: Making connections from one phenomenon to the other
and B v 2: Integrating different things
v 3: Considering things from multiple perspectives
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Each item in bundle B is developed within the framework and
described based on the three dimensions. The key feature of items in
bundle B, as embedded in the real world contexts with an emphasis on
mathematical processes, is new to the teachers.

3.3 Emphasis on explaining mathematically

The new National Course of Study emphases the importance of
“language activity” in classroom to be facilitated in each subject to
enhance students’ learning. In accordance with the emphasis in the
revised curriculum guidelines, each of the tasks in bundle B includes
open-construction tasks that requires students to explain things in one of
the following forms of explanation:

* The observed facts and properties in a situation
* Approaches and methods for solving a problem
* Reasons for the facts and properties

The first category corresponds to tasks that ask students to describe a
mathematical fact or property, mostly in the form of a proposition. Tasks
correspond to the second category ask students to describe the approach
to a problem by specifying both “what is used” and “how it is used” as
described in the example of “Mt. Fuji” shown below. It should be noted
here that an “answer” is not required and the focus is on the method to be
used. The third category includes tasks that ask students to explain the
reason for the facts and properties. Construction of a proof falls into this
category.

3.4 Sample items and the results

The results of assessment were released a couple of months after its
implementation, on July 31% in the case of year 2010. For grade 9 in
2010, the average percentage of correct response to items in bundle A
(“Knowledge”) was 66.1, while for bundle B (“Functional use”) it was
45.2. In general, while the percentages of correct responses were high for
the knowledge and skill items, there were several items that show the
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students’ difficulties in mathematics. Also, the percentages of correct
response to items in bundle B were relatively low. Some sample items
are shown below.

1. Common and decimal and fractions (Grade 6, A (2), 2007)

Choose the largest number among 0.5, 7/10 and 4/5, and then show the locations of the

numbers on the number line.

The percentage of students who answered the correct choice was
55.9. About 17% of the students chose “7/10” as the largest number. The
result reveals that students have difficulties in understanding and
expressing the size and meaning of common and decimal fractions.

2. The relationship between divisor and quotient (Grade 6, A, 2008)

In the following expressions, “@” denotes the same number which is not 0. Choose all
the expressions that the result of computation is larger than the original number @.
a.@x1.2
b. @ x0.7
c.@+13
d @+0.38

The percentage of students who answered the correct choices (a and
d) was 45.3. Those who chose “a” and “c” (12.0%) thought that the
number in the expression, being larger than 1, will make the result of
computation larger than “@”. The small group of students (4.4%) who
chose “a” and “b” might think that multiplication makes the result of
computation larger than the original number.

3. Volumes of cylinder and cone (Grade 9, 4), 2007)

The following figures represent containers of cylinder and cone with the
same height and the diameter of the circular top.
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SVAVAVAY,

When we move the water in the cylinder to the cone, how many cones
are filled by water? Choose the correct figure from the following five
choices.

R A

b. @@
A A

R A A 4

- VOO Y

Only 38.1% of the students chose the correct answer (d). Roughly
the same percentage of students (36.7%) chose wrong choice “b”. The
result clearly shows that students’ understanding of the relationship
between the ratios of volumes of cylinder and cone is very weak and that
this may be caused by the lack of students’ experience to have the
activity in mathematics classrooms.
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4. Two-digit numbers (Grade 9, A 4), 2010)

When we express a two-digit number by using x for the tenth digit and y for the unit,

which of the following expressions is correct?

a. Xy
b. x+y
c. 10xy
d. 10x+y

The result of the item is shown in Table 3. Many students had
difficulties in representing a two-digit number using letters; they could
not correctly make connections between the ten base numeral system
with literal symbols.

Table 3
Results of the Item A( 4), Grade 9, 2010
Category Choice Response rate (%)
1 Xy 11.5
2 x+y 11.0
3 10xy 8.9
4 10x +y *67.7
9 Others 0.2
0 No Answer 0.8

5. “Mt. Fuji”, An Item from Bundle B (Grade 9, B, 2008)

This item (see Appendix) is intended to assess students’ ability to
apply linear function to real data to solve a problem in context. It
involves using data in a given table and a graph of linear function to
interpret phenomenon in the real world. Students need to use
mathematics and explain a method for estimating the temperature at a
certain location.

In this situation, air temperature (y) is treated as a linear function of
altitude (x), and students are asked to explain a method for finding air
temperature at the altitude of 2500m by describing both “what is used”
and “how it is used”. Here the category of “what is used” includes graphs,
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expressions, tables, numerical values, and so on. The category of “how it
is used”, on the other hand, includes drawing a straight line to identify
the value of y when x = 2500, finding the expression of linear function
from the data given, and examining the rate of change from the table, and
SO on.

The correct response rates were, 54.7%, 25.0%, and 13.3% for
Question 1, 2, and 3, respectively. The rates were quite low for Questions
2 and 3. Most students had difficulties in finding and applying linear
function in the given context. Also explaining their approach to the
problem by specifying both “what is used” and “how it is used” was
difficult for them, when the “answer” was not requested. The no response
rate for Question 3 was 58.5%, the highest in all the items in the year.

4 Linking Large-Scale External Assessment to Classroom Practice

As mentioned earlier, there is a tension between large-scale assessment
and classroom assessment. Classroom assessment is designed or used by
classroom teachers for making instructional decisions, monitoring
students’ progress, or evaluating students’ achievement (Wilson and
Kenney, 2003). On the other hand, large-scale assessments are
summative in nature and external to the course of regular classroom
activities. Nevertheless, even in the case of large-scale external
assessment, “assessment should enhance mathematics learning” (NCET,
1995, p.13). Given the fact that taking a test, even an external one, is a
key learning opportunity for students, assessment tasks in the external
test need to be considered as the platform for enhancing students’
learning. Also, it should be noted that the strong and close relationship
between assessment and instruction has great potentials for improving
classroom practice (Van den Heuvel-Panhuizen and Becker, 2003). How
can we make a link between large-scale external assessment and
classroom instruction in mathematics?

4.1 Using external assessment task to improve classroom practices

In the context of the current educational reform in Japan, the relationship
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between the revised national curriculum framework and the national
assessment is a key to the implementation of new curriculum. If the
emphasis in the new curriculum is reflected in the new national
assessment, the test items play a key role in sending messages on the
emphasis in the new curriculum standards to classroom mathematics
teachers, just as “what is tested is what gets taught”. In the case of the
new national assessment in Japan, inclusion of open-constructed items
with an emphasis on “explaining” is aligned with the emphasis on
“language activity” in the new National Course of Study.

While the new national assessment focuses on fundamentals in
school mathematics, the test items, those in bundle B, in particular, are
new to most teachers, as they are embedded in the real world or
intra-mathematics contexts with an emphasis on mathematical processes
that are key features of the new National Course of Study. Teachers can
become more familiar, through the new types of assessment tasks, with
abilities, skills, and thinking of their students that need to be fostered,
and thereby more appropriately able to plan and modify their instruction.

The MEXT has started to disseminate leaflets that include both the
results on a few items from the assessment and recommended lesson
plans related to those items. The leaflets are sent to all the schools to
promote new visions among teachers on classroom teaching with the new
emphasis. In this sense, external assessments can be used to design
lessons to move students’ thinking forward, in addition to providing
evidence of their present levels of knowledge and skill.

4.2 Using the results of external assessment to help students

The assessment result of each item can be used to inform classroom
teaching with more attention paid to those students with difficulties
related to the item. This is the case when an assessment task is aligned
with the mathematics content specified in the National Course of Study.
In other words, test items can be connected to students’ learning, even
though they are external to the course of regular classroom activities, in
terms of mathematics content in the curriculum.

As for the example of how teachers can help their students by using
the assessment results, look at Table 3. Choice a, “xy”, corresponds to
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those students who just replaced the numbers in each digit with letters x
and y. Choice b, “x + y”, corresponds to those students who did not
understand the magnitude of the number in the tenth digit. Finally, choice
¢, “10xy”, corresponds to those students who understood the magnitude
of the number in the tenth digit but could not represent by using literal
symbols. Assessment result suggests how the teacher can help the
students. If you have the students whose tend to choose “b” in your
classroom, for example, you may show to the students a two digit
number, say, 24, and make sure that the sum of x and y equals 6, not 24.

The MEXT has provided classroom teachers with suggestions and
implication on what they can do with the students with difficulties as
specified with the coding for analysis for all the items (e.g. National
Institute for Educational Policy Research, 2010). As the “Learning”
standard from the NCTM Assessment Standards (NCTM, 1995) suggests,
the assessment task provides “learning opportunities as well as
opportunities for students to demonstrate what they know and can do"
(p-13). From the teachers’ perspective, the results of each item in
large-scale assessments provide information about expected students’
difficulties.

5 Concluding Remarks

Classroom teachers often do not have direct influence on external
assessment programs but such programs do have significant influence on
what happens in classrooms. Although there is a tension between
large-scale assessment and classroom assessment, as mentioned earlier,
large-scale assessment needs not be seen as completely different from
classroom assessment. Rather, external assessment, such as the one
discussed in this chapter, fits with classroom assessment and results can
be used for anticipating and considering students’ thinking in each
content domain.

Assessment should be aligned with and central to teaching
mathematics. Students nowadays are living in the era of external
assessment. Given the fact that taking a test is also a key learning
opportunity for students, assessment tasks in an external assessment can
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be a platform for enhancing students’ learning and for improving
classroom teaching.
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Appendix

Rina and her friends are planning to visit the Five Lakes of Mt. Fuji and
then climb up to the sixth stage of the mountain this August.

Top of the Mountaim
3. 776m
9th station Climbing Route
3.550m
Bth atatio
3.320m

A Map of Mt. Fuji Climbing and the Five Lakes of Mt. Fuji

Question 1.

You will take photos at two lakes among the five. How many different
choices of two lakes do you have, if we ignore the order of the visits?
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Question 2.
Rina and Ken-ichi are talking about the temperature of the sixth stage of
Mt. Fuji.

Rina: I have tried to investigate the temperature of the sixth stage, but I couldn’t
find it because there is no observatory on the stage.

Ken-ichi: It is known that the temperature falls at a constant rate as one climbs

higher until an altitude of 10,000 meters.

Rina: We may use the fact to find the temperature of the sixth stage.

If we hypothesize that the temperature falls at a constant rate as one
climbs higher until an altitude of 10,000 meters, what is the relationship
that holds anytime between altitude x meters and temperature y °C?
Choose the correct one from the followings.

a. y is proportional to x.

b. y is an inverse proportion to x.

c. y is a linear function of x.

d. Sum of x and y is a constant.

e. Difference of x and y is a constant.

Question 3.

Rina investigated the mean temperature in August on the top of the
mountain and around Mt. Fuji. She completed table below and drew a
graph, measuring altitude as x meters and temperature y °C.

Table 1

Altitude and Mean Temperature in August at Observation Points

Observation Altitude Mean Temp | Observation Points | Altitude | Mean

Points (m) °O) (m) Temp
O

A (Kofu) 273 27.7 D (Kawaguchiko) 860 23.3

B (Katsunuma) | 394 26.7 E (Yamanaka) 992 21.7

C (Furuseki) 552 249 F (Fujisan) 3775 6.4

(Data Source: Meteorological Agency)
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Figure 1. Graph of the relation between Altitude and Temperature

Rina understood that the temperature falls at a constant rate as one
climbs higher. Then, she tried to estimate the temperature of the sixth
stage of Mt. Fuji using data at the points D and F in the given table and
the graph. Explain your method of estimating the temperature at the sixth
stage (2,500m). You do not need to actually find the temperature.



Chapter 11

Errors in Mathematics Assessment Items
Written by Pre-Service Teachers

Jaguthsing DINDYAL

Learning to write good test items is an important aspect of the
teacher preparation programmes in Singapore. This chapter
highlights the types of errors in mathematics test items made by
student teachers who were following their pre-service course for
teaching at primary level. An analysis of the errors reveals that
these student teachers demonstrate some key shortcomings when
writing test items: use of language, mastery of content knowledge,
use of diagrams as scaffolds, and the use of appropriate context.

1 Introduction

It is often claimed that assessment drives the curriculum. The National
Research Council (1989) in the United States acknowledged this fact by
stating that “what is tested is what gets taught” (p. 69). It is not surprising
that teachers who implement the school curriculum are often teaching to
the test. Traditional paper and pencil tests are still the norm for assessing
students’ learning in schools. Thus, assessment is high on the agenda of
any school mathematics teacher, in an examination-oriented system such
as Singapore. They have to look very carefully into both formative and
summative aspects of assessment as parents and the community at large,
are very sensitive to any form of assessment in which students are
involved. Any shortcoming in assessment practices can entail serious
consequences for teachers and their schools.

237



238 Assessment in the Mathematics Classroom

School assessments are only as good as the individual test items that
make up these assessments. When teaching mathematics, teachers use a
large number of problems as test items. Some of the items are copied
from textbooks and past examination papers, whereas others are
modified from similar sources to match the specific nature of their
classes. In addition, a fairly large number of items for tests are originally
written by the teachers themselves. Hence, it is imperative that
mathematics teachers take extreme care in writing their test items. In this
chapter, I report on the types of errors that were noted when a group of
pre-service primary teachers wrote test items. Four categories of errors
were identified and these are described in detail in the latter part of the
chapter.

2 Mathematical Tasks

Lester (1983) referred to mathematical problems as tasks. Good tasks are
the ones that do not separate mathematical thinking from mathematical
concepts or skills, they capture students’ curiosity, and they invite the
students to speculate and to pursue their hunches (National Council of
Teachers of Mathematics [NCTM], 1991). The typical test includes
several items or problems. A problem can be considered as a task which
elicits some activity on the part of students and through which they learn
mathematics during the problem solving activity. Several factors can be
identified that differentiate one problem from another. Amongst others,
problems differ by: the content domain, the objectives to be tested, the
exact wording of the problem, the context of the problem, the support
and structure provided, the types of numbers involved, the resources to
be used during the solution process, the expected time for a solution, and
the closedness or openness of the problem (see Dindyal, 2009).

Mason and Johnston-Wilder (2006) highlighted the various ways in
which a mathematical task is perceived: (1) the task as imagined by the
task author, (2) the task as intended by the teacher, (3) the task as
specified by the teacher-author instructions, (4) the task as construed by
the learners, and (5) the task as carried out by the learners. It is to be
noted that whether a problem task is originally written down by a teacher
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or is taken or modified from a secondary source, it carries an implicit
intent that the assigner of the task (in this case the teacher) wishes to
achieve by assigning the problem task to the solver (in this case the
student). There are bound to be mismatches between what the assigner
wishes to achieve and what actually is achieved during the solving
process. Accordingly, we must aim to reduce if not eliminate these
mismatches. One of the ways to reduce the mismatches is to produce
items that would be construed and carried out by the learners in a way
that was initially intended. This implies writing good assessment items.

Some of the issues we have with assessment items involve
deficiencies in the technical aspects of writing the problems. Unless an
assessment item is written carefully, there are bound to be
inconsistencies in the way these items are perceived by the students who
work on them in their tests. Noddings (1988) has claimed that structural
features in the problems themselves account for some student difficulty.

Verschaffel, Greer, and De Corte (2000, p. x), who were referring to
word problems, claimed that several components can be distinguished in
a word problem:

e The mathematical structure: i.e., the nature of the given and
unknown quantities involved in the problem, as well as the kind
of mathematical operation(s) by which the unknown quantities
can be derived from the givens.

e The semantic structure: i.e., the way in which an interpretation of
the text points to particular mathematical relationships — for
example, when the text implies a change from an initial quantity
to a subsequent quantity by addition or subtraction, or a
combination of disjoint subsets into a superset, or the additive
comparison between two collections, then in each case operations
of addition or subtraction are indicated.

e The context: What is the problem about, e.g., whether, in the case
of an additive problem involving combination of disjoint sets, it
deals with groups of people joining each other, with collections of
objects, etc.

® The format: i.e., how the problem is formulated and presented,
involving such factors as the placement of the question, the
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complexity of the lexical and grammatical structures, the presence
of superfluous information, etc.

The mathematical structure, the semantic structure, the context and
the format can provide a framework to look at particular problems that
primary students solve. Verschaffel, Greer, and De Corte’s (2000)
characterization of word problems is quite similar to Kulm’s (1979)
categories of task variables. Kulm commented that task variables can be
broadly categorized as those that: (1) describe the problem syntax, (2)
characterize the problem’s mathematical content and non-mathematical
context, (3) describe the structure of the problem, and (4) characterize
the heuristic process evoked by the problem. Although word problems at
the primary level are traditionally discussed within the domain of
numbers, the points mentioned above are generally applicable to
problems from other domains. The framework can also provide a lens for
looking at deficiencies in items. A poorly written test item can be
defective in one or more of the above categories.

3 Errors in Mathematics Assessment Items

The errors in the mathematics assessment items that are described in this
chapter were identified in the test construction task which is a major
assignment of pre-service teachers following the final year of the degree
programme for teaching at the primary level. In their first year of study,
these pre-service teachers have covered two content courses: one on
number and algebra and the other one on geometry and data. In each of
their next three years of study, the student teachers take a course on the
teaching and learning of mathematics at the primary level. The last of
these courses in their fourth year of study is split over two semesters, of
which in the last semester the students take a course on assessment in
mathematics and the planning and construction of test items for
mathematics tests and examinations. Student teachers learn how to
construct a table of specifications (TOS) for constructing a test and how
to develop test items based on the TOS. Issues about test objectives,
types of items, difficulty level of items, types of marks and marking
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schemes are discussed during this course. They are also exposed to
alternative modes of assessment. The items discussed here were collected
from the test that the degree pre-service teachers developed after
following the course as part of their final project. As a marking scheme
had to be provided, the pre-service teachers’ solutions were helpful in
categorizing the items and providing a window on their thinking when
they developed the items. Often, there were mismatches between what
these pre-service teachers wrote as items and what they actually solved.
An analysis of the test items, together with the proposed solutions, was
helpful in categorizing the types of errors in the test items. The errors in
the mathematics test items are divided into four groups: errors in the use
of language, errors due to a poor mastery of content knowledge, errors
due to poor diagrams as support, and errors due to an inappropriate
context.

3.1 Language-related errors

It was noted that errors in assessment items due to the language were of
several types:

1. Unclear instructions

These types of errors do not give a clear indication about what to do in
the item. For example, in the item described in Figure 1, the writer was
not clear about finding the sum of 9.7 and 0.5 and then dividing by 100.
This type of errors can be generally attributed to a lack of mastery of the
language of communication. Hence, it leads to a mismatch between what
the writer intends and what is actually written down.

8. What is the sum 0f 9.7 and 0.5 when divided by 1007

Ans

Figure 1. Language errors: unclear instructions



242 Assessment in the Mathematics Classroom

2. Missing key word or phrase

This type of error occurs when certain key words or phrases are omitted
from the instructions in the item. For example, in the item described in
Figure 2, the key word “equal” was omitted which makes it impossible to
solve as the problem was not meant to be open ended. Unless it is clearly
stated that there are 8 equal parts, the problem cannot be solved.

8 Jie Jern cuts a 16.8 m of string into 8 parts. What is the length of each piece of
string?

Figure 2. Language errors: missing key word or phrase

3. Using the incorrect direction verb

This type of error occurs when the incorrect direction verb (words such
as find, calculate, show, estimate, draw, prove, etc.) is used. In the item
described in Figure 3, it does not make sense to say “prove your answer
clearly”. For students at the primary level this term can be quite
confusing.

Alex and Peter are asked to arrange the following decimals in increasing
order.

0.612, 0.81, 0.062, 812, 6.21

The table below shows the responses of Alex and John respectively.

Alox 0.062, 0.81 , 0.612, 621, 8.12
Poter 0.062, 0612, 0.81 , 621, 8.12 |

Which boy has answered wrongly? Prove your answer clearly.

Figure 3. Language errors: incorrect direction verb
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4. Incorrect description of the context

This type of error is due to a poor description of the context. Usually it is
also due to a poor grasp of the language of communication. In the item in
Figure 4, the sentence “You have a clock that is spoilt from 12 pm
onwards”, very poorly describes what the writer of the item actually
meant.

3)

You have a clock at home that is spoilt from 12pm onwards, for every 5 minutes that it

moves, the minute hand will slide back 1 minute. If the clock shows Spm, what s the
actual fme? ’

Figure 4. Language errors: incorrect description of the context

3.2 Content-related errors

Some of the errors in the assessment items are identified as being due to
a lack of content knowledge.

1. Over-defined conditions

These types of errors are noted particularly in geometry items. Typically
the writers of these items disregard some of the constraints under which a
geometrical figure may or may not exist. One such item is shown in
Figure 5, in which the lengths of the sides of the largest triangle clearly
determine the height of the triangle. By giving the height of the triangle
as 5 m, the writer ignores this fundamental geometrical property.

12.  The figure shows a triangle. Find the area of the triangle.

10 2m

m?

Figure 5. Over-defined conditions 1
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In the item in Figure 6, a similar situation arises. The sides of the
equilateral triangle amply define the height of the triangle. By giving an
arbitrary value to this height, the writer of this item provided an artificial
context in which many students would be tempted to give the area of one
of the equilateral triangles as “half of the base times height”.

The figure above is made up of 5 equilateral triangles. Find its total area.

Figure 6. Over-defined conditions 2

For the item in Figure 7, there was no requirement for the triangle to
be right-angled if the skill that the writer of the item was looking for was
to find the perimeter when three sides of a triangle were given. However,
by showing the triangle to be right-angled, the writer overlooked the fact
that the conditions no longer satisfy Pythagoras theorem.

7. What is the perimeter of this triangle?

- &
R
4 cm

Figure 7. Over-defined conditions

1) 16 cm
2) 20 cm
3) 22cm
4) 40 cm

2. Mathematical concepts
This type of errors are noticed when the writers demonstrate a lack of
knowledge about certain basic mathematical concepts. For example, in
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the item in Figure 8, the writer is not clear about what the figure was or
what the whole is. Is one circular shape the required figure or do the two
circular shapes together constitute the figure? As the two possible
responses can be found in the options for the answers, this multiple
choice item is misleading.

What fraction of the figure below is shaded?

)] =

(2) =

@A) =

Figure 8. Mathematical concepts 1

Another such item is shown in Figure 9. The writer was trying to
compare length and area which does not make sense in this context.

2, The length of a Square B is 4 times smaller than the area of
Rectangle A. If the area of Square B is 144cm?,

(i)  Find the area of Rectangle A.
(i)  Find the perimeter of Rectangle A, if its breadth is 6¢cm.

Figure 9. Mathematical concepts 2

In the multiple choice item in Figure 10, the writer was not clear
about the term “estimate”. The exact value 1.2 appears as one of the
options which was the expected answer. This error may also be
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categorized as a language error in which an incorrect direction verb is
used.

8 Which of the following is the best estimate of 0.8x1.5?
1
)12
3)2
(4) 120

Figure 10. Mathematical concepts 3

In the multiple choice test item described in Figure 11, the expected
answer is 250, when in actual practice the context does not allow this
answer unless we can cut the given cuboid into the small cubes.

8 A cuboid measures 25 cm by 10 cm by 8 cm. How many 2-cm cubes can the
cuboid hold?

(1) 10
@ 25
(3) 250

(4) 2000

Figure 11. Mathematical concepts 4

3.3 Errorsrelated to diagrams as support

The purpose of a diagram in a problem is to provide a support to the
students who are going to work on the problem. In geometry, a diagram
helps students to visualize the situation in which the problem is described
by showing all of the relevant information pertaining to the problem
concisely. If adiagram is not drawn properly, then there is a risk that it
might be counterproductive making the problem more abstract for the
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primary students. In quite a few cases, the writers of the items produced
diagrams which were lacking in several ways.

1. Assuming sides to be perpendicular or parallel

There were cases whereby the writers of the items assumed certain sides
to be parallel or perpendicular or certain angles to be right angles.
Students working on the items were expected to be able to visually
identify parallel and perpendicular sides. For example, in the test item
described in Figure 12, the writer assumes that the side AD of the
trapezium is perpendicular to the sides AB and DC. The stem of the item
did not provide relevant information about the figure.

Solve the problems below, showing your working clearly.

1. Find the area of the trapezium ABCD.

12 cm

12cm

D 16 cm C

Figure 12. Assumptions about perpendicular sides

The assumption of sides being parallel and angles being right angles
can be noticed in the test items described in Figures 13 and 14 below.
Such assumptions can mislead students to assume these conditions from
a visual examination of the figures.
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1§.  What is the perimeter of the following figure?

9cm

A
"

13 cm

cm|

Figure 13. Assuming adjacent sides are perpendicular

2. The figure below is made up of segments. If GH is a semicircle, find the perimeter of
the figure.
127
(Letm 7 ) C 5cm D
lem
4 2cm "
cm E 5cm Jom
A B
G
12cm
H
4cm
J |

Figure 14. Assuming sides to be parallel and angles to be right angles

2. Disproportionate diagrams

In the test item in Figure 15 below, the writer used different dimensions
in the figure to represent the same length (radius of circle). Besides using
the term quadrant which is already a dificult term for primary students,
the writer made the diagram quite misleading for young students.
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—

7 cm

2 Oﬂpositt_: qmdmm are pl_aced side by side as shown above. The shaded part of the
quadrant is Icm wide. Taking 7 as 3.14, find the perimeter of the shaded border.

Figure 15. Disproportionate lengths

In the test item in Figure 16, the writer showed a diagram in which
the cubes look like cuboids. Although a solution can be found, a wrong
idea may be conveyed to primary students about what are cubes.

10.  How many unit cubes are there in this figure?

¢

1) 6 unit cubes
2) 9 unit cubes
3) 12 unit cubes
4) 18 unit cubes

Figure 16. Diagram not showing cubes

3. Complex diagrams
In the test item in Figure 17, the diagram was clearly very complex and

misleading as well. A primary student trying to solve this problem will
be completely lost as to what has to be found.
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5. In the diagram below, the area of the circle, square and triangle addsupto
448 cm?. The circle touches the square only at 4 points. Find the length of a side

of the square. Take z to be =

N

2 units

Figure 17. A complex diagram

Another item with a misleading diagram is shown in Figure 18. The
writer did not make clear about the number of rectangles in the diagram.

2) '
There are 3 rectangles in the figure below. Find the area labeled X when the follm_vmg
are given. A is 2 and half times the breadth of E. B is % of the length of F. C is twice the

length of D.

F'y

16 cm X 10 cm

I D 1.5cm

v

Figure 18. Misleading diagram
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3.4 Context-related errors

The context of a problem is an important aspect that has to be carefully
chosen for the problem to make sense. In the item in Figure 19, we have
a very unrealistic situation whereby the 5000 m race is supposed to be
run in 10 minutes and 25 seconds. It is well-known that the world record
for the 5000 m race is in excess of 10 minutes and 25 seconds (currently
at 12 minutes and 53.32 seconds). The context should not give wrong
information. Also note the American spelling of the word metres used in
this item.

8) Benjamin completed a 5000 m race in 10 min 25 seconds. What was his average

speed in meters per second?

Ans: —_ml/s

Figure 19. Unrealistic context 1

In the item in Figure 20 below, the writer had ignored the fact that
wooden cubes will float in water.

2. A tank, 20cm by 10cm by 5cm is filled ¥ with water. 4 wooden cubes of
the same size are placed into the tank and the water level rose by 20%.
When | poured in more water, the water level rose by another 20%. What
is the total volume of the water and the 4 wooden cubes now?

Figure 20. Unrealistic context 2



252 Assessment in the Mathematics Classroom

For Figure 21, we may ask questions such as “Is the piece of cloth
rectangular or not?” and “How was the cut made?”

1. Rose bought a piece of cloth which was 12m long. She cut the cloth into 4 equal pieces.
Each piece had an area of 15m®. What was the perimeter of the cloth before it was cut?

Figure 21. Unrealistic context 3

4 Discussion

The four types of errors described above can be connected to the four
categories described by Verschaffel, Greer, and De Corte (2000). For
example, language-related errors can be connected to errors in the
semantic structure as well as errors in the format.

All the above items came from a group of pre-service teachers.
However, it is a truism that pre-service teachers are not full-fledged
teachers and hence we cannot rightfully expect them to produce test
items that experienced teachers will be able to produce fairly easily.
Even at the end of their courses, ‘“Pre-service teachers rarely exit their
mathematics teacher preparation program as experts” (Morris, 2006, p.
471). However, teachers need to be able to recognize the qualities of an
item that makes it a good item.

The issues identified above point to several causes. Carter (1984)
claimed that while we wish to help students develop skills that will foster
higher test results, an equal emphasis on teachers’ test-making skills has
not emerged. She added that: (1) there is some insecurity among pre-
service teachers in writing good assessment items in a language that is
still problematic for many of them, (2) the pre-service teachers tend to
copy or paraphrase similar items from textbooks and their lecture notes
and often make mistakes in doing so, (3) the pre-service teachers spend
very little time editing or revising their test items. We may also add that
not all pre-service teachers demonstrate the same level of content
mastery as is required of them.

Regarding assessment, the National Council of Teachers of
Mathematics (1991) has clearly mentioned that mathematics teachers
should engage in ongoing analysis of teaching and learning by observing,



Errors in Mathematics Assessment Items 253

listening to, and gathering other information about students to assess
what they are learning and as well examining effects of the tasks,
discourse, and learning environment on students’ mathematical
knowledge, skills and dispositions. So, what kinds of knowledge do
teachers need for assessing their students’ learning?

Shulman (1987) stated that teaching is essentially a learned
profession and that teaching necessarily begins with a teacher’s
understanding of what is to be learned and how it is to be taught. If we
assume that a teacher knows what is to be learned by the students, then
the biggest issue is “how it is to be taught”. This depends on several
factors, of which the teacher’s understanding of students’ mathematical
learning is extremely important. Furthermore, we can also ask: “How do
we know that we have been successful in teaching?” This question has
very important implications for teacher education, and we have to
carefully integrate in teacher education courses knowledge about how to
assess students’ mathematical learning in schools. Knowledge about
writing good items for mathematical tests cuts across many of the seven
categories described by Shulman and most importantly mathematical
content knowledge (MCK) and mathematical pedagogical content
knowledge (MPCK) stand out of the lot.

If an item is poorly written, students may still feel that the item is
correct and then attempt to get an answer that may make some sense
within the topic area, despite the inherent flaws in the item. The
assessment of students’ performance based on such items is bound to be
difficult to interpret. If the students apply the correct procedures and
rules that they would normally apply for a well-designed test item and
get the expected numerical answer, do we penalize them for not spotting
the flaw in the question? If a student does not get the expected numerical
answer, do we give the student the benefit of the doubt that he or she
could not attempt the problem because of the inherent flaw in the
problem? Thus, defective items in a test can become a very serious issue.
Proper monitoring mechanism should be put in place to eliminate such
items from school tests.

Pre-service teachers may improve the quality of their test items by
being more systematic. A few questions that they can ask themselves
(see Dindyal, 2006): What is the purpose of this item? What are the
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objectives to be tested? What is the mathematical topic or content area on
which the item is based? Does the wording of the item correctly convey
all necessary information? Are the correct direction verbs used? Is the
corresponding figure associated with the item drawn correctly? Are all
dimensions in the figure possible within the imposed geometrical
constraints? What are the resources to be used in solving this problem?
What is the expected answer? Does the answer make sense? Who will
work on the items? How much time is to be spent on the solution of this
problem? While this list is not exhaustive, it provides some guidance for
the teacher. It is advisable that test items be pilot tested. Colleagues can
also provide valuable suggestions on how to improve any test item.

5 Conclusion

Assessment has a long history in education (Van den Heuvel-Panhuizen
and Becker, 2003) and will certainly be an important aspect of teaching
and learning at all levels of formal education. Recent moves towards
looking at assessment of learning, assessment for learning, and
assessment as learning (see Mok, 2010) point to an increasingly
important role of assessment in the curriculum. Accordingly, teachers of
mathematics will continue to use tests for gauging students’ learning of
mathematics. Teachers cannot rely only on ready-made items from
textbooks and other sources. They will have to construct original test
items. One way to help teachers in assessing their students’ learning
would be to help them construct good assessment items. Besides well-
organized professional development courses, the best way to ensure that
teachers learn about tests and test construction, is to make it an essential
component of their teacher preparation courses. The mathematics test
items discussed in this chapter amply demonstrate that we should not
take these items at face value. The items need to be carefully vetted to
eliminate any shortcomings that may compromise their effectiveness. A
student’s response to a poorly constructed item in a test is not very
informative to the teacher about what the student knows and is able
to do.
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Chapter 12

Affective Assessment in the Mathematics
Classroom: A Quick Start

TAY Eng Guan  QUEK Khiok Seng ~ TOH Tin Lam

This chapter discusses the nature and rationale of affective
assessment in the mathematics classroom, and introduces
mathematics teachers to three techniques of affective assessment as
a quick start: (1) a summated scale; (2) an interest inventory; and (3)
a semantic differential. It is useful for teachers who wish to take up
the challenge of assessing affects. A list for further reading is also
provided for interested readers.

1 Introduction

Student assessment in the mathematics classroom often focuses on
cognitive learning outcomes. However, teachers are as concerned that
students develop positive attitudes towards mathematics as they are
about their attainment of cognitive objectives. They lament the poor
attitudes students have towards mathematics, especially those of students
who do not do well in mathematics. Unfortunately, more often than not,
teachers can hardly afford much time for affective development and its
assessment in the classrooms. Affective learning outcomes have taken a
backseat to the cognitive ones, as teachers concentrate on preparing
students to do well in high-stakes examinations. It would be a challenge
to carve some time out from a lesson to attend to affective learning
outcomes. It would be a greater challenge if teachers are to assess for
affective development in a planned or systematic manner. Instead,
teachers rely on their interactions with students, the manner in which

257
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students complete the assigned work, or students’ willingness to
participate in learning activities, for evidence of students’ attitudes
towards mathematics. In fairness, even when teachers are willing, it is an
unfamiliar assessment territory that they find themselves in. Compared
to cognitive assessment, teachers do not talk much about techniques for
assessing affect. Also, the nature of affect—consisting of abstract
entities which describe behaviours characterized by feelings, emotions,
interests or values—presents an assessment challenge: What is affect,
precisely, and how can it be adequately measured and assessed?

In recent years, more attention has been paid to the assessment of
affective learning outcomes. The Singapore Ministry of Education
positions ‘attitudes’ as one of its five cornerstones—Concepts, Skills,
Processes, Metacognition and Attitudes—supporting the overarching
curricular goal of developing the ability of students to solve mathematics
problems. Here, attitudes refer to the affective aspects of mathematics
learning such as

e Beliefs about mathematics and its usefulness
e Interest and enjoyment in learning mathematics
e Appreciation of the beauty and power of mathematics
¢ Confidence in using mathematics
e Perseverance in solving a problem
(Ministry of Education, 2006)

The development of favourable attitudes towards mathematics is
recognized as a crucial aim of a mathematical education. The NCTM
(the National Council of Teachers of Mathematics in USA) advocates
the assessment of students’ mathematical disposition. In fact, two of the
five general educational goals for precollege students listed in the
Curriculum Standards (NCTM, 1989, pp. 5 — 6) are affective goals.
Such assessment should seek information about students on affective
objectives such as confidence in using mathematics, willingness to
persevere in mathematical tasks, interest and curiosity in doing
mathematics, and valuing of the application of mathematics. The
Council also recommends that the evaluation of teaching should
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also include evidence of teachers fostering students’ mathematical
disposition. For example, do teachers model a disposition to do
mathematics, show the value of mathematics or promote students’
confidence, perseverance and curiosity in mathematics related activities?

In this chapter, we will set out some reasons for wanting to promote
affective development and for assessing affect, before going on to
propose some ways in which the classroom teacher can carry out
affective assessment in the classroom. Along the way, we will briefly
discuss the nature of affect and the challenges it presents to assessment.
There are all sorts of affective targets that can be assessed; those listed
in the Singapore mathematics curriculum document should suffice. Now,
we know that our students know we assess what we value. By suggesting
that affective assessment should be an integral part of classroom life, we
hope to raise the awareness of teachers and students alike to the crucial
role of affect in learning mathematics. This chapter offers the readers a
small step forward to more serious dialogue among members of the
mathematics education community. Readers are reminded that the
sections in this chapter may be read in any order and they may proceed
to the section A few techniques of assessing affect if they wish.

2 Some Reasons for Assessing Affective Qutcomes

“My class did not do well in the final exams because it has such bad
attitude towards maths.” “Your son failed because he is interested in
history but not maths.” “This class is very enthusiastic when it comes to
maths.” “(Student) I don’t see any use in learning factorisation of
quadratic expressions; it’s meaningless!” These utterances point to the
affective status of students. We use the concept (or construct) of attitude,
interest, or value to explain the behaviours of our students or their
performance in mathematics exams. Popham (2006), who has written
extensively about educational assessment and evaluation, uses the term
affect to refer to students’ attitudes, interests and values.

An immediate answer to the question of why we should assess affect
is: “Students’ affect should be assessed so that both teachers and
students can do something about it.” Affect impacts not only the
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immediate but also the long-term learning of mathematics. Research
(e.g., Goldin, 2000; Leder, Pehkonen, and Térner, 2002; McLeod, 1992;
McLeod and Adams, 1989; McLeod and McLeod, 2002) has shown the
influence of affective conditions of students on students’ cognitive
learning. Most learning outcomes may be classified under three domains,
namely, cognitive, affective and psychomotor. However, we should
avoid thinking of these domains as if they are independent of each other.
Positive or negative feelings, for example, can facilitate or inhibit,
respectively, cognitive or psychomotor learning. This influence on
learning is one reason for promoting affective learning outcomes and
their assessment. A teacher who wishes to adjust the instructional
approach or modify the classroom environment in order to foster the
desired attitudes towards mathematics in students would in general do
better with evidence from a planned assessment of attitude than from
perchance observations.

The feelings and emotions one has in solving a mathematics problem,
influence not only the students’ immediate attainment of cognitive
learning outcomes, but also their using mathematics confidently in future
to solve real-world problems. Indeed, in the daily mathematics lesson,
when a student is confronted with a mathematical problem (in contrast to
a problem for exercise), it is a feeling of challenge or of despair that
strikes the student first. It is then a matter of “fight or flight”. Of course,
there is a third reaction—total disinterest—which still is in the realm of
affect.

Popham (2006) argues convincingly that a student’s current affective
status predicts that student’s future behaviour and that our students’
future is what we teachers are concerned about in schools. In other
words, the positive feelings a student has towards solving non-routine or
novel mathematics problems will predispose him or her to solve such
problems in the future, which is any mathematics teacher’s wish for their
students’ behaviour towards mathematics. In short, promoting positive
affect towards mathematics is an important curricular goal for the
discipline!
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Teachers would want affective assessment evidence that has been
systematically collected for guidance, counselling and diagnosis
purposes. From experience, we know too well that a student with
excellent grades in mathematics may not like mathematics enough to
pursue further study. And, while we may have diagnosed the
misconceptions a student has about a particular concept (think fractions)
to its mathematical roots, part of our “cure” may have to address the
affective aspects of learning mathematics.

Hence, affective learning outcomes are an educational goal in its
own right (this is clearly stated in the MOE curriculum document) and
one which should be assessed. Affective assessment of the planned and
systematic variant is important for another reason. Now, being human, a
teacher may think that the attitude of a certain group of students towards
mathematics to be less than desirable (e.g., not persevering or interested
enough). To these students, however, they are trying their utmost to do
well and are frustrated by their lack of success. Simple cues from
students in mathematics classrooms may suggest students’ feeling
towards the subject. For example, their sullen faces which, unfortunately
and by chance, may happen to be caught by a teacher, may inadvertently
give the impression of a dislike for mathematics. Such a mismatch
between teacher’s and students’ perception of affective status can be
detrimental to both parties.

As professionals, teachers should want to ensure that our very own
attitude towards our students is based on more reliable evidence than
just impressions derived from unplanned observations. We want to be as
certain as we can about our assessment of the students’ attitude. We do
not want to unwittingly suggest to them that we think badly of their
attitude towards mathematics, perhaps in a somewhat bi-directional
fashion, our students’ attitude towards mathematics may be shaped by
what they think their mathematics teacher’s attitude towards them as
learners of mathematics is. Finally, affective assessment evidence is
needed in the evaluation of the mathematics curriculum in which
effectiveness is measured not only in terms of cognitive attainments but
also attitudinal changes.
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3 Affect: Disposition, Beliefs, Attitudes, Interests, Values and
What Else?

We have to admit that we have been using the terms affect, disposition,
beliefs, attitudes, interests, and values rather loosely. These concepts
overlap in many ways but they are distinguishable at times. Instead of
trying to define these terms using a string of words which call for further
definition, we feel it will be useful at this point of our learning journey,
to look into the nature of these ideas by means of examples in the next
few sections. Another reason for not attempting to discuss these ideas in
detail is because many people have debated and written books about
them. So we will recommend some further readings (end of chapter) and
leave it to the interested teachers to investigate them thoroughly.

We would call it a belief about mathematics rather than an interest if
the student reports to us “I think mathematics is useful”. Similarly, when
the student tells us that he or she enjoys doing challenging mathematics
problems, it is more an attitude towards learning mathematics rather than
a belief about mathematics. If the student says that he is struggling, it
would be a value rather than an indication of beliefs or interests.

Such statements are often used as prompts in a self-report or in a
checklist of behaviours to reflect a particular affect. Examples of
statements used in self-reports to elicit assessment evidence on the
various affective targets are shown below.

BELIEFS ABOUT Mathematics is only
MATHEMATICS understandable to geeks.
INTEREST AND ENJOYMENT IN [ enjoy solving non-routine
LEARNING MATHEMATICS mathematics problems.
APPRECIATION OF THE Without mathematics there can be
BEAUTY AND POWER OF no technological advances.
MATHEMATICS

CONFIDENCE IN USING I am confident in using mathematics
MATHEMATICS in my everyday life.

PERSEVERANCE IN SOLVING A [ give up easily when trying to solve
PROBLEM a maths problem
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Next, we must bear in mind that attitude is always directed at an
object or an idea. Quite often, when we talk about someone’s attitude,
we actually mean his or her attitude towards something. Hence, in the
mathematics classroom, we may be interested in students’ attitude
towards self in learning mathematics (I am not good at maths) or
students’ attitude towards a topic (Algebra is cool!) and so on. There are
many aspects of mathematics and its teaching and learning that can be
targets for a student to have an attitude towards. We will use the term
“attitudinal object” or simply “object” when we want to talk about it in
general.

Finally, we cannot observe an attitude or belief directly. Beliefs,
attitudes, interests, and values, being conceptual, are inferences made
from observed or self-reported behaviours. We do not observe a
student’s attitude towards mathematics. All we do is to infer (soundly or
not) from what the student does and says about or reacts to mathematics.
This poses a problem: How can we be sure that our inferences from
students’ overt behaviours to their affective status are dependable? We
shall now discuss, again briefly, the nature of affective assessment.

4 Nature of Affective Assessment

Affective assessment may involve students’ opinions, preferences,
attitudes, interests, and values in connection with mathematics, a topic in
mathematics, learning mathematics, a particular learning activity, the
mathematics teacher, or the student himself or herself as a learner of the
subject. Affective assessments, compared to their cognitive counterparts,
have more inherent technical and interpretative challenges. We reiterate
that attitudes, interests, and values, being conceptual, are inferences
made from observed or self-reported behaviours Thus, to measure and
assess them, we can obtain observed evidence of affect. This can be
done by observing, by using checklist, the student’s behaviour related to
the object (e.g., mathematics, non-routine problems), or by asking the
student to report on his or her behaviour related to, or feelings towards,
or views on the object. Note that we can do both but, for a busy teacher,
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self-reports may be more practical than direct observation of every
student.

In cognitive assessments, our focus is mainly on students’ optimal
performance in tests or other assessment tasks. We assume that the
students will try their best in the test within the given time. An athlete’s
performance in the Olympics is an example of optimal or maximal
performance. For affective assessments we are more concerned about
students’ ftypical behaviour towards something, say, mathematics
learning. Students who are positive towards self (positive self-concept)
in relation to mathematics learning will have a tendency to respond
favourably to learning mathematics. These behaviours are characterized
by feelings, emotions, or values. Such students may, for example, show
enthusiasm or engagement (covert behaviours, not observable) during
the daily mathematics lesson by asking questions or volunteering to look
up answers (overt behaviours, observable). Where a student typically or
normally responds enthusiastically, we are inclined to say that they have
a positive disposition towards mathematics. Teachers may use this
information to predict how students will be predisposed to behave in the
future in mathematics lessons. Likewise, students whose affect is
negative (away from something, say, homework) have a tendency to
respond unfavourably towards that something (e.g., dislike homework,
avoid doing it). Transient or one-time feelings or emotions are of lesser
concern in affective assessments, and we should guard against labelling
students as having a poor attitude towards mathematics based on their
atypical responses.

A technical challenge is the difficulty in linking the observed
behaviours or self-reports to the concept of attitude, interest, or values.
In the first place, unlike mathematics tests, there are no “right” or
“wrong” answers in the assessment of affect. Depending on the manner
in which the affective responses are captured, a student may react in a
socially desirable way so as to project the expected image, especially
where persons of authority such as their teachers are involved. Does a
student’s smile when solving a mathematics problem indicate enjoyment
of mathematics? Well, he may be thinking what a silly question the
mathematics teacher has set; or he has seen the solution of the question
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before. Some students may fake answers or behave untypically for some
reasons, e.g., fear that their responses might be held against them. So we
want students to be honest in supplying us with information about
their affect. Then, it is of utmost importance that anonymity and/or
confidentiality be assured in order to collect accurate affective
assessment evidence.

This brings us to another aspect of affective assessment that is
different from cognitive assessment for the classroom teacher. We agree
with Popham (2006) that the focus of affective assessment should be on
the status of the students as a class than as individuals. The requirement
of anonymity and/or confidentiality, as well as respect for sensitivity of
the nature of affect, necessitates a treatment of affective measures at a
group or class level. Therefore we suggest, based on what we know
about the nature of affect and the purpose we have for its assessment that
teachers carry out affective assessment at the classroom level. We
recommend that their inferences about students’ affective status to be
directed at students as a group rather than at a student, at least until we
know how to do it more accurately.

A technical challenge in student assessment is the accuracy of the
inference from the assessment evidence to the construct being assessed.
For example, in a written test to assess understanding, a student’s written
solution may indicate memory work (hence rote-learning) rather than
understanding. Hence for affective assessment, it would also be
challenging to link the evidence (observed behaviours) for affective
assessment to the constructs of beliefs, attitudes, interests, and values.
The correlation between overt behaviours and covert attitudes or
interests is far from being perfect in that we may not be able to predict
accurately how a student will be disposed to respond. Being situation-
specific, a student’s reaction will depend on both internal (within the
student, e.g., tiredness, unhappiness) and external (in the surroundings,
e.g., hot day) factors at play at the time when the assessment evidence is
being collected. In the prediction of behaviour from attitude, we have to
constantly remind ourselves that it is a tendency or predisposition to
behave in a particular way. Hence, we should avoid using once-off
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behaviours of students related to mathematics as their attitude towards
mathematics.

5 A Few Techniques of Assessing Affect

Self-report by students and observation by teachers are two ways of
obtaining affective assessment evidence. There are other ways but
we recommend the self-report for classroom use, to be realistic and
practical. Bear in mind that there is already little curriculum time left for
affective development and affective assessment, and a teacher’s work
seems never done. For example, the self-report can be completed by
students within a short time at the end of a lesson or taken home to
complete.

5.1 Crafting your own summative scale

The summated scale is the most convenient technique to use in the
classroom. To craft your own summated scale, follow the steps below:

1. Gather or write a number of statements relevant to the affect we
have in mind. Use only statements that seem to be either
definitely favourable or unfavourable to the affect object. Check
your collection of statements for coherence, in the sense that the
statements are all about that particular affect, so that it makes
some sense to add up or “sum” the scores to each statement later.
The following are statements about the affect “Attitude towards
learning mathematics”.

® [ enjoy learning mathematics.
e [ like to work on challenging mathematics problems.
®  Solving mathematics problems is boring.

2. Present the statements along with an agreement-disagreement
scale to the students. Depending on a number of factors such as
age of your students, and purpose of gathering the affective
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evidence, the scale may consist of only two categories (Agree—
Disagree) or five categories (Strongly Disagree—Disagree—
Undecided—Agree—Strongly Agree). Give each category of the
scale a score. For example, for a two-point scale, a score of 0 for
“Disagree”, and 1 for “Agree”. For a 5-point scale, a score of 1
for Strongly Disagree, 2 for Disagree, 3 for Undecided, 4 for
Agree, and 5 for Strongly Agree. So long as it is consistent in
terms of the attitudinal direction, it makes no difference which
end of the scale is given a higher score. Remark: You may have
heard of the Likert scale. A Likert scale usually uses the score of
1, 2, 3, 4 and 5 for the Strongly Disagree to Strongly Agree
categories.

. Obtain the total score for a student by computing the student’s
score to each statement. Before doing so, make sure that the
scores reflect the attitudinal direction. For example, if favourable
statements are scored 5 for strongly agree, and unfavourable
statements are scored 1, before computing the total score, we
reverse a student’s score of 1 on an unfavourable statement to 5,
score 2 to 4, and leave the score of 3 unchanged, i.e.,
mathematically, we change a score of x to 6—x. Remember to be
consistent in the choice of attitudinal direction.

. The total score for a student gives an indication of his or her
affective status. However, recall that we should be looking at the
overall affective status of the students as a group or class.
Interpret the scores accordingly.

. Remark: You may have decided to assess several aspects of affect
(say, interests and values) in one go, and so put the statements
about the attitudinal objects in the same self-report forms. When
summing the scores, remember to add separately the scores to
statements relating to a particular affect (e.g., interests) to reflect
the “amount” of that particular affect; a summing up of all
statements across a few affects can be misleading.
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Perhaps, we may have over-simplified the process of crafting your
own summated scale. We need to evaluate the suitability of the
statements as indicators of the attitude we are assessing. We also have to
check that the statements use a language appropriate to the target
students (e.g., primary or secondary school). We should give students
the instructions on how to complete and submit the self-report (here we
recommend anonymity and confidentiality).

Now, you may ask: How many statements should we use? To be
usable in the classroom, we recommend not having too many items. A
Likert scale consists of 8 to 15 statements. However, choose a number
which you think will meet your informational need. Now you can
improve on the scale somewhat by carrying out what is called “item
analysis”. We use the idea of item discrimination which is outlined
below. Generally speaking, an item or a statement must distinguish
between students with positive attitude from those with negative attitude
towards an object.

Form contrast groups by taking the high-scoring quarter (or half, if
you must) and the lower-scoring quarter (or half) of the students who
responded to the attitude scale. If there are too many students, you may
reduce this to the top and bottom one third. For each statement, compare
the distribution of responses of the high-group and low-group. Select
statements which discriminate between the two groups. Re-write or
discard the other statements. Here are some examples.

Table 1

Attitude statement: I enjoy doing non-routine mathematics problems

Strongly disagree Disagree Undecided Agree | Strongly agree

Lows 15 20 10 5 0
Highs 5 4 8 26 10
Table 2

Attitude statement: Students who don’t learn mathematics miss some valuable knowledge

Strongly disagree Disagree Undecided Agree | Strongly agree

Lows 12 20 10 4 4

Highs 10 22 8 7 6
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Since about the same number in both groups agree or disagree with
the second statement, that statement is NOT discriminating and should
be revised or discarded. Remark: Some of you may be able to get the
computer software generate these figures. Finally, if you already have
your suspicions that certain students are positive in that attitude and
certain others are negative, you can check if many of the students in the
positive group are found in the high-scoring group, and many in the
negative group are found in the low-scoring group.

Now, there can be variation in writing the attitudinal statements.
Depending on the attitude or affect we are assessing, it can be interesting
and relevant to use other possible response modes, such as frequency,
potency, recency, or utility (Soh and Tan, 2008). Examples of the
variants to the agree-disagree category are shown below:

Frequency: Asking students to report on how often.
I practise mathematics.
Almost everyday...Very seldom

Potency: Asking students to report on how fast they perform a
task.
If you were given maths homework, when will you start
doing it?
As soon as possible...Wait till just before handing in.

Recency: Asking students to report the last time they performed a
certain task.
When did you last do extra practice (other than
homework or tuition work) for maths on your own?
Last night...One month ago.

Utility: Asking students how they would use resources, e.g.,
spare time.
If you have to spend two hours studying, how much time
will you give to maths?
None, 30 mins, 1 hour, 2 hours.
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5.2 Generating your own interest inventory

Students are asked to indicate or check the relevant mathematics
activities they are keenly interested in. They may also be asked to rank
the activities in order of preference. Checking is used when the list of
activities is long and ranking is suitable only when the list is short.
Scoring, which depends on the purpose and nature of the measure, can
be frequency counts or weighted summation.

Here is an example of asking students to rank the activities
according to their preference, using 1 for most preferred and 4 for least
preferred (no ties allowed).

When given a maths problem, what would you prefer to do?
Rank
Listening to a teacher explain a problem
Reading a worked example of the problem
Trying to solve the problem on my own
Working on the problem in a group

5.3 Crafting your own semantic differential

For variety, you may want to consider a semantic differential. Osgood,
Suci, and Tannenbaum (1957) give a list of adjectives for constructing a
semantic differential. We will explain this technique by means of an
example. Suppose you have just completed the topic of factorisation of
quadratic expressions (secondary school mathematics) or pictorial
graphs (primary school mathematics).

Choose a few pairs of diametrically opposite adjectives (or, if we
may take liberties here, short phrases) that reflect the affect of interest.
Ask students to mark an X in the space between each adjective pair that
best indicates perception of the topic. For example
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Topic (quadratic factorisation/pictographs)

Interesting
Easy to learn
Useful

Like it

Not afraid of it

Boring

Hard to learn
Not useful
Do not like it
Afraid of it

You may wish to use more spaces in between the adjectives, but to be
practical for classroom use, we recommend three, with X in the middle
as indicating “undecided” or “no difference”. Score by adding up the
number of X’s in each column and report counts or percentages to get an
idea of how the topic went down for the students. Remember to ensure
that all the adjectives are in the same direction; the adjectives above are
mixed, so just adding down the columns will give the wrong answer.

Here is another example of a semantic differential with 10 items and
five points used by Wong and Quek (2009).

Instruction to Students: For each pair of words, circle the line that is
closest to what you think or feel mathematics is.

To Me, Mathematics Is
EASY _ : . . .  DIFFICULT
BORING __ : : : :  COOL
ABOUT _ . : . . ABOUT REMEMBERING
THINKING RULES
CREATIVE __ . . : .  NOTCREATIVE
IMPORTANT _ . : : :  NOTIMPORTANT
MEANINGLESS __: : : :  MEANINGFUL
FOR EVERYBODY _ : . . . FOR THE GOOD ONES
ONLY
NOTENJOYABLE __ : . : :  ENJOYABLE
COMPLICATED __ :  : : :  STRAIGHTFORWARD
USEFUL OUTSIDE NOT USEFUL OUTSIDE

SCHOOL SCHOOL
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6 Conclusion

If we go by the results of international comparisons such as the TIMSS
and PISA, Singapore mathematics teachers have been successful in
helping students attain the cognitive goals of the curriculum. It is timely
now for the mathematics teachers to attend to the relatively neglected
curricular component of attitude by exploring ways of assessing
affective learning in the classroom. We end here but we hope it is the
beginning for mathematics teachers and educators who wish to take up
the challenge of clarifying the fifth curricular cornerstone of attitude in
the Singapore mathematics curriculum and assessing this goal in the
classroom.

7 Further Readings

Here are some further readings. There may be other better reads and we

will be happy to hear from you.

Aiken, L. R. (1996). Rating scales and checklists: Evaluating behaviour,
personality and attitude. New York: John Wiley.

Ajzen, L. (2005). Attitudes, personality, and behavior (2nd ed.). Milton-
Keynes, England: Open University Press.

DeVellis, R. J. (2003). Scale development: Theory and applications.
Thousand Oaks, CA: SAGE.

Popham, W. J. (2006). Assessing students affect. New York, NY:
Routledge. [Remark: Popham’s Mastering Assessment: A Self-
Service System for Educators is a set of fifteen practical easy-to-use
booklets on educational assessment]
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Chapter 13

Implementing Self-Assessment to Develop
Reflective Teaching and Learning in
Mathematics

Lianghuo FAN

Drawing mainly on the author’s experiences in conducting research
and offering courses for in-service teachers in the area of self-
assessment, this chapter addresses some key issues about self-
assessment, including the concepts, methods, and other related
aspects about self-assessment. An exploratory study in self-
assessment conducted in Singapore mathematics classrooms is also
briefly presented.

1 Introduction

Over the last two decades, self-assessment, as one of relatively new
assessment strategies, has received increasing attention from
mathematics education researchers and practitioners in Singapore and
abroad (e.g., see Brookhart, Andolina, Zuza, and Furman, 2004;
Csonger, 1992; Stallings and Tascione, 1996; Wood and Frank, 2000). In
Singapore, self-assessment was treated as one of the four main new
assessment strategies in a major research project, the Mathematics
Assessment Project (MAP), which was recently conducted under the
Centre for Research in Pedagogy and Practice of the National Institute of
Education (NIE) in both primary and secondary schools (see Fan, Quek,
Koay, Ng, Pereira-Mendoza, and Yeo, et al., 2008). Moreover, self-
assessment has also become a key topic in in-service training courses in
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assessment provided at NIE for school teachers over the last ten years
(for a description about the training, see Fan, 2002).

In this chapter, I will draw mainly on my own experiences in
conducting research and offering courses for in-service teachers in the
area of self-assessment to discuss and explore some key issues about
self-assessment, including the concepts, methods, and other related
aspects about self-assessment. In addition, I will also introduce some
research work done in this area based on the MAP project. The chapter
ends with a few notes on the implementation of self-assessment.

2 What is Self-Assessment? A Conceptualisation

To better understand the concept of self-assessment, we shall first start
with the concept of assessment. Assessment in mathematics is commonly
defined as a process of gathering students’ evidence about their
knowledge of, ability to do, and disposition toward mathematics and
making inferences for various purposes (see National Council of
Teachers of Mathematics, 1995, p. 3), or simply, assessment is a process
or act of gathering information and making inferences.

Needless to say, self-assessment literally means that one assesses
him or herself (also see Van de Walle, 2004). In teachers’ assessment of
students in mathematics, students’ self-assessment is instructed by
teachers and employed by teachers to serve the purpose of teachers’
assessment. More specifically, from the perspective of teachers’
assessment, self-assessment is an assessment strategy where teachers
gather evidence about students through their self-reviewing, self-
reflecting, and self-reporting about their learning in mathematics, and
hence make inferences for a variety of purposes.

For example, after a teacher has taught a chapter, say, quadratic
equations, he/she can use a standard classroom test, with a suitable Table
of Specifications, to check how much students have achieved about this
topic. Alternatively, the teacher can also use a questionnaire survey to
ask students to report to him/her whether they have understood the
concepts of quadratic equations, how to solve quadratic equations using
different methods, and what difficulties they still have. Both methods can
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serve the purposes of teachers’ assessment. The former is through a
traditional written test, and the latter through students’ self-assessment.

The effectiveness or value of self-assessment is essentially related to
the fact that, in many cases, one knows himself/herself best. In
mathematics classrooms, what teachers can assess using self-assessment
can be about students’ cognitive or affective domain, and their learning
outcomes or process (including their learning behavior).

The Singapore mathematics curriculum framework includes five
inter-related aspects with the primary goal being to develop students’
ability in mathematical problem solving. These five aspects are concepts,
skills, processes, attitudes, and metacognition, as shown in the following
well-known pentagonal structure (Figure 1).

Beliefs
Interest
Appreciation
Confidence

Monitoring of one’s own thinking
Self-regulation of learning

Numerical calculation
Algebraic manipulation
Spatial visualisation
Data analysis

Reasoning, communication
and connections

Measurement Thinking skills and heuristics
Use of mathematical tools Application and modelling
Estimation

Numerical
Algebraic

Geometrical
Statistical

Probabilistic
Analytical

Figure 1. Framework of the school mathematics curriculum

Self-assessment can be used by teachers to gather evidence about
students’ learning in mathematics in all the five aspects. It is particularly
effective to assess students’ metacognition and attitudes, as
metacognition requires students’ monitoring their own thinking and self-
regulating their own learning, about which the evidence cannot be easily
gathered through other assessment methods (for example, written test or
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observation). Similarly, students’ personal attitudes toward mathematics
and mathematics learning, for example, whether they appreciate the
usefulness of mathematics, how much they like mathematics, and how
they perceive about mathematics, are best known by themselves. It seems
clear that self-assessment has unique value in assessing students’
metacognition and affect in the learning of mathematics. Furthermore,
teachers can also reflect on or assess their own teaching, based on the
information collected from students’ self-assessment, and hence develop
reflective teaching.

The new concept of assessment requires that teachers pay attention
to not only the products (or outcomes) of learning, i.e., what students
have achieved, but also the process of learning, or how students have
learned. For the latter, self-assessment has also unique value, as the
process of learning is essentially personalized activity and teachers need
to pay attention to individual students, and for this purpose, self-
assessment provides teachers with an important tool for students to report
about their learning process and behavior.

Self-assessment can also help teachers better meet the challenges that
come with the use of modern or reformed pedagogy, which emphasizes
more student-centered learning, cooperative learning, and differentiated
learning. Under these pedagogical approaches, it is easy to see that it is
not effective and sometimes even impossible for teachers to gather
evidence about students’ learning process or behaviors by using some
other assessment methods such as test and observation. Instead, self-
assessment can be used as an effective tool for teachers to understand
students better under these pedagogical approaches, as self-assessment
allows students to reveal their own learning process and behavior.

Compared to other assessment methods, self-assessment places more
responsibilities on students. It requires students to play a more active role
and be their own assessors during the process of assessment. It requires
students to be reflective learners by reflecting on their own mathematics
knowledge, confidence, perseverance and attitudes toward mathematics
and mathematics learning. In other words, not only can self-assessment
help teachers, it can also help students to know better about themselves,
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so they can take more responsibility of their part and make necessary
decision about their further learning.

It should be pointed out that the above discussion about self-
assessment and its value is all from the perspective of teachers’
assessment of students, namely, for teachers to gather evidence about
students’ learning. Hence, it is initiated and guided by teachers.
However, from the perspective of learning, learners can also do self-
assessment about their learning in order to make decision for their own
purposes, that is, students can also be engaged in self-assessment
activities in their learning process, independent of teachers’ assessment.
In this sense, self-assessment can be viewed as an act of students’ self-
reviewing and self-reflecting about their own learning in mathematics,
which can lead to self-regulated learning. It appears reasonable to argue
that students’ engagement in self-assessment initiated by teachers will
help students to develop their habit of doing self-assessment initiated by
themselves.

3 How to Implement Self-Assessment in Mathematics? Methods
and Examples

There are different ways for teachers to implement self-assessment in
mathematics classrooms. For convenience, in this section I shall use
structured self-assessment, integrated self-assessment, and instructional
self-assessment to describe some important methods of implementing
self-assessment in mathematics classrooms. I shall also use mainly the
examples from the Mathematics Assessment Project (MAP) to illustrate
the methods.

3.1 Structured self-assessment

Structured self-assessment here refers to the method that teachers
conduct specific self-assessment by using pre-designed self-assessment
survey forms. It is the most commonly used way for teachers to
implement self-assessment.
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Self-assessment survey can be used for summative purposes. In other
words, it can be conducted at the end of a teaching period, for example,
after completing a chapter or a topic, for teachers to know how students
have learned about a chapter or topic.

In MAP, summative self-assessment is specifically implemented
through a self-assessment survey form. Figure 2 below shows a standard
template, called “mathematics self-assessment sheet”, for teachers to use
in classrooms.

Self-assessment survey can also be conducted for formative
purposes, in other words, during or prior to teachers’ teaching of a
chapter or a topic for teachers to make informed instructional decision.

The following is a template, called “mathematics self-reflection
sheet” (Figure 3), used in the MAP to gather information about students’
experience in solving a particular mathematics task, and to nurture their
self-reflection habit and skills.

Undoubtedly, teachers can make the necessary modifications when
using these templates as self-assessment survey forms, so the assessment
can be better suited to the practical situation and need in their teaching.
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Mathematics Self-Assessment Sheet

Name: Class: Date:

Dear Student: We have taught (topic) last week. Please recall your experience of
learning this topic and complete this self-assessment sheet, so I can know better how you

have learned about this topic and how I can help you.

A. You can just circle one of the three choices: “Yes”, “No”, “Not sure”.

1. This topic is overall easy. Yes No Not sure
2. Tunderstand this topic well. Yes No Not sure
3. T'had difficulty in learning this topic. Yes No Not sure
4. Ifeel I was quite lost in learning this topic. Yes No Not sure
5. I can complete homework for this topic most Yes No Not sure
of the time by myself.
6. I enjoy learning this topic. Yes No Not sure
7. Ifind this topic useful. Yes No Not sure
8. I am confident about this topic. Yes No Not sure

B. (i) What did you find most difficult in learning this topic?

(ii) Do you still have problem about it? (Circle one) Yes No

Is there any help you wish me to give you? If so, feel free to write it down.

(iii) Did you encounter any other difficulties in learning the topic that you wish me to

help? If so, please let me know.

C. What else about this topic do you wish to tell me? Please feel free to write it down

(e.g., other information, or requests, or suggestions, etc.).

(Please use the other side of this page if necessary)

Figure 2. Mathematics self-assessment sheet (Source: MAP)
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Mathematics Self-Reflection Sheet

Name: Date:

1. You have tried to solve the mathematics task given below. (Note: teachers need to fill

in the task, e.g., assignment, problem sum, in-class activity and exercise, etc.)

2. After doing the given task, I think (Please check the sentences that describe your work

on this task)

I was able to do the work.

I did not understand the directions.

I followed the directions but got wrong answers.

I can explain how to solve this task to someone else.

The task was easier than I thought it would be.

The task was harder than I thought it would be.

If I attempt a similar task like this next time, I will have confidence to solve it.

(ONONONONONONO!

3. My reflection after completing the task:
= [started the work by
= Ilearned that
= ] ami still confused by
= ]enjoyed the task because
= I think the task is worthwhile because

4. 1 think the reason I made mistakes in solving this task was: (e.g., state the difficulties

or problems encountered. If you did not make any mistake, please skip this item)

5. I think the most important thing (e.g., mathematics knowledge, methods, etc.) I learned

from solving this task is:

6. Any other reflection? Please feel free to tell your teacher:

Figure 3. Mathematics self-reflection sheet (Source: MAP)
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3.2 Integrated self-assessment

Instead of being used as a specific or independent assessment activity,
integrated self-assessment refers to self-assessment that is integrated with
other assessment methods. In other words, it is an integral part of an
assessment package.

The recent years have seen the increasing use of many new
assessment methods other than traditional written tests in mathematics.
In Singapore, for example, project assessment and performance
assessment have received nation-wide attention. As is well known,
projects or performance tasks often require students to take an extended
period of time to complete, and some are done as team work. With these
approaches, it is often helpful for teachers to use self-assessment as part
of the assessment package to understand how students have done with
these assessment tasks.

Below is a self-assessment component (Figure 4), which is used as
part of a performance assessment package, for students to do self-
reflection after they have completed a performance task on mensuration
at the Secondary Two level.

Self Reflection

1. What were the mathematical ideas involved in this problem?
2. Based on this activity, complete at least two of the following statements:

e [ learnt that

e [ was surprised that I

e [ discovered

e [ was pleased that I

e [ am still uncertain about

3. What have you learnt from the presentation?

4. After the presentation, how well do you assess your own performance in this activity?

Figure 4. A self-assessment component in performance assessment
(Source: Fan, 2011, p.86)
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A sample of student work for the self-assessment component above
is given in the appendix of this chapter. Readers who are interested to
know more about the performance task and its assessment rubrics can
refer to Fan (2011).

Similarly, self-assessment can also be integrated with other
assessment methods, for example, the whole or part of a journal writing
assessment task can be designed for students to write about their self-
assessment. It can also form part of the portfolio assessment about their
learning over a period of time. Nevertheless, a further discussion about
this aspect is beyond the intention of this chapter.

3.3 Instructional self-assessment

Instructional self-assessment is an ongoing self-assessment that is
embedded in teachers’ classroom instruction. It can be treated as part of
the teachers’ daily instructional activities, especially classroom discourse
with the whole class or individual students. It is usually not structured
and pre-designed. Instead, it is often impromptu and instantaneous in the
context of instructional practice.

In the MAP project, the following list of prompts (see Figure 5) is
used for teachers to engage students in self-assessment with different
instructional scenarios.

4 What Does Research Tell Us? An Exploratory Study in
Self-Assessment

In the earlier sections, we have discussed the concepts, methods and
other related issues of self-assessment in mathematics classrooms. In
this section, we shall briefly introduce an exploratory study that was
recently completed on the use of self-assessment in mathematics
classrooms in Singapore'. It should be pointed out that, as a recent

! Readers who are interested to know more details about the study or about the MAP
project can refer to Fan, Teo, & Pereira-Mendoza (2009) or the MAP technical report
(Fan, Quek, Koay, Ng, Pereira-Mendoza, & Yeo, et al., 2008).
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review revealed, there have been very few classroom-based studies
available in the area of self-assessment (see Fan, Quek, and Ng, et al.,

2006).

Prompts for Instructional Self-assessment for Teaching Problem Solving

Prompt 1

Prompt 2

Prompt 3

Prompt 4

Prompt 5

Prompt 6

Prompt 7

Where did you encounter difficulties? Why? (Scenario 1: after students did
not know how to start or proceed in solving a problem)

Where did you go wrong? Why? (Scenario 2: after students realized that
he/she got a wrong solution or answer)

Is the mistake a careless mistake? If not, why did you make the mistake?
(Scenario 3: after students realized that he/she made a mistake)

Are you sure your answer/solution is correct? Did you check? (Scenario 4:
after students solved a problem or finished a task)

Have you solved this kind of problems before? Does the problem look
familiar to you? (Scenario 5: when students encounter difficulty in solving
a problem, which appears to be essentially not new to him/her in his/her
learning)

What have you learned from solving this problem? (Scenario 6: after
students has gone through an important or difficult problem)

If you are given another problem like this, will you have confidence to

solve it? (Scenario 7: after students solved a problem in a correct way)

Prompts for Instructional Self-assessment for Other Teaching Scenarios

Prompt 8

Prompt 9

Prompt 10

What did you feel most difficult in learning this chapter (or topic, or lesson,
or task, etc.)? Is it still difficult to you? (Scenario 8: after students finished
learning a chapter, a topic, a lesson, a concept, etc.)

Do you have any questions or difficulties to ask? (Scenario 9: When
teacher prepares to close his/her teaching for chapter, a topic, a lesson, a
section, a task, a problem, etc. and moves to next phase)

How do you feel about your learning of mathematics recently? Do you
think you can improve your learning? How? (Scenario 10: when teacher
realized that students might have problems recently in learning

mathematics)

Figure 5. A list of prompts for instructional self-assessment (Source: MAP)
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The study was part of a larger research project, the Mathematics
Assessment Project (MAP), which involved a classroom-based
intervention in 16 primary and secondary schools for about three school
semesters. As mentioned earlier, four relatively new—assessment
strategies were studied in the MAP project. These four strategies
included project assessment, performance assessment, self-assessment,
and communication-based assessment. One of the main reasons for the
researchers to include self-assessment in the study was to let students be
more responsible for their learning, so they could be better motivated and
be more reflective in their learning.

The study had two main research questions. First, what were the
influences of using self-assessment strategies on students’ learning of
mathematics in their cognitive domain? Second, what were the
influences of using self-assessment strategies on students’ learning of
mathematics in their affective domain? By focusing on these two
questions, the researchers hoped to better understand how the use of self-
assessment strategy can be effectively integrated into mathematics
classrooms in Singapore.

The study was carried out in eight mathematics classrooms,
including four Primary Three and four Secondary One classrooms in two
primary and two secondary schools (two classes in each participating
school). For convenience and to be more specific, below we shall focus
on one secondary school, which is a high-performing school in terms of
the average students’ achievements in GCE O-level examinations.

The intervention of self-assessment was mainly implemented
through the following tasks or activities: 1. Student self-evaluation,
which requires students to evaluate their own learning at the end of a
period of teaching, usually once a week or once a topic; 2. Student self-
reflection, conducted as and when it was needed; and 3. Self-assessment
prompts, which were designed to be used during teachers’ daily
classroom discourse when appropriate and helpful under different
scenarios. Figures 2, 3 and 5 given above show some intervention tools
for classroom use in these three aspects.

The research data, including both quantitative and qualitative, were
collected in a variety of ways, including pre- and post- questionnaire
surveys, school-based examinations, pre- and post- self-assessment tests,
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self-assessment intervention tasks, classroom observation, and interviews
with participating students and teachers.

While the quantitative data showed that there appeared to be neutral
or statistically non-significant influence of the self-assessment on
students’ achievement on school-based examinations, the qualitative
data, particularly the interviews with both teachers and students, showed
that self-assessment can not only help teachers improve their teaching by
responding to students’ reflection and feedback, but also promote
students’ self-awareness and meta-cognition in their learning of
mathematics by making them think harder and deeper about their own
learning, and hence help them become better reflective learners.

The study found that the participating teachers were very confident
about the use of self-assessment in their classroom teaching. They
believe that self-assessment is a good strategy that would benefit
teaching and learning of mathematics and it can be integrated into their
mathematics classrooms. In particular, teachers felt that self-reflection
can be done regularly as a routine activity. In fact, one of the
participating teachers started doing so with non-participating classes after
gaining the necessary experience during the study. Similarly, all of the
students interviewed also supported the idea of using the self-assessment
strategy in their classrooms.

Regarding implementation issues, the results suggest that, while self-
assessment is quite feasible to implement with both teachers and
students, it should still be used wisely, including making the requirement
of self-assessment tasks clear to the students, giving students adequate
instructions and help, and using it regularly but not too frequently.

From the exploratory study, the researchers concluded that
effectively implementing self-assessment strategies in the mathematics
classrooms can not only help teachers understand better students’
learning and their own teaching, but also provide students with
meaningful opportunities to reflect on their own learning, and hence
improve teachers’ teaching and student’ learning.

The overall findings from all the four schools implementing self-
assessment were quite consistent, particularly in students’ and teachers’
views and reactions about self-assessment, as shown in the qualitative
data collected. Based on the findings of the study, the researchers argued
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that student self-assessment can and should be done as an integral or
routine activity in the teaching and learning of mathematics.

5 Concluding Remarks

To end this chapter, I would like to point out that, in order to effectively
implement self-assessment in mathematics teaching and learning,
teachers must create a positive and encouraging learning environment, so
students are not afraid of telling the truth about their learning in
mathematics. Obviously, this kind of learning environment is vital for
teachers to understand students’ learning difficulties, frustrations, and
needs for help through the use of self-assessment.

In addition, teachers should also realize that the evidence gathered
from students through self-assessment is only one indicator about their
learning in mathematics. Due to different reasons, it is possible that
sometimes students might not be willing, or able, to tell the truth (for
example, students might not know what they do not know, or they might
over- or under- estimate their learning difficulties). Therefore, it is
important for teachers not only to design or use effective self-assessment
tools, but also to help students’ develop reflective skills. It is also
helpful, and sometimes even necessary, that teachers use other
assessment methods to gather evidences about students’ learning for
triangulation purpose and, ultimately, for a more valid and reliable
assessment.
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Appendix

A sample of student work on a self-assessment component in
performance assessment

Self Reflection

1. What were the mathematical ideas involved in this problem?
“Tho USE OF FOrMUICS +0 ANd Oreog and volume of difeerent Aqures
- e colquioHion of, a colid With o "holiod" miadie
vol

ume
- medsuremonts of e 1NgHe oF SieRerent efdes of e chacotatie Yud o be made

2. Based on this activity, complete at least two of the following statements:
o I learnt that _assumptions are inevitalole in clicuiating volume and gurface
Ry
areq_of ehocoldte .

a
o I was surprised that I,crocolate’s €rope and etructure o@ediS +he onsumey .

Aot )
o 1 discovered,ine some omount OF chOCOIHE would hove o smaller gurface
orea When made into d CUbe vrainer thon & sphere

 Iwas pleased that I oot 1o @it #he chotoites ond 110v8 choddaies

o T am still uncertain about _the dctuoll surfye oveg and volume of the

beCause” O O NS We y

3. What have you learnt from the presentation?

“There Wil o SoME cREUMPHONS MAde in claulating the Surace orea and volume out
coMe Mmethode are MOYe OCCUrHE +hoin othere . There may also be leFevgrﬁ

MethodlS 1o aiicutdte the SUKFOCe olveg. OF o chocolOHe - The ASWet the number
OF agsumptions mode , the more dacurate the answey.

4,  After the presentation, how well do you assess your.own performance in this
activity? '
71 MOde O PN MOYe oIRSUMPHONS thoN he Qroups Who presentedl  making my
CalCUIOHONS COCISE but MOt OIS KUY, HONEVEE, the cdiculorted @gures are
QHIl opproximatiely e Same and 80 Hhe cmparison of taste (dengthy aind enape
could still be cdrried out eee Yother dauratel).
5. What 11ike most obout thie Performanee Taek?

| WaG dible 0 &t +he chamiahes OFter waking e madSurements Ond | notoed many more
detalle doout Whot Wag in e chomicte bay 4an | did b&%te
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